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Quantization in Astrophysics, Brownian Motion, and Supersymmetry 


The present book discusses, among other things, various quantization phenomena found in 
Astrophysics and some related issues including Brownian Motion. With recent discoveries of 
exoplanets in our galaxy and beyond, this Astrophysics quantization issue has attracted 
numerous discussions in the past few years. 

Most chapters in this book come from published papers in various peer-reviewed journals, 
and they cover different methods to describe quantization, including Weyl geometry, 
Supersymmetry, generalized Schrödinger, and Cartan torsion method. In some chapters 
Navier-Stokes equations are also discussed, because it is likely that this theory will remain 
relevant in Astrophysics and Cosmology 

While much of the arguments presented in this book are theoretical, nonetheless we 
recommend further observation in order to verify or refute the propositions described herein. 
It is of our hope that this volume could open a new chapter in our knowledge on the 
formation and structure of Astrophysical systems. 

The present book is also intended for young physicist and math fellows who perhaps will 
find the arguments described here are at least worth pondering. 


ISBN 81-902190-9-X 
| | | iH] 
9 788190 219099 
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Preface 


This book, titled Quantization in Astrophysics, Brownian Motion, and Supersymmetry, 
is a collection of articles to large extent inspired by some less-understood empirical 
findings of Astrophysics and Cosmology. Examples in relation to these findings are 
small but non-vanishing cosmological constant and accelerating cosmological 
expansion, indication of dark matter and dark energy, the evidence for approximate 
Bohr quantization of radii of planetary orbits involving gigantic value of effective (or 
real) Planck constant, Pioneer anomaly and flyby anomalies, and the Tifft’s redshift 
quantization. 


There is recently no generally accepted theoretical approach to these anomalies and 
the book is intended to provide a representative collection of competing theories and 
models. The general theoretical backgrounds indeed cover a wide spectrum: mention 
only Nottale’s Scale Relativity and Schrödinger equation assigned with Brownian 
motion and its modification proposed by Carlos Castro (#6), Castro’s Extended 
Relativity in Clifford algebra and Weyl geometry based cosmology (#8), Diego 
Rapoport’s work with Cartan-Weyl space-time geometry and representation of 
random structures via torsion fields (#16,#17), and Pitkanen’s Topological 
Geometrodynamics (#3). 


In the case of dark matter and energy the proposals include Castro’s proposal for 
cosmology based on Weyl geometry (#7). The approach of Pitkanen relies of the 
identification of dark matter as a hierarchy of macroscopic quantum phases with 
arbitrarily large values of ordinary Planck constant. 


In the case of planetary Bohr orbitology one plausible method is based on Nottale’s 
Scale Relativity inspired proposal that fractal hydrodynamics is equivalent with 
Schrödinger equation with effective Planck constant which depends on the properties 
of system and by Equivalence Principle is proportional to the product of interacting 
gravitational masses in the recent case. Note that Nottale predicted Bohr 
quantization already 1993, much before exoplanets provided further evidence for it. 
Other early papers describing exoplanets are 1998-1999 Fizika paper of A. Rubcic 
and J. Rubcic on Bohr quantization for planets and exoplanets, which are included 
here for clarity (#1 & #2). 


Several models for the planetary quantization are discussed: Fu Yuhua’s approach 
relies on Hausdorff fractal dimension (#5); F. Smarandache & V. Christianto discuss 
a plausible extension of Nottale’s generalized Schrödinger equation to Ginzburg- 
Landau (Gross-Pitaevskii) equation based on phion condensate model (#11, #14, 
#26), which can also be considered as superfluid vortex in Cantorian spacetime; M. 
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Pitkanen’s approach explains planetary Bohr orbitology as being a reflection of the 
quantal character of dark matter in astrophysical length and time scales. 


The present book also discuss solutions to a number of known problems with respect 
to Relativity, Quantum Mechanics, Astrophysics, i.e. Bell’s theorem (F. Smarandache 
& V. Christianto, #14), holographic dark energy (Gao Shan, #18), unified 
thermostatistics (F. Smarandache & V. Christianto, #25), hypergeometrical universe 
and supersymmetry (M. Pereira, #19), rotational aspects of relativity (A. Yefremov, 
#21, #22), and also Pioneer anomaly (#20, #23, #24). 


In the case of Pioneer anomaly the explanations include modifications of Newton’s 
gravitational potential and the notion of metric in general relativity, dark matter 
induced acceleration, the acceleration anomaly induced by the compensation of 
cosmic expansion in planetary length scale, and mechanism inducing anomalous 
Doppler frequency shift as Q-relativity effect. (Perhaps this Doppler frequency shift is 
comparable with a daily idiom: “The grass always looks greener on the other side of 
the fence.”)* 


We would like to express our special thanks to journal editors for their kind 
permission to us to include these published papers in this volume, and for all peer- 
reviewers for their patience in reading our submitted drafts, and suggesting 
improvement. 


It is our hope that the present book could open a new chapter in our knowledge on 


the formation and structure of Astrophysical systems. 


November 26th, 2006 
M. Pitkanen 


* German: Kirschen in Nachbars Garten sind immer süßer. Ref: 
http://www. proz.com/kudoz/1020232. Also http://www.usingenglish.com/reference/idioms/t.html 


Foreword 


"The first principles of things will never be adequately known. Science is an open ended 
endeavor, it can never be closed. We do science without knowing the first principles. 

It does in fact not start from first principles, nor from the end principles, but 

from the middle. We not only change theories, but also the concepts and entities 
themselves, and what questions to ask. The foundations of science must be continuously 
examined and modified; it will always be full of mysteries and surprises." 

(A.O. Barut, Foundation of Physics 24(11), Nov. 1994, p.1571) 


The present book is dedicated in particular for various quantization phenomena 
found in Astrophysics. It includes various published (and unpublished) papers 
discussing how ‘macroquantization’ could be described through different 
frameworks, like Weyl geometry, or Cartan torsion field, or generalizing Schrodinger 
equation. 


To our present knowledge, quantization in various Astrophysics phenomena has not 
been studied extensively yet, except by a number of physicists. Mostly, it is because 
of scarcity of theoretical guidance to describe such ‘macroquantization phenomena’. 
For decades, it becomes too ‘obvious’ for some physicists that quantum physics will 
reduce to (semi)-classical mechanics as the scale grows. But aS numerous recent 
Astrophysical findings have shown, ‘quantization’ is also observed in macro-physics 
phenomena, which indicates that quantum physics also seem to play significant role 
to describe those celestial objects. 


Nonetheless, it is worth noting here that the wavefunction description of the Universe 
has been known since 1970s, for instance using Wheeler-DeWitt (Einstein- 
Schrödinger) equation, or Hartle’s, Vilenkin’s method in 1980s, albeit it is also known 
that these approaches lack sufficient vindication in terms of Astrophysics data. 
Therefore, from this viewpoint, the quantization description of Astrophysical systems 
is merely a retro and improved version of those earlier ideas. Or, if we are allowed to 
paraphrasing John Wheeler in this context, perhaps we could say: “Time is Nature’s 
way to avoid all things from happening at once, and Quantization is Nature’s way to 
bring arrangement and to avoid all things from colliding because of n-bodies 
interaction,” (as shown by Poincare in early 20th century). 


We would like to express our sincere gratitude not only to a number of journal editors 
for their kind permission to enable us include these published papers in this volume 
(including Fizika editor, AFLB editor, EJTP editor, PiP editor, Gravitation and 
Cosmology editor and Apeiron editor); but also to Profs. E. Scholz, T. Love and S. 
Trinandaru for their patience in reading the draft version of this book. And to 
numerous colleagues and friends who share insightful discussions and with whom 
we have been working with. 


vi 


As concluding remark to this foreword, we would like to note that after pre-release of 
this book (at http://www.gallup.unm.edu/~smarandache/Quantization.pdf), it has 
attracted not less than 1325 hits (downloads) to this book in the first three days 
(January 21st, 2007), and 3708 hits within the first five days (January 24th. 2007). 
Perhaps the printed version of this volume will be appreciated in similar way. 


January 26th, 2007. 
F.S. & V.C. 
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SQUARE LAW FOR ORBITS IN EXTRA-SOLAR PLANETARY SYSTEMS 
ANTUN RUBCIC and JASNA RUBCIC 


Department of Physics, University of Zagreb, Bijenička 32, 
10000 Zagreb, Croatia 
E-mail: rubcicQsirius. phy. hr 


Received 27 April 1999; Accepted 1 September 1999 


Reprinted with kind permission from editor of Fizika A 


The square law rn = rın? for orbital sizes rp (rı is a constant dependent on the 
particular system, and n are consecutive integer numbers) is applied to the recently 
discovered planets of v Andromedae and to pulsars PSR B1257+12 and PSR 1828- 
11. A comparison with the solar planetary system is made. The product nv, of the 
orbital velocity vn with the corresponding orbital number n for planets of v An- 
dromedae is in good agreement with those for terrestrial planets, demonstrating the 
generality of the square law in dynamics of diverse planetary systems. ” Quantized 
velocity” of nun is very close to 24 kms~', i.e. to the step found in the quantized 
redshifts of galaxies. A definite conclusion for planetary systems of pulsars requires 
additional observations. 


PACS numbers: 95.10.Ce, 95.10.Fh, 95.30.-t UDC 523.2, 531.35 


Keywords: planets of v Andromedae and of pulsars PSR B1257+12 and PSR 1828-11, 
square law for orbital sizes, ” quantized velocity” nun 


In our previous papers [1,2], the orbital distribution of planets and satellites in 
the solar system has been described by the simple square law 


ee eae (1) 


Semimajor axes rn of planetary and satellite orbits are proportional to the square 
of consecutive integer numbers n, where rı is a constant dependent on the system. 
We have also applied the square law to the planetary system of the pulsar PSR 
B1257+12 [3]. 

Very recently, the planetary system of the nearby star v Andromedae (from 
hereafter: v And) has been discovered using the Doppler radial velocity method 
[4]. It is the first system of multiple companions with a parent star similar to the 
Sun. Therefore, it is important to check whether the planets of v And obey also the 
square law. Moreover, the planets of the pulsar PSR 1828-11 will be considered, 
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too, although the present findings are not yet confirmed. So far, only three extra- 
solar planetary systems with more than one observed planet per system have been 
discovered. 

The observational data for v And and two pulsars are given in Table 1. Note 
that masses (M) of planets of v And, and those of the pulsars are of the order of the 
Jupiter mass (Mz) and Earth mass (Mz), respectively. Question mark added to 
the planet A of PSR B1257+12 means that original results [5] have been questioned 
[6] with the suggestion that planet A might be an artefact in the calculations. 


TABLE 1. Semimajor axes r„, masses (M) sin(i), deduced orbital numbers n, prod- 
ucts of n with the corresponding orbital velocity vn, and the mean values of nun 
for extra-solar planetary systems. 


aan) 


v Andromedae 
v And b 
v And c 
v And d 


PSRB1257 + 12 





Data are taken from: Jean Schneider, Extra-solar Planets Encyclopaedia, update 15 
April 1999. http: //www.obspm.fr/planets 


In order to determine the orbital numbers n for the particular system, the square 
roots of orbital semimajor axes have been plotted vs. integer numbers in such a 
way that all observational points are close to a straight line without an intercept. 
Deviations of the observational points from the straight line for pulsar planetary 
systems are found to be less than 2%, while those of v And less than 6.2% on the 
average. 

The results of the fit to the data in Table 1 are shown in Fig. 1. The square 
law satisfactorily describes orbital sizes in extra-solar planetary systems, in spite 
of the fact that only few planets per system have been found. It is evident that 


Quantization in Astrophysics ... 


some orbits predicted by the square law are not occupied. For the planetary system 
of v And, the orbits at n equal to 2, 3, 5, and 6 are vacant. It may be that at 
these orbits small planets exist, but undetectable by the present methods. Future 
observations should confirm or disprove these assumptions. 
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Fig. 1. Correlation of the square root of the semimajor axes r,, with the orbital num- 
bers n for extra-solar planetary systems. Terrestrial planets (open circles, dashed 
line) are added for comparison. 


We have shown [1] that the radius and velocity at the n-th orbit (within the ap- 
proximation of circular orbits) is proportional to n? and 1/n, respectively. Further 
investigation [2] has shown that along with the orbital number n, an additional 
number k may be introduced, resulting in the following relationships 


G n? 
n = -5 acini 2 
r ae (2) 
ge: (3) 
n 


where G is the gravitational constant, M the mass of the central body, and vo 
a fundamental velocity, which may be considered as an important quantity of all 
considered systems. 

The integer number n determines the quadratic increase of orbital radii, while 
k defines the extension or spacing of orbits. By increasing k, orbits are more closely 
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packed. Thus k may be named the ”spacing number” to differ from the main 
” orbital number” n. Equation (3) states that nv, is a constant for a given system, 
and for some other systems it is a multiple of the fundamental velocity vo. Indeed, 
this has been demonstrated for the solar system [2], i.e. for its five subsystems: 
the terrestrial planets and the largest asteroid Ceres (k = 6), the Jovian planets 
(k = 1), and satellites of Jupiter (k = 2), Saturn (k = 4) and Uranus (k = 1). 
For all these subsystems, the value of nv, = kvo is given by (25.0 +0.7)k kms7! 
[2], confirming thus Eq. (3). It has to be pointed out that more accurate value of 
nun = [(23.5 + 0.3)k + (4.0 + 1.0)] kms~! was obtained (Eq.(12) in Ref. [2]). A 
similar situation for orbital velocities may be expected in extra-solar systems. 











Planets of PSR B1257 + 12 (confirmed, except A) 
y y 
B C 





v 
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300 
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Fig. 2. Correlation of the products of orbital numbers n and orbital velocities vp, 
with n and the spacing number k, for the solar subsystems and three extra-solar 
planetary systems. 
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The correlation of nu, with n and k is shown in Fig. 2. This figure is based 
on Fig. 3. of Ref. [2], where only data for the solar system have been taken into 
account. Here, it is supplemented by the extra-solar system data of v And and 
pulsars PSR 1828-11 and PSR B1257+12. Figure 2 demonstrates that new data of 
the planetary system of v And, with the mean value of nv, equal to 145.1 kms7! 
(see Table 1), are compatible with the data for terrestrial planets of the solar 
system, for which nv, has almost the same value of 145.0 kms~? [2]. A similarity 
among the two planetary systems can be seen also in Fig. 1. Although the number 
of planets for pulsar planetary systems are small, one may notice the well defined 
” velocity levels” with the step of nearly 207 kms~!. However, one should not take 
this as a final result because only two nv, are known. Future discoveries of other 
pulsar planetary systems will probably change the number of levels defined by k in 
Fig. 2. Indeed, one may even expect that the step of 207 kms~! might be decreased 
to 207/8 = 25.9 kms~', which is nearly equal to that of the solar system. This 
would lead to the similarity in dynamical properties of diverse systems. However, 
only future observations should give a definite answer to these expectations. 


The velocity about 24 kms! is deduced from the quantized redshifts of galaxies 
[7-11] as one of the possible ” quantized periods”. Some other values like 36, 72 and 
144 kms~? are also found. It is a great puzzle why the orbital velocities should be 
related to the velocities derived from redshifts. However, one suspects that some 
fundamental link exists among the systems. 


Some authors prefer the fundamental velocity of about 144 kms~+ [12-14]. This 
was found for planets in the solar system if one takes all planets as a single system. 
In the present model, the terrestrial planets are located at the level k = 6, and 
Jovian planets at k = 1, because vg is addopted to be 24 kms~!. In that case, 
Jovian planets are considered as a subsystem with n = 2 for Jupiter, n = 3 for 
Saturn, etc., as can be seen in Fig. 2 (see also Refs. [1—3]). The terrestrial planets 
could be considered as the remnants of mass of a Jupiter-like planet, which failed 
to be formed at n = 1 [1,14]. However, terrestrial planets may be taken as an 
independent subsystem, with Mercury at n = 3, Venus at n = 4, etc., as can be 
seen in Figs. 1 and 2. 


The assumption vp + 144 kms~! will introduce many vacant orbits between 
Jupiter and Pluto, if the square law for orbital radii is taken into account. Thus, 
Jupiter will be at n = 11, Saturn at n = 15, Uranus at n = 21, Neptune at n = 26 
and finally Pluto at n = 30. An analysis of the solar-system data suggests that 
planets of v And are located at the velocity level k = 6, with vo = 24 kms7!. If vo 
is taken to be 144 kms~1, then k will be equal to one. Consequently, the value of 
k, e.g., for the Jovian planets would be then 1/6. According to the present model, 
that does not seem likely, because the ” spacing number” k is defined as an integer 
number and determines the packing of orbits. 

There is a hope that the same value vg can be attributed to the systems around 
alike stars. For pulsars, one may suppose that vo could be equal to about 26 
kms~* and consequently k should be equal to 8 and 16 for PSR 1828-11 and 
PSR B1257+12, respectively. Although this assumption seems very attractive, it 
cannot be confirmed without further observations. 
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In conclusion, one may claim that the square law is adequate for the descrip- 
tion of the orbital distribution for diverse systems: solar subsystems, extra-solar 
planetary systems with stars similar to the Sun and even to planetary systems of 
pulsars. 
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Mean orbital distances r» of planets from the Sun and of major satellites from the parent 
planets Jupiter, Saturn and Uranus are described by the square law rn = rın?, where the 
values of n are consecutive integers, and rı is the mean orbital distance expected at n = 1 
for a particular system. Terrestrial planets and Jovian planets are analysed as separate sys- 
tems. Thus, fve independent solar-like systems are considered. The basic assumption is 
that specifi orbital angular momentum is quantized”. Consequently, all orbital parame- 
ters are also discrete. The number n relates to the law of orbital spacing. An additional 
discretization, related to r1, i.e. to the scale of orbits, accounts for the detailed structure of 
planar gravitational systems. Consequently, it is also found that orbital velocity vn multi- 
plied by n is equal to the multiple of a fundamental velocity vp = 24 km s~, valid for all 
subsystems in the Solar System. This velocity is equal to one of the “velocity” increments 
of quantized redshifts of galaxies. 


PACS numbers: 95.10.Ce, 95.10.Fh, 96.30.-t UDC 523.2, 531.35 
Keywords: planetary and satellite orbits, law of squares of integer numbers, discrete values of orbital 
velocities 


1. Introduction 


Recently, Agnese and Festa [1] published their approach in explaining discrete orbital 
spacing of planets in the Solar System. They used Bohr-Sommerfeld quantization rules and 
obtained the square law for orbital radii of planets in the form an = ain”, n = 1,2,3... 
All planets have been treated as one group. That assumption leads to many vacant orbits. 
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For example, Jupiter and Saturn occupy the orbits at n = 11 and n = 15, respectively, 
leaving three vacant orbits in between. Likewise, there are f ve vacant orbits between Sat- 
urn and Uranus. However, according to the current views [2], the planets are about as 
closely spaced as they could possibly be. Less massive planets are expected to be in more 
tightly packed orbits than the larger ones. 


Recently, Oliveira Neto [3] used the square law in the form n,m = ro (n? + m?) /2, 
where n and m are integers. Only for Venus, Earth, Mars and Vesta m is not equal to 
n, while n = m for all other planets, asteroid Camilla, Chiron and an unknown planet 
between Uranus and Neptune. Moreover, an average mass of all planets and asteroids equal 
to about 35 Earth masses is assumed in the calculation, which is not physically justified 


In our earlier work [4,5], we have shown that a square law could be applied to planetary 
orbital mean distances, as well as to those of major satellites of Jupiter, Saturn and Uranus. 
The leading assumption was that vacant orbits should be avoided. A radical change in 
treating the planetary orbits has been made by the separation of terrestrial planets from 
the Jovian ones. It means that terrestrial planets are considered as an independent system, 
enjoying the same status as the Jovian group of planets as well as the satellite system of 
Jupiter, Saturn and Uranus. The division of planets into two groups is justifie by their 
different physical, chemical and dynamical properties [4,6,7]. From a cosmogonical point 
of view, an explanation could be the following: the centres of aggregation of future planets 
have been governed by the simple square law. After the accretion process, Jupiter has been 
formed in the orbit at n = 2, Saturn at n = 3, ending with Pluto at n = 6. The firs 
Jovian protoplanet close to the Sun at n = 1, has never been formed due to the Sun’s 
thermonuclear reactions. The high-melting-point materials have survived and accreted as 
the system of terrestrial planets, while the gaseous components have been dispersed due to 
the solar wind. Only beyond the ’temperature limit” of about 200 K, which corresponds to 
about 5 - 101! m, could the giant Jovian planets exist [4]. 


The division of planets into two groups appeared also in solving the modifie 
Schrödinger radial equation of the hydrogen-like atom introducing, of course, the grav- 
itational potential [8] and coefficien of diffusion of Brownian motion which characterizes 
the effect of chaos on large time scales [9a,10]. From a dynamical point of view, the f ve 
systems: terrestrial planets, Jovian planets, and satellites of Jupiter, Saturn and Uranus are 
to a considerable degree adiabatic. Therefore, the relevant equations in the present model 
include characteristic parameters of the particular system, but they also have a necessary 
physical generality and consistency. However, many authors [7,11,12] have prefered to 
treat the spacing of all planets with a single formula, like the Titius-Bode law or its numer- 
ous modifications The authors of this work consider the square law, like that discovered 
by Bohr in his planetary model of the hydrogen atom, more favourable for an analysis of 
the planar gravitational systems. Moreover, it has been proposed [13] that the square law 
of orbital spacing, could be termed the fourth Kepler’s law, in the honour of Kepler who 
searched for a rule of planetary spacing about four centuries ago. 


An application of the square law to the extra-solar planetary systems will certainly be 
examined in the near future. Recently, firs attempts [5,10] were made for the three planets 
of pulsar PSR B 1257+12. 
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2. The model 


A discrete distribution of planetary orbits may be obtained by the ’ quantization” of an- 
gular momentum Jn. Let an orbiting mass be denoted by my, and mass of the central body 
by M. Then, using Newton’s equation of motion for circular orbits, angular momentum 
(supposing that mn << M) is given by 


Jn = Mnvaln = MnVGMrn, (1) 


where G is the gravitational constant, rn is the radius of the n-th orbit and vp is the orbital 
velocity. We assume that angular momentum is ”quantized”, 


mn lV GMrn =n (2) 


where H may be treated as an effective ” Planck’s gravitational constant”, depending on 
the particular system and even on the particular orbiting body. Equation (2) is not very 
useful. What one can do is to divide H/27 by the mass of the orbiting body to obtain the 
*specifi Planck’s constant” H’ = H/(2am,,) which yields for the orbital radius 


n2 H”? 
GM ` 





Tn = (3) 
H' is also system dependent, but the quantity H’ /M is of the same order of magnitude for 
all systems (see Table 1, and also Ref. 4). Variability of H'/M is described by a dimen- 
sionless factor f multiplied by a universal constant A, i.e., H/(2am,M) = H'/M = fA. 
Then, Eq. (3) takes the form 


Tn = a( fA Mnè. (4) 


We have shown [4] that by comparing electrostatic and gravitational forces, as one possible 
approach, the constant A may be define by the fundamental physical constants as follows: 


A= nE = 1.9157 - 10716 m? kg"! s7}, (5) 


where a = 2re?/(4reohe) is the fine-structur constant, e the charge of an electron, €o 
the permitivity of vacuum, h the Planck constant and c the velocity of light. The dimension 
of the constant A is that of angular momentum per square mass, and, in accordance with 
Eq. (5), the simple proportionality between A and the Planck constant per square Planck’s 
mass mp = (he/(27G))!/? = 2.177 - 1078 kg [9b] is given by 


h h 
A=—7z, or A= -z> (6) 
am, må 


where m2 = am?,. A constant analogous to A has been define as p = 0.8 - 10718 m? 


kg—! s—! by Wesson [14] in searching for a clue to a unificatio of gravitation and particle 
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physics. Such a constant appeared also in Ref. 1 with the value 2.35 -10716 m? kg—! s71. 
Slightly different values of the same constant are due to different initial assumptions. 
TABLE 1. Mean values of constants rı, H'/M and f, with the assigned values of integers 


n, for planetary and satellite systems. 
































System ry n H'/M f 

(m) (m?*s~"kg7*) 
Terrestrial | (0.639 £ 0.016)10™ | 3,4,5,6, | (0.462 £0.006)10- | 2.41 £0.03 
planets 8 
Jovian (1.751 4 0.044)10™ | 2,3,4,5, | (2.418  0.030)10-™ [12.61 + 0.16 
planets 6 
Jupiter’s | (4.579 40.180)107 | 2,3,4,5, | (1.2684 0.025)10-© | 6.62 0.13 
satellites 6 
Saturn’s | (0.390 £0.012)10" | 6,7,8,9, | (0.676 £0.010)10-™ | 3.534 0.05 
satellites 10,11 
Uranus’ (0.843 £ 0.018)107 | 3,4,5,6, | (2.542 £0.027)10-® | 13.27 + 0.28 
satellites 7,8 























Using Eqs. (4) and (5), some important parameters of the solar subsystems, the orbital 
radii rn = rn”, specifi angular momenta Jn /mn, orbital periods Tn and velocities vn 
are given by 


2 
TE (=) GMr?, (7) 
ac 

at: (=) GMn (8), 

Mn ac 

3 

Ta = 2r (=) GMn? (9), 
Un = ia (10) 


In Eq. (10), ac/n = vnu is the orbital velocity of an electron at the n-th orbit in the 
Bohr’s model of the hydrogen atom, and the term 1/(27f) is a gravitational correction 
factor. This term is system dependent and it demonstrates that gravitational systems are 
less regular than analogous electrodynamical systems. 


3. Results and discussion 


Distributions of specifi angular momenta of planets and major satellites according to 
the linear relationship (Eq. (8)) are illustrated in Fig. 1. 
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Fig. 1 Specifi angular momentum Jp/mn = VGMrp versus the integer number n for 
Jovian and terrestrial planets (left scale) and for the major satellites of Jupiter, Saturn and 
Uranus (right scale). 


Discrete values of Jn /Mn are obtained from Eq. (1) using the observed values of semi- 
major axes as the mean distances of planets from the Sun, or of satellites from the parent 
planet, which are taken as the orbital radii r, of approximate circular orbits. This intro- 
duces small errors of ry, [4], and of Jn /Mn for Mercury and Pluto, due to the eccentricities 
of their orbits of 0.206 and 0.255, respectively [15]. The approximation of circular orbits is 
very good for other planets and all major satellites. The integer numbers n are unambigu- 
ously determined by the requirement of Eq. (8) that angular momenta are zero at n = 0, 
resulting in the straight lines shown in Fig. 1, with no intercepts, as the best fit to the 
deduced values of Jn/Mn. The left scale corresponds to Jovian and terrestrial planets, 
while the right scale is valid for major satellites of Jupiter, Saturn and Uranus. We have 
also included in our calculations the satellites Amalthea, Janus and Puck (the largest of 
the small ones), which are near the Roche limit of the parent planets Jupiter, Saturn and 
Uranus, respectively, and also the largest asteroid Ceres. Therefore, the values of rı in the 
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square law r„ = rın? for spacing of planetary orbits in accordance with Eq. (7), and also 
of H'/M and f, which are listed in Table 1, differ slightly from the values given in our 
earlier work [4]. Note that the orbit of the asteroid Ceres is at n = 8, which is nearly the 
center of the Main Belt, whose extention is from n = 7 ton = 9. 


There is one exception in treating the spacing of major satellites. Titan, the largest 
satellite of Saturn, is not included in the system of smaller satellites from Janus to Rhea. 
Titan would have the orbit at n = 19 if it were a member of that system. Seven vacant orbits 
between Rhea and Titan suggest that Titan could be a member of a more extensive system, 
similarly to Jupiter in the Jovian group of planets in relation to the terrestrial planets. Titan 
and small satellites Hyperion and Japetus do not form a complete system. 


Note that asteroids (except for the largest, Ceres), comets, planetary rings and outer 
small satellites of planets can not be treated by Eqs. (7-10) because, due to their small 
masses, a variety of other physical processes (scattering, capture, impacts, planetary per- 
turbations) prevail over the simple law. Moreover, it was recently shown in modeling the 
massive extrasolar planets, that orbital evolution and significan migration of planets could 
take place, due to the interaction of a planet with circumstellar disk, with the parent spin- 
ning star and also due to the Roche lobe overfl w [16]. A planet may move very far from 
its initial position of formation accompanied also with the loss of mass. However, under 
certain conditions, planets maintain their position of formation. One may suppose that ini- 
tial positions are governed by the square law according to the *quantum-mechanical laws”, 
but possible later evolution might be subjected to numerous “effects of classical physics”. 


We have tried to correlate the factor f with the ratio of the total mass (mn of orbiting 
bodies to the mass M of the central body [5], more precisely, of f with (© m,/M)'/. 
The values of f for terrestrial planets, Jovian planets and satellites of Jupiter fi very well 
a straight line, but there are strong deviations of f for satellites of Saturn, and particularly 
for those of Uranus. Note that the planes of planetary orbits are close to the ecliptic (except 
those of Mercury and Pluto) which is also valid for satellites of Jupiter, due to the small 
inclination of Jupiter’s spin axis. However, the satellites of Saturn have an inclination of 
27° and those of Uranus 98°. Their satellites have supposedly been formed in the equatorial 
planes after the protoplanets, within the planetary envelopes, and obtained an additional 
angular momentum of yet unknown origin. We believe that the deviation of the factor f 
from the introduced correlation [5] has the same cause as the change of inclination. 


In our later investigation, we have found that reciprocal values of the factor f take 
discrete values that may be described by another integer number k, i.e., 


f = (0.06753 + 0.00085)k + (0.0115 + 0.0029), (11) 
as may be seen in Fig. 2. Therefore, Eq. (10) may be written in the form 

NUn = V1 & [(23.5 + 0.3)k + (4.0 + 1.0)]km s7™*. (12) 
The product of nun, i.e. the orbital speed vı at n = 1 for a particular system, vs. n is 


shown in Fig. 3. The values of n are taken from Table 1, and the mean velocities from 
observed semimajor axes as Yn = (GM /rn)!/? (see 
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Fig. 2. Correlation of the reciprocal value of the factor f with integer number k. 


Horizontal lines represent ”velocity levels” with spacing define by vo = 23.5 km s71 
(Eq. (12)). The integer number k is related to the scale of orbits in a system. It means that 
a given system can have a series of discrete possible orbital distributions. That is hardly 
understandable from the standpoints of classical physics, because one can only expect a 
continuous change of orbital spacing. For example, Uranian satellites are characterized by 
k = 1. Neglecting the value of f7! at k = 0 in Eq. (11), the orbital radii are approximately 
described by rn = const - Mn? /k?. If k = 2, the orbits would be contracted by the factor 
four, i.e. contraction of orbits occurs in jumps. Consequently, reduced orbital radii r,/M 
become 


2 
c; n 
MZE (1.07 0.06) - 10~'° re (13) 





where G'/v2 may be called a characteristic length with a dimension mkg~'. The value of 
vo in Eq. (13), equal to (25.0 + 0.7) km s~! was obtained from the fi of fT! vs. k with 
zero intercept at k = 0, and neglecting a constant term of velocity vı at k = 0 (i.e., 4.0 
km s~! in Eq. (12)). That causes a larger error in the calculation of rn, vı and of other 
quantities, but the formulae are simpler in illustrating the main 
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Fig. 3. The product nv», of mean orbital velocity vn = \fGM/rp and integer number 
n versus n for Jovian and terrestrial planets and for the major satellites of Jupiter, Saturn 
and Uranus. Integer number k (right scale) is related to the scaling of orbits. The ’’velocity 
levels” are given by Eq. (12). 

The orbital integers n and k determine the details of possible discrete gravitational struc- 
tures. 

The value of vo œ% 24 km s~! has been found as one of increments of the intrinsic 
galactic redshifts derived from their ’quantized” values [17-21]. One may suspect that vo 
is important not only for the Solar System, but that it has a deeper physical meaning to be 
revealed. 

Equation (13) may be rewritten in another important, symmetrical form 


Tn 212 G 909 
m” = gn. (14) 
The term G/c? is equal to the ratio of the Planck’s length Lp = (hG/(2mc?))'/? and 
Planck’s mass mp = (he/(27G))'/?, i.e., G/2 = Lp/mp. Hence, Eq. (14) takes a form 


7 (kup)? = =P (ne)? (15) 
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Equation (15) gives a remarkable connection between macroscopic and microscopic pa- 
rameters of gravitational systems. 

Consider again the initial assumption in our model. The discretization of angular mo- 
menta, using the approximation of circular orbits, is given by Eq. (2), i.e., Mn¥nfn = 
nH /2n. The present model permits to write a proper ”quantum condition” in accordance 
with Bohr as 





=i 
MnUn?n (= anf) = n. (16) 
An approach to prove Eq. (16), using the theory of similarity, is given in Appendix. Equa- 
tion (16) can be interpreted as follows: angular momentum of an orbiting body in a planar 
gravitational system is proportional to the mass M of the central body and to the mass 
Mn of the orbiting body. Therefore, angular momentum per square mass is of special 
importance. Further multiplication by må = ami, scales a gravitational macroscopic 
system to the microscopic (atomic) one. However, the ratio Mm,,/m2 must be multi- 
plied by the factor 27f, which has to be determined from observational data. Dynamic 
properties of gravitational systems reach, in the limit, the electrodynamical ones. If the 
quantities rn = GM/v?2 and m2 = h/A are introduced in Eq. (16), one easily obtains 
Un = (2xf)~tac/n for the velocity at the n-th orbit, in accordance with Eq. (10). For 
27 f = 1, the orbital velocity distribution of the electron in Bohr’s hydrogen atom is ob- 
tained. It has already been shown that nv, = vı = ac/(27f) = kvo (see Fig. 3). For 
k = 1, one obtains vo = 25.0 km s7}, and consequently, from vo = ac/(27 fo) follows 
that the maximum value of 27 f is 27 fo = 87.6 + 2.5. Orbital radii are then simply given 
by rn = GM/v?2, = (2r fo/(ac))?GMn?/k?, which is just Eq. (13). From Eq. (16), an 
effective ”Planck’s gravitational constant” appears to be H = (2r fMm,,/m2)h. Then, 
the Schrédinger’s radial wave equation for a gravitational system generates the firs orbital 
radius rı in agreement with Eq. (7), as it is shown in Appendix. 

The present model describes the structures of planar gravitational systems. It includes 
three parameters: two integer numbers, n and k, and a factor fo or velocity vo. Eqs. (7-10) 
may be written in an approximate form as 


me AGM, (17) 
= = em}, (18) 
T, = 2r BGM, (19) 
tn = 09 (20) 


According to Eq. (12), nUn % (23.5k + 4.0) km s71. Therefore, Eq. (20) deviates from 
the best fi (Eq. (12)) by the factor (1 — 25k/(23.5k + 4.0)), i.e. by about 9% if k = 1, and 
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by about -3% if k = 6, while observational mean values of nun = n(GM/rn)'/? deviate 
from the best fi (Eq. (12)) less than 2% on the average. 

One may criticize the use of many parameters in the model. However, they seem to 
be necessary, because n is related to the principal spacing of orbits, k takes care of the 
packing of orbits, while vo (or fo) characterizes several subsystems within a given system 
(like our own Solar System). One should not be surprised if in another extra-solar system, 
the quantity vg would take a different value compared with the Solar System. It could 
possibly be 72, 36, 24, or 18 km s~!, as obtained in an analysis of the quantized redshifts 
of the galaxies [17—20]. For example, the pulsar PSR B 1257+12 has three planets in orbits 
for n equal to 5, 7 and 8 [5,10]. From the observational data, one obtains nv, = 410 km 
s71, which gives k = 17 for vp = 24 km s—!. However, if one assumes vg = 37.3 km 
s71 (in accordance with Ref. 21, where the interval for redshift periodicity is 37.2 to 37.7 
km s~), then k will be equal to 11. Hopefully, the future investigation of other planetary 
systems will confir the ideas proposed in the present model. 


4. Conclusion 


The basis of the square law for the spacing of orbits of planets and of major satellites is 
the discretization of angular momenta, similarly as in the old Bohr’s theory of the hydrogen 
atom. However, the angular momentum of an orbiting body has to be reduced by the 
mass of orbiting body and also by the mass of the central body. Moreover, the product 
of these two masses must also be reduced by square of Planck’s mass multiplied by the 
fine-structur constant a, in order to scale the macroscopic gravitational system to the 
microscopic level, where the Planck’s reduced constant a = h/2r represents a quantum of 
angular momentum. As a result of such an approach, two ’quantum numbers” appear, the 
firs one n for describing the law of orbital spacing and the second one k for the ’packing” 
of the orbits. One further parameter is necessary, that is equal for all systems within the 
Solar System. It is the characteristic length G/v2 = (1.07 + 0.06)10~1° m kg~!. But 
equally well, the third parameter may be a universal velocity vo % 24 km s~. The three 
parameters and the mass of the central body (see Eqs. (17-20)) defin possible the discrete 
structures of a planar gravitational system within the approximation of the circular orbits. 

Velocity vp is equal to the velocity increments of the quantized redshifts of galaxies. A 
great puzzle is how the planetary orbital velocities can obey the same quantization periods 
as the intrinsic redshifts of the galaxies. 

It is known that some researches do not believe that ”quantum phenomena” play any 
role, both in the formation and in the evolution of the Solar System. They rather suppose 
that many macroscopic effects have had a predominant influenc on planetary spacing. 
However, in our opinion, the derived results shown in Figs. | to 3 strongly suggest the 
necessity for a certain ”quantum mechanical” treatment. As the firs approach, the model 
analogous to the simplest one of the ”old quantum mechanics” has been elaborated in the 
present work. Of course, further observational and theoretical investigations are necessary 
for the development of more sophisticated models. 
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Appendix 


The similarity between the gravitational and Coulomb force between two particles of 
mass Mo and charge e is well known. Moreover, one can imagine that these two forces be- 
come identical for adequately chosen mass mo. From Gm? /r? = e? /(4reor?), it follows 
that mo = (e?/(4me0G))!/? = (ach/(27G))'/?, independently of the mutual distance of 
particles. The mass mo is related to the Planck’s mass mp by mo = ot /2mp = 1.85910-° 
kg. It is reasonable to assume that for such a micro-gravitational system, a quantization of 
angular momentum of the orbiting body should be the same as the one postulated by Bohr 
for the electrodynamical system, i.e., 


h 
MoUnoTno = Ns. (Al) 
T 


For a real macro-gravitational system an analogous discretization could be 


MnUnln = No (A2) 
To reach a complete similarity between the reference micro-model and a real planetary or 
satellite system, analogous quantities must be in a constant ratio. These ratios, the so-called 
similarity constants, such as Nm = Mn/mo, Ny = Vn /VNno and N, = rn/rno, must be in 
definit mutual relationships, which can be generally determined from analogous equations 
[22]. Thus, Eq. (A1) will transform into Eq. (A2) only with the correlation 


H 
Na Ni Ne= Na = PE (43) 
which is an indicator of similarity, satisfie for every orbit and for any value of n. To 
determine H, an additional indicator of similarity must be taken into account, which fol- 
lows from analogous correlations for the forces corresponding to the micro-model and to 
a system of a body (of mass mpn) orbiting the central one (of mass M): 


vorno = Gmo, (44) 
vrn = GM, and (45) 
M 
N2N, = —. (A6) 
mo 


Introducing the second indicator of similarity (A6) into the firs one (A3), one obtains 
H/h = Mmp/mZNy. Further, from Eqs. (A1) and (A4) for mo = a'/?mp, it follows 
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Uno = ac/n, and according to Eq. (10), Ny = Un/Uno = (27f)~1. Thus, the effective 
*Planck’s gravitational constant” H is given by 
Mmn 


H = hrf m? ), (47) 





where the factor f (see Table 1), determined from astronomical data, is included. 

Finally, by introducing Eq. (A7) into Eq. (A2), the scaled ”quantum condition” pre- 
sented by Eq. (16) is proved. 

Consequently, Eq. (A7) should be used, e.g., to defin a macroscopic ”de Broglie wave- 
length” An = H/mnvn. Introducing vn from Eq. (10), one obtains Ay, = 27r,/n, where 
Tn is given by Eq. (7). This is an expected result in the present model. An may be trans- 
formed into a form dependent on n and k as Ap», = (2r /v2)GMn/k? by using Eq. (17). 
One may also write An = Ain, which is an equivalent simple form of the square law 
Tn =N. 

Equation (A7) allows the use of the Schrödinger’s radial wave equation [8] to obtain the 
orbital spacing. If the gravitational potential V(r) = —GMm/r and effective ”Planck’s 
gravitational constant” H are introduced into the radial equation, it takes the form 


dR m 2dR $ Brim? E' p 24° GMM? p I+ 1) 
d? rdr H2? r ç H r2? 





R=0, (48) 


where E! = E/m is the energy per unit mass of the orbiting body, R(r) is the radial 
wave function and ł is the angular quantum number. From the fourth term, ”the firs Bohr’s 


radius” is 
H? 
= —___ AQ 
"= mGMm? ae 
Introducing H define by Eq. (A7), with mn = m, one obtains 
9 2 
ee (=) GM, (A10) 
ac 


which is in agreement with Eq. (7) for n = 1. If the angular quantum number is limited 
only to the values | = n — 1, then the probability maxima of the mass distribution will be 
at positions given by rn = rn”. Such an approximation has been recently used by Nottale 
et al. [23]. If all wave functions up to n = 10, with all possible values of J are used [8], 
then the positions of probability maxima slightly deviate from the square law. However, 
it was already pointed out that the simple approach, related to the old quantum theory is 
more appropriate for an understanding of gravitational phenomena [24]. Therefore, the 
complete understanding of the rather formal application of the Schrédinger’s equation to 
the Solar System needs further research. 
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Abstract 


The work with von Neumann algebras known as hyper-finite factors 
of type IT, associated naturally with quantum TGD, led to a proposal 
for the quantization of the Planck constants associated with the sym- 
metry algebras in M* and CP, degrees of freedom as h(M*) = naho 
and A(CP2) = noo. A generalization of the notion of imbedding 
space emerged as a geometric realization of the quantization in terms 
of Jones inclusions. As a consequence, also a quantization of the Planck 
constant appearing in Schrödinger equation emerges and is given by 
h/ho = h(M*)/h(CP2). ” Ruler and compass” integers correspond to 
a very restricted set of number theoretically preferred values of ng and 
np. In this article the quantization of Planck constant and some of its 
astrophysical and biological implications are briefly discussed. 
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5 Summary and outlook 


1 Introduction 


D. Da Rocha and Laurent Nottale, the developer of Scale Relativity, have 
ended up with an highly interesting quantum theory like model for the 
evolution of astrophysical systems [2]. In particular, this model applies to 
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planetary orbits. Nottale predicted Bohr model like quantization for radii of 
planetary orbits in his book Fractal Spacetime and Microphysics published 
1993. The quantization was later discovered for exoplanets [1]. 


1.1 The model of Nottale and DaRocha 


The model is simply Schrödinger equation with Planck constant h replaced 
with what might be called gravitational Planck constant 


ħ — ħgr = Za 
Here I have used units h = c = 1. vg is a velocity parameter having the value 
vo = 144.7 + .7 km/s giving vo/c = 4.6 x 1074. The peak orbital velocity of 
stars in galactic halos is 142 +2 km/s whereas the average velocity is 156 +2 
km/s. Also sub-harmonics and harmonics of vo seem to appear. 

The model makes fascinating predictions which seem to hold true. For 
instance, the radii of planetary orbits fit nicely with the prediction of the 
hydrogen atom like model. The inner solar system (Mercury, Venus, Earth, 
Mars) corresponds to vo and outer solar system to vo/5. 

The predictions for the distribution of major axis and eccentrities have 
been tested successfully also for exoplanets. Also the periods of 3 plan- 
ets around pulsar PSR B1257+12 fit with the predictions with a relative 
accuracy of few hours/per several months. Also predictions for the distri- 
bution of stars in the regions where morphogenesis occurs follow from the 
gravitational Schödinger equation. 

What is important is that there are no free parameters besides vo. In [2] 
a wide variety of astrophysical data is discussed and it seem that the model 
works and has already now made predictions which have been later verified. 











1.2 Quantization of Planck constant 


In TGD framework [TGDview] the idea about quantized Planck constant 
emerged originally from a TGD inspired model of topological quantum com- 
putation [E9]. Large values of Planck constant would scale up quantal time 
and length scales and make possible macroscopic quantum phases and thus 
provide the new physics crucial for quantum models of living matter and 
conscious brain. 


22 
Quantization in Astrophysics ... 


1.2.1 Dark matter as macroscopic quantum phase with a gigantic 
value of Planck constant 


Learning about evidence for Bohr quantization of planetary orbits based 
on a gigantic value of gravitational constant [2, 3] led to the idea that the 
Bohr orbitology for visible matter might reflect the presence of dark matter 
characterized by gigantic values of Planck constant and thus in ” astroscopic” 
quantum phase. In a strong contrast with the top-down approach of M- 
theory, the road to quantum gravity might mimic the much more modest 
approach leading from hydrogen atom to QED. Just as the Bohr model 
for hydrogen atom resolved the infrared catastrophe (electron falling into 
nucleus by emission of radiation), the Bohr model for planetary system 
could prevent collapse of matter to black hole. 


1.2.2 Quantization of Planck constants and hyper-finite factors 
of type IT, 


The infinite-dimensional Clifford algebra of the configuration space of 3- 
surfaces (” world of classical worlds”) corresponds to von Neumann algebra 
known as hyperfinite factor of type Iı. The so called Jones inclusions for 
these algebras led via a sequence of educated guess to the recent proposal 
for the quantization of Planck constants associated with symmetry algebras 
of M* and CP, as integer multiples h(M*) = naħo and A(C P2) = npħo of 
the minimal value fig of Planck constant. Nna and n, correspond to orders of 
maximal cyclic subgroups for the discrete subgroups of SU(2) characterizing 
these inclusions and the formula follows using anyonic arguments. 

A considerable generalization of the notion of imbedding space emerged 
and a concrete geometric and topological interpretation for how quantum 
groups characterized by phases q; = exp(ia/ni), i = 1,6 are realized in 
physics. This implies also a model for phase transitions changing the values 
of Planck constants as a complete or partial leakage of particle 3-surfaces 
between different sectors of generalized imbedding spaces obtained by gluing 
together various copies of imbedding space together along common M* or 
CP» factor. One can say that two levels of hierarchy are dark relative to 
each other if they correspond to a different sector of imbedding space. 

The basic prediction is that ordinary Planck constant h appearing in the 
Schrödinger equation can be expressed as h/hg = h(M*)/h(CP2) = na/ny 
and can in principle have all rational values. Number theoretic considera- 
tions however favor what might be called ruler and compass rationals for 
which na and ny define n-polygons constructible using only ruler and com- 
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pass (the corresponding quantum phases are obtained by iterated square 
root operation from rationals). 

Quantization of Planck constants is equivalent with the scaling of co- 
variant metrics of M* resp. CP: by factor n? resp. n2 followed by over-all 
scaling by factor 1/n? leaving Kahler action invariant. Hence C P metric re- 
mains invariant, and one avoids mathematical difficulties in gluing of various 
copies of the imbedding space together isometrically. M4 covariant metric 
is scaled by (np/na)? meaning that effective Planck constant appearing in 
Schrödinger equation is (na/np)ho. In this interpretation scaling of Planck 
constants has a purely geometric meaning. 


1.3 The evolution of the model for planetary system 


A brief summary about the evolution of the model for planetary system is 
in order. 


1.3.1 Understanding the value of the parameter vo 


The first observation was that TGD allows to understand the value of the 
parameter vg/c assuming that cosmic strings and their decay remnants are 
responsible for the dark matter. The number theoretically preferred predic- 
tion would be vg = 271! and expressible in terms of fundamental constants of 
quantum TGD (Planck length, CP; radius, and Kahler coupling strength). 

The harmonics of vo could be understood as corresponding to perturba- 
tions replacing cosmic strings with their n-branched coverings so that tension 
becomes n?-fold: much like the replacement of a closed orbit with an orbit 
closing only after n turns. 1/n-sub-harmonic would result when a magnetic 
flux tube split into n disjoint magnetic flux tubes. Also rational multiples 
of vo are possible if both mechanisms operate. 

The general formula for Agr/ħo as ruler and compass rational allowed a 
more precise prediction for vg and led also to a prediction for the ratios of 
planetary masses as ratios of ruler and compass rationals. 

Later a possible interpretation of vg as a reduced light velocity emerged. 
The reduction would be due to the warping of dark space-time sheets mean- 
ing that the time component of the induced metric is reduced and one can 
identify a possible mechanism leading to the warping in the phase transi- 
tion increasing Planck constant. This effect implies also time dilatation and 
distinguishes between TGD and General Relativity. These two explanations 
need not be mutually exclusive. 
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1.3.2 View about evolution of planetary system 


The study of inclinations (tilt angles with respect to the Earth’s orbital 
plane) leads to a concrete model for the quantum evolution of the planetary 
system. Only a stepwise breaking of the rotational symmetry and angular 
momentum Bohr rules plus Newton’s equation (or geodesic equation) are 
needed, and gravitational Shrödinger equation holds true only inside flux 
quanta for the dark matter. 

a) During pre-planetary period dark matter formed a quantum coher- 
ent state on the (Z°) magnetic flux quanta (spherical cells or flux tubes). 
This made the flux quantum effectively a single rigid body with rotational 
degrees of freedom corresponding to a sphere or circle (full SO(3) or SO(2) 
symmetry). 

b) In the case of spherical shells associated with inner planets the SO(3) — 
SO(2) symmetry breaking led to the generation of a flux tube with the in- 
clination determined by m and j and a further symmetry breaking, kind 
of an astral traffic jam inside the flux tube, generated a planet moving in- 
side flux tube. The semiclassical interpretation of the angular momentum 
algebra predicts the inclinations of the inner planets. The predicted (real) 
inclinations are 6 (7) resp. 2.6 (3.4) degrees for Mercury resp. Venus). The 
predicted (real) inclination of the Earth’s spin axis is 24 (23.5) degrees. 

c) The vp — vo/5 transition allowing to understand the radii of the 
outer planets in the model of Da Rocha and Nottale could be understood 
as resulting from the splitting of (Z° and gravi-) magnetic flux tube to five 
flux tubes representing Earth and outer planets except Pluto, whose orbital 
parameters indeed differ dramatically from those of other planets. The flux 
tube has a shape of a disk with a hole glued to the Earth’s spherical flux 
shell. 

It is important to notice that effectively a multiplication n — 5n of 
the principal quantum number is in question. This allows to consider also 
alternative explanations. Perhaps external gravitational perturbations have 
kicked dark matter from the orbit or Earth to n = 5k, k = 2,3,...,7 orbits: 
the fact that the tilt angles for Earth and all outer planets except Pluto 
(not a planet anymore!) are nearly the same, supports this explanation. Or 
perhaps there exist at least small amounts of dark matter at all orbits but 
visible matter is concentrated only around orbits containing some critical 
amount of dark matter and these orbits satisfy n mod 5 = 0 for some 
reason. TGD based explanation for so called flyby anomaly [6] is based on 
this assumption [D6]. 

The rather amazing coincidences between basic bio-rhythms and the pe- 
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riods associated with the states of orbits in solar system [D6] suggest that 
the frequencies defined by the energy levels of the gravitational Schrodinger 
equation might entrain with various biological frequencies such as the cy- 
clotron frequencies associated with the magnetic flux tubes. For instance, 
the period associated with n = 1 orbit in the case of Sun is 24 hours within 
experimental accuracy for vo. 


1.3.3 Improved predictions for planetary radii and predictions 
for ratios of planetary masses 


The general prediction for the spectrum of A as ruler and compass rational 
gives strong additional constraints but also flexibility since Agr = GMm/vo 
can correspond to ruler and compass integer. The planetary mass ratios can 
be produced with an accuracy better than 2 per cent assuming that hg, /ho 
is ruler and compass rational. 

Ruler and compass hypothesis for allows to improve the fit for the plan- 
etary radii in solar system. Also the radii of exoplanets can be fitted with 
few per cent accuracy (see the section ” Orbital radii of exoplanets” and the 
tables of the Appendix). One cannot hope much more since star masses 
are deduced theoretically. Moreover the ratios of planetary masses are pre- 
dicted to be expressible as ratios of ruler and compass rationals and this 
turns out to be true with 2 per cent accuracy (Table 2). Hence it seems that 
the hypothesis deserves to be taken seriously. One can even consider the 
possibility of deducing masses of stars from the orbital radii of exoplanets 
so that stars models could be tested. 

To sum up, it would be too early to say that the proposed model has 
reached its final form but already at this stage a rich spectrum of predictions 
follows. It is probably needless to add that the existence of the proposed 
dark matter hierarchy means that a new period of voyages of discovery to 
the levels of existence responsible for the special properties of living systems 
would be waiting for us. 


2 Dark matter hierarchy and quantization of Planck 
constants 


In this section the quantization of Planck constants in TGD framework is 
briefly discussed. The detailed discussion can be found in [A9]. 

The recent geometric interpretation for the quantization of Planck con- 
stants is based on Jones inclusions of hyper-finite factors of type II, [A9]. 
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a) One can argue that different values of Planck constant correspond to 
imbedding space metrics involving scalings of M* resp. CP parts of the 
metric deduced from the requirement that distances scale as A(C P2) resp. 
h(M*). Denoting the Planck constants by h(M*) = naħo and A(C P2) = 
npho, one has that covariant metric of M* is proportional to ne and covariant 
metric of CP, to n?. 

This however leads to difficulties with the isometric gluing of C P> factors 
of different copies of H together. Kahler action is however invariant under 
over-all scaling of H metric so that one can scale it down by 1/n? meaning 
that M* covariant metric is scaled by (np/na)? and CP) metric remains 
invariant and the difficulties in isometric gluing are avoided. This means 
that if one regards Planck constant as a mere conversion factor, the effective 
Planck constant scales as na/np and Planck constant has a purely geometric 
meaning as scaling factor of M4 metric. 

In Kahler action only the effective Planck constant her ¢/ho = h(M*)/h(CP2) 
appears and by quantum classical correspondence same is true for Schoédinger 
equation. Elementary particle mass spectrum is also invariant. Same ap- 
plies to gravitational constant. The alternative assumption that M4 Planck 
constant is proportional to na would imply invariance of Schrödinger equa- 
tion but would not allow to explain Bohr quantization of planetary orbits 
and would to certain degree trivialize the theory. 

b) Mt and CP» Planck constants do not fully characterize a given sec- 
tor M$ x CP. Rather, the scaling factors of Planck constant given by the 
integer n characterizing the quantum phase q = exp(im/n) corresponds to 
the order of the maximal cyclic subgroup for the group G C SU(2) char- 
acterizing the Jones inclusion M C M of hyper-finite factors realized as 
subalgebras of the Clifford algebra of the ” world of the classical worlds”. 
This means that subfactor M gives rise to G-invariant configuration space 
spinors having interpretation as G-invariant fermionic states. 

c) Gy C SU(2) C SU(3) defines a covering of M$ by CP points and 
Ga C SU(2) C SL(2,C) covering of CP; by Mj} points with fixed points 
defining orbifold singularities. Different sectors are glued isometrically to- 
gether along CP» if Gy is same for them and along M4 if Ga is same for 
them. The degrees of freedom lost by G-invariance in fermionic degrees of 
freedom are gained back since the discrete degrees of freedom provided by 
covering allow many-particle states formed from single particle states real- 
ized in G group algebra. Among other things these many-particle states 
make possible the notion of N-atom. 

d) Phases with different values of scalings of M4 and CP» Planck con- 
stants behave like dark matter with respect to each other in the sense that 
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they do not have direct interactions except at criticality corresponding to a 
leakage between different sectors of imbedding space glued together along 
Mt or CP; factors. In large h(M*) phases various quantum time and length 
scales are scaled up which means macroscopic and macro-temporal quan- 
tum coherence. In particular, quantum energies associated with classical 
frequencies are scaled up by a factor ng/ny which is of special relevance 
for cyclotron energies and phonon energies (superconductivity). For large 
A(C Pz) the value of her is small: this leads to interesting physics: in par- 
ticular the binding energy scale of hydrogen atom increases by the factor 
(np /Na)?. 


2.1 Generalization of the p-adic length scale hypothesis and 
preferred values of Planck constants 


The evolution in phase resolution in p-adic degrees of freedom corresponds 
to emergence of algebraic extensions allowing increasing variety of phases 
exp(im/n) expressible p-adically. This evolution can be assigned to the emer- 
gence of increasingly complex quantum phases and the increase of Planck 
constant. 

One expects that quantum phases q = exp(iz/n) which are expressible 
using only iterated square root operation are number theoretically very spe- 
cial since they correspond to algebraic extensions of p-adic numbers obtained 
by an iterated square root operation, which should emerge first. Therefore 
systems involving these values of q should be especially abundant in Nature. 

These polygons are obtained by ruler and compass construction and 
Gauss showed that these polygons, which could be called Fermat polygons, 
have np = 2} Į], Fa, sides/vertices: all Fermat primes F),, in this expression 
must be different. The analog of the p-adic length scale hypothesis emerges 
since larger Fermat primes are near a power of 2. The known Fermat primes 
F, = 2?" +1 correspond to n = 0,1,2,3,4 with Fy = 3, Fı = 5, Fo = 17, 
F3 = 257, Fy = 65537. It is not known whether there are higher Fermat 
primes. n = 3,5,15-multiples of p-adic length scales clearly distinguishable 
from them are also predicted and this prediction is testable in living mat- 
ter. I have already earlier considered the possibility that Fermat polygons 
could be of special importance for cognition and for biological information 
processing [H8]. 

This condition could be interpreted as a kind of resonance condition 
guaranteing that scaled up sizes for space-time sheets have sizes given by p- 
adic length scales. The numbers nr could take the same role in the evolution 
of Planck constant assignable with the phase resolution as Mersenne primes 
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have in the evolution assignable to the p-adic length scale resolution. 


2.2 How Planck constants are visible in Kahler action? 


h(M*) and h(CP») appear in the commutation and anticommutation rela- 
tions of various superconformal algebras. Only the ratio ng/np of M* and 
CP Planck constants appears in Kahler action. This implies that Kahler 
function codes for radiative corrections to the classical action, which makes 
possible to consider the possibility that higher order radiative corrections 
to functional integral vanish as one might expect at quantum criticality. 
For a given p-adic length scale space-time sheets with all allowed values 
of Planck constants are possible. Hence the spectrum of quantum critical 
fluctuations could in the ideal case correspond to the spectrum of A coding 
for the scaled up values of Compton lengths and other quantal lengths and 
times. If so, large A phases could be crucial for understanding of quantum 
critical superconductors, in particular high Te superconductors. 


2.3 Phase transitions changing the level in dark matter hi- 
erarchy 


The identification of the precise criterion characterizing dark matter phase 
is far from obvious. TGD actually suggests an infinite number of phases 
which are dark relative to each other in some sense and can transform to 
each other only via a phase transition which might be called de-coherence 
or its reversal and which should be also characterized precisely. 

A possible solution of the problem comes from the general construction 
recipe for S-matrix. Fundamental vertices correspond to partonic 2-surfaces 
representing intersections of incoming and outgoing light-like partonic 3- 
surfaces. 

a) If the characterization of the interaction vertices involves all points 
of partonic 2-surfaces, they must correspond to definite value of Planck 
constant and more precisely, definite groups Ga and Gp characterizing dark 
matter hierarchy. Particles of different phases could not appear in the same 
vertex and a phase transition changing the particles to each other analogous 
to a de-coherence would be necessary. 

b) If transition amplitudes involve only a discrete set of common orbifold 
points of 2-surface belonging to different sectors then the phase transition 
between relatively dark matters can be described in terms of S-matrix. It 
seems that this option is the correct one. In fact, also propagators are 
essential for the interactions of visible and dark matter and since virtual 
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elementary particles correspond at space-time level CP) type extremals with 
4-dimensional C P> projection, they cannot leak between different sectors of 
imbedding space and therefore cannot mediate interactions between different 
levels of the dark matter hierarchy. This would suggest that the direct 
interactions between dark and ordinary matter are very weak. 

If the matrix elements for real-real partonic transitions involve all or at 
least a circle of the partonic 2-surface as stringy considerations suggest [C2], 
then one would have clear distinction between quantum phase transitions 
and ordinary quantum transitions. Of course, the fact that the points which 
correspond to zero of Riemann Zeta form only a small subset of points com- 
mon to real partonic 2-surface and corresponding p-adic 2-surface, implies 
that the rate for phase transition is in general small. On the other hand, for 
the non-diagonal S-matrix elements for ordinary transitions would become 
very small by almost randomness caused by strong fluctuations and the rate 
for phase transition could begin to dominate. 


3 Some astrophysical applications 


There is considerable support for the Bohr quantization of planetary orbits 
both in solar system and from exoplanets. The needed gigantic values of 
gravitational Planck constant can be understood in TGD framework and 
assigned to dark matter. Theory also predicts preferred ratios for planetary 
masses and provides a possible interpretation for the velocity parameter 
characterizing h,,. The interpretation of the symmetry group Zn associated 
with dark matter can be assigned as broken rotational symmetries of the 
gravi-magnetic and electric bodies mediating interaction between star and 
planet. Tifft’s quantization of cosmic redshifts can be also understand in 
this framework. A thorough discussion of this subject can be found at [D6]. 
Here only a brief summary is given. 


3.1 Bohr quantization of planetary orbits and preferred val- 
ues of Planck constant 


The predictions of the generalization of the p-adic length scale hypothesis are 
consistent with the TGD based model for the Bohr quantization of planetary 
orbits and some new non-trivial predictions follow. 

Since the macroscopic quantum phases with minimum dimension of al- 
gebraic extension should be especially abundant in the universe, the natural 
guess is that the values of the gravitational Planck constant correspond to 
np-multiples of ordinary Planck constant. 
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a) The model can explain the enormous values of gravitational Planck 
constant hg-/ho =~ GMm/vo) = na/np. The favored values of this pa- 
rameter should correspond to np,/np, so that the mass ratios m1/m2 = 
NF, NF,» /n Fp "F, > for planetary masses should be preferred. The general 
prediction GMm/vo = Nna/n is of course not testable. 

b) Nottale [2] has suggested that also the harmonics and subharmonics 
of À are possible and in fact required by the model for planetary Bohr orbits 
(in TGD framework this is not absolutely necessary). The prediction is that 
favored values of n should be of form np = 2" Į] F; such that F; appears at 
most once. In Nottale’s model for planetary orbits as Bohr orbits in solar 
system n = 5 harmonics appear and are consistent with either nrg > Fi nr, 
or with npa > np,/F; if possible. 







































































T-B Bohr, Bohry Bohr, 
Planet Ror /R | [n, Rpr/ Rl n, Rpr/ R] r/s, Rør /R] 
Mercury | 1 3, 1] 3, 1] 1,1] 
Venus .93 4, .95] 4, .95] 1,.95] 
Earth .96 5, 1.08] 5, 1.08] 1,1.08] 
Mars 1.03 6, 1.03] 6, 1.03] 1,1.03] 
Jupiter | .95 II, .98] 2x5,.81] | [17/15,1.04] 
Saturn | 1.00 | (3x5, 1.00] | [3x 5, 1.00] | [1,1.00] 
Uranus | .95 22, 1.04] 4 x 5,.86] 16/15,.98] 
Neptune | 1.23 | [27, 1.03) | [5 x5, 88) | [17/16,.99| 
Pluto | .92 31, 1.01) | (6x 5,95) | [1,.95] 








Table 1. The table represents the ratios Rp, /R of predictions Rpr of vari- 
ous models for orbital radii to their experimental average values R. The first 
column represents Titius-Bode law (T-B in table). The remaining columns 
represent variants of Bohr orbit model assuming a) that the principal quan- 
tum number n corresponds to the best possible fit and vo has single value, 
b) assuming the scaling vo — vo/5 for outer planets, c) assuming besides 
vo — vo/5 the modification vo — (r/s)vo, where r/s is ruler and compass 
rational. The scaling of vo is chosen to give complete fit for Mercury. 


Table 1 gives the radii of planet for Titius-Bode law and various Bohr 
orbit models. Not surprisingly, option a) gives the best fit with errors be- 
ing considerably smaller than the maximal error |AR|/R ~ 1/n except for 
Uranus. The fit given by option b) is poor for Jupiter, Uranus and Saturnus 
but improves for option c). 
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The prediction for the ratios of planetary masses can be tested. In the 
table below are the experimental mass ratios resp = m(pl)/m(E), the best 
choice of rR = [nra/nrp| * X, X common factor for all planets, and the 
ratios Tpred/Texp = NF a(planet)npy(Larth)/npa(Earth)npp(planet). The 
deviations are at most 2 per cent. 






































planet Me V E M J 
y axe PEAT | PRS MIT | in| ee 
y/x 1.01 98 1.00 .98 1.01 
planet S U N P 
y 24 4 3x5x 17 n zupan aN 
y/z 1.01 98 99 99 





























Table 2. The table compares the ratios x = m(pl)/(m(E) of planetary 
mass to the mass of Earth to prediction for these ratios in terms of integers 
np associated with Fermat polygons. y gives the best fit for the allowed 
factors of the known part y of the rational npa/npy = yX characterizing 
planet, and the ratios y/x. Errors are at most 2 per cent. 


3.2 Orbital radii of exoplanets 


Orbital radii of exoplanets serve as a test for the quantization hypothesis. 
Hundreds of them are already known and in [4] tables listing basic data for 
for more than one hundred exoplanets can be found. Tables of Appendix 
provide also references and links to sources giving data about stars, in par- 
ticular star mass M using solar mass Mg as a unit. Hence one can test the 
formula for the orbital radii given by the expression 


r n? M 
= 7 ; (1) 
TE 54 Ms 





Here the correction factor X depends on the model. 

a) X = 1 corresponds to the prediction of the simplest model allowing 
only single value of vo. It turns out that the simplest option assuming X = 1 
fails badly for some planets: the resulting deviations of order 20 per cent 
typically but in the worst cases the predicted radius is by factor of ~ .5 too 
small. 

b) Nottale [2] has proposed that it is possible to improve the situation 
by allowing harmonics and sub-harmonics of v9 which would mean X = n? 
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or 1/n?. 

c) In TGD framework general quantization of Planck constant allows X 
to be any rational but number theoretical arguments prefer the values of X 
which are squares of ”ruler and compass” rationals: 


Ny 2 
Xe 
Ce 
ni = 28 x [|F , Fe {3,5,17,257,2 +1}. (2) 


Si 


Here a given Fermat prime F., can appear only once. 

The values of X used in the fit correspond to X € {(2/3)?,(3/4)?, 
(4/5), (5/6)?, (15/17)?, (15/16)?, (16/17)?} ~ {.44, .56, .64, .69, .78, .88, .89} 
and their inverses. The tables summarizing the resulting fit using both 
X = 1 and value giving optimal fit are given in the Appendix. The devia- 
tions are typically few per cent and one must also take into account the fact 
that the masses of stars are deduced theoretically using the spectral data 
from star models. I am not able to form an opinion about the real error 
bars related to the masses. 


3.3 A more detailed model for planetary system 


The Bohr orbit model for planetary system leads to the idea that the evolu- 
tion of planetary system could be understood in terms of dark matter. One 
can also ask whether the inclinations and eccentricities of planetary orbits 
could be deduced from Bohr orbitology. 


3.3.1 The interpretation of h,, and pre-planetary period 


Agr could corresponds to a unit of angular momentum for quantum coher- 
ent states at magnetic flux tubes or walls containing macroscopic quantum 
states. Quantitative estimate demonstrates that hg, for astrophysical ob- 
jects cannot correspond to spin angular momentum. For Sun-Earth system 
one would have hg, ~ 1077h. This amount of angular momentum realized as 
a mere spin would require 10%” particles! Hence the only possible interpre- 
tation is as a unit of orbital angular momentum. The linear dependence of 
Agr on m is consistent with the additivity of angular momenta in the fusion 
of magnetic flux tubes to larger units if the angular momentum associated 
with the tubes is proportional to both m and M. 

Just as the gravitational acceleration is a more natural concept than 
gravitational force, also hg,/m = GM/vo could be more natural unit than 
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ħgr. It would define a universal unit for the circulation $v : dl, which is 
apart from 1/m-factor equal to the phase integral $ pgdd appearing in Bohr 
rules for angular momentum. The circulation could be associated with the 
flow associated with outer boundaries of magnetic flux tubes surrounding 
the orbit of mass m around the central mass M > m and defining light like 
3-D CDs analogous to black hole horizons. 

The expression of fig, depends on masses M and m and can apply only 
in space-time regions carrying information about the space-time sheets of 
M and and the orbit of m. Quantum gravitational holography suggests that 
the formula applies at 3-D light like causal determinant (CD) X? defined by 
the wormhole contacts gluing the space-time sheet X’ of the planet to that 
of Sun. More generally, X 7 could be the space-time sheet containing the 
planet, most naturally the magnetic flux tube surrounding the orbit of the 
planet and possibly containing dark matter in super-conducting state. This 
would give a precise meaning for h,, and explain why h,, does not depend 
on the masses of other planets. 

The simplest option consistent with the quantization rules and with the 
explanatory role of magnetic flux structures is perhaps the following one. 

a) X? is a torus like surface around the orbit of the planet contain- 
ing delocalized dark matter. The key role of magnetic flux quantization in 
understanding the values of vg suggests the interpretation of the torus as 
a magnetic or Z? magnetic flux tube. At pre-planetary period the dark 
matter formed a torus like quantum object. The conditions defining the 
radii of Bohr orbits follow from the requirement that the torus-like object 
is in an eigen state of angular momentum in the center of mass rotational 
degrees of freedom. The requirement that rotations do not leave the torus- 
like object invariant is obviously satisfied. Newton’s law required by the 
quantum-classical correspondence stating that the orbit corresponds to a 
geodesic line in general relativistic framework gives the additional condition 
implying Bohr quantization. 

b) A simple mechanism leading to the localization of the matter would 
have been the pinching of the torus causing kind of a traffic jam leading to 
the formation of the planet. This process could quite well have involved a 
flow of matter to a smaller planet space-time sheet ys topologically con- 
densed at X?. Most of the angular momentum associated with torus like 
object would have transformed to that of planet and situation would have 
become effectively classical. 

c) The conservation of magnetic flux means that the splitting of the 
orbital torus would generate a pair of Kähler magnetic charges. It is not 
clear whether this is possible dynamically and hence the torus could still 
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be there. In fact, TGD explanation for the tritium beta decay anomaly 
citeTroitsk,Mainz in terms of classical Z° force [F8] requires the existence 
of this kind of torus containing neutrino cloud whose density varies along 
the torus. This picture suggests that the lacking n = 1 and n = 2 orbits 
in the region between Sun and Mercury are still in magnetic flux tube state 
containing mostly dark matter. 

d) The fact that figr is proportional to m means that it could have varied 
continuously during the accumulation of the planetary mass without any 
effect in the planetary motion: this is of course nothing but a manifestation 
of Equivalence Principle. 

e) It is interesting to look for the scaled up versions of Planck mass mp; = 


\/ħgr/ħx Jh/G = V/M1 Mo/vo and Planck length Lp; = \/hgr/hx /h/G = 
Gy Mı M2/v09. For Mı = Mo = M this gives MPI = M/V ~ 45.6 x M 
and Lp; = rg/2,/vo ~ 22.8 x rg, where rg is Schwartshild radius. For Sun 
rg is about 2.9 km so that one has Lp; ~ 66 km. For a few years ago it was 
found that Sun contains ”inner-inner” core of radius about R = 300 km [11] 
which is about 4.5 x Lpi. 





3.3.2 Inclinations for the planetary orbits and the quantum evo- 
lution of the planetary system 


The inclinations of planetary orbits provide a test bed for the theory. The 
semiclassical quantization of angular momentum gives the directions of an- 
gular momentum from the formula 


epee Loe <j 
cos(8) = y MSi. (3 
where @ is the angle between angular momentum and quantization axis and 
thus also that between orbital plane and (x,y)-plane. This angle defines the 
angle of tilt between the orbital plane and (x,y)-plane. 
m = j = n gives minimal value of angle of tilt for a given value of n of 
the principal quantum number as 


n 

cos(0) = ————. 4 

2 n(n + 1) (4) 

For n = 3,4,5 (Mercury, Venus, Earth) this gives 9 = 30.0, 26.6, and 24.0 
degrees respectively. 
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Only the relative tilt angles can be compared with the experimental 
data. Taking as usual the Earth’s orbital plane as the reference the relative 
tilt angles give what are known as inclinations. The predicted inclinations 
are 6 degrees for Mercury and 2.6 degrees for Venus. The observed values 
[12] are 7.0 and 3.4 degrees so that the agreement is satisfactory. If one 
allows half-odd integer spin the fit is improved. For j = m = n — 1/2 the 
predictions are 7.1 and 2.9 degrees for Mercury and Venus respectively. For 
Mars, Jupiter, Saturn, Uranus, Neptune, and Pluto the inclinations are 1.9, 
1.3, 2.5, 0.8, 1.8, 17.1 degrees. For Mars and outer planets the tilt angles 
are predicted to have wrong sign for m = j. In a good approximation the 
inclinations vanish for outer planets except Pluto and this would allow to 
determine m as m ~ \/5n(n + 1)/6: the fit is not good. 

The assumption that matter has condensed from a matter rotating in 
(x,y)-plane orthogonal to the quantization axis suggests that the directions 
of the planetary rotation axes are more or less the same and by angular 
momentum conservation have not changed appreciably. The prediction for 
the tilt of the rotation axis of the Earth is 24 degrees of freedom in the 
limit that the Earth’s spin can be treated completely classically, that is for 
m = j >> 1 in the units used for the quantization of the Earth’s angular 
momentum. What is the value of Agr for Earth is not obvious (using the unit 
ħgr = GM?/vo the Earth’s angular momentum would be much smaller than 
one). The tilt of the rotation axis of Earth with respect to the orbit plane 
is 23.5 degrees so that the agreement is again satisfactory. This prediction 
is essentially quantal: in purely classical theory the most natural guess for 
the tilt angle for planetary spins is 0 degrees. 

The observation that the inner planets Mercury, Venus, and Earth have 
in a reasonable approximation the predicted inclinations suggest that they 
originate from a primordial period during which they formed spherical cells 
of dark matter and had thus full rotational degrees of freedom and were in 
eigen states of angular momentum corresponding to a full rotational sym- 
metry. The subsequent SO(3) — SO(2) symmetry breaking leading to the 
formation of torus like configurations did not destroy the information about 
this period since the information about the value of j and m was coded by 
the inclination of the planetary orbit. 

In contrast to this, the dark matter associated with Earth and outer 
planets up to Neptune formed a flattened magnetic or Z° magnetic flux tube 
resembling a disk with a hole and the subsequent symmetry breaking broke 
it to separate flux tubes. Earth’s spherical disk was joined to the disk formed 
by the outer planets. The spherical disk could be still present and contain 
super-conducting dark matter. The presence of this ” heavenly sphere” might 
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closely relate to the fact that Earth is a living planet. The time scale T = 
27R/c is very nearly equal to 5 minutes and defines a candidate for a bio- 
rhythm. 

If this flux tube carried the same magnetic flux as the flux tubes asso- 
ciated with the inner planets, the decomposition of the disk with a hole to 
5 flux tubes corresponding to Earth and to the outer planets Mars, Jupiter, 
Saturn and Neptune, would explain the value of vo correctly and also the 
small inclinations of outer planets. That Pluto would not originate from 
this structure, is consistent with its anomalously large values of inclination 
i = 17.1 degrees, small value of eccentricity e = .248, and anomalously large 
value of inclination of equator to orbit about 122 degrees as compared to 
23.5 degrees in the case of Earth [12]. 


3.3.3 Eccentricities and comets 


Bohr-Sommerfeld quantization allows also to deduce the eccentricities of the 
planetary and comet orbits. One can write the quantization of energy as 





2 
Dee PG Po ko OF 
2m, 2mır?  2mır?sin?(0) r n2 ’ 
2 v? 
eee ae (5) 


Here one has k = GMmy,. E; is the binding energy of n = 1 state. In 
the orbital plane (0 = 2/2,pg = 0) the conditions are simplified. Bohr 
quantization gives pg = mhgr implying 


2 kh? 
Pr R = 2, (6) 


2m, 2mır? r n2 





For p, = 0 the formula gives maximum and minimum radii r+ and eccen- 





tricity is given by 





7 (7) 


For small values of n the eccentricities are very large except for m = n. 
For instance, for (m = n — 1,n) for n = 3,4,5 gives e = (.93, .89, .86) 
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to be compared with the experimental values (.206, .007, .0167). Thus 
the planetary eccentricities with Pluto included (e = .248) must vanish in 
the lowest order approximation and must result as a perturbation of the 
magnetic flux tube. 

The large eccentricities of comet orbits might however have an interpre- 
tation in terms of m < n states. The prediction is that comets with small 
eccentricities have very large orbital radius. Oort’s cloud is a system weakly 
bound to a solar system extending up to 3 light years. This gives the upper 
bound n < 700 if the comets of the cloud belong to the same family as 
Mercury, otherwise the bound is smaller. This gives a lower bound to the 
eccentricity of not nearly circular orbits in the Oort cloud as e > .32. 


3.4 About the interpretation of the parameter vo 


The formula for the gravitational Planck constant contains the parameter 
vo/¢ = 271}, This velocity defines the rotation velocities of distant stars 
around galaxies. The presence of a parameter with dimensions of velocity 
should carry some important information about the geometry of dark mat- 
ter space-time sheets. The interpretation in terms of cosmic strings and 
magnetic flux tubes has been already discussed but also alternative inter- 
pretations can be considered. 

Velocity like parameters appear also in other contexts. There is evidence 
for the Tifft’s quantization of cosmic red-shifts in multiples of vo /c = 2.68 x 
1075/3: also other units of quantization have been proposed but they are 
multiples of vo [5]. 

The strange behavior of graphene includes high conductivity with con- 
duction electrons behaving like massless particles with light velocity replaced 
with vo/c = 1/300. The TGD inspired model [J1] explains the high con- 
ductivity as being due to the Planck constant A( M4) = 6ho increasing the 
delocalization length scale of electron pairs associated with hexagonal rings 
of mono-atomic graphene layer by a factor 6 and thus making possible over- 
lap of electron orbitals. This explains also the anomalous conductivity of 
DNA containing 5- and 6-cycles [J1]. 


1. Is dark matter warped? 


The reduced light velocity could be due to the warping of the space-time 
sheet associated with dark electrons. TGD predicts besides gravitational 
red-shift a non-gravitational red-shift due to the warping of space-time sheets 
possible because space-time is 4-surface rather than abstract 4-manifold. A 
simple example of everyday life is the warping of a paper sheet: it bends 
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but is not stretched, which means that the induced metric remains flat al- 
though one of its component scales (distance becomes longer along direction 
of bending). For instance, empty Minkowski space represented canonically 
as a surface of M4 x CP with constant CP» coordinates can become peri- 
odically warped in time direction because of the bending in C'’P direction. 
As a consequence, the distance in time direction shortens and effective light- 
velocity decreases when determined from the comparison of the time taken 
for signal to propagate from A to B along warped space-time sheet with 
propagation time along a non-warped space-time sheet. 

The simplest warped imbedding defined by the map M+ — St, S! a 
geodesic circle of CP. Let the angle coordinate of S' depend linearly on 
time: ® = wt. gu component of metric becomes 1 — R?w? so that the light 
velocity is reduced to voọ/c = V1 — R2w?. No gravitational field is present. 

The fact that M+ Planck constant naħo defines the scaling factor n? of 
CP metric could explain why dark matter resides around strongly warped 
imbeddings of M4. The quantization of the scaling factor of C P> by R? > 
n? R? implies that the initial small warping in the time direction given by 
gu = 1—€, € = R?w?, will be amplified to g = 1 — nĉe if w is not affected in 
the transition to dark matter phase. ng = 6 in the case of graphene would 
give 1 — x ~ 1 — 1/36 so that only a one per cent reduction of light velocity 
is enough to explain the strong reduction of light velocity for dark matter. 


2. Is c/vo quantized in terms of ruler and compass rationals? 


The known cases suggests that c/vo is always a rational number express- 
ible as a ratio of integers associated with n-polygons constructible using only 
ruler and compass. 

a) c/vo = 300 would explain graphene. The nearest rational satisfying 
the ruler and compass constraint would be q = 5 x 2!°/17 œ 301.18. 

b) If dark matter space-time sheets are warped with co/v = 2"! one can 
understand Nottale’s quantization for the radii of the inner planets. For 
dark matter space-time sheets associated with outer planets one would have 
c/vo = 5 x 24, 

c) If Tifft’s red-shifts relate to the warping of dark matter space-time 
sheets, warping would correspond to vg/c = 2.68 x 1075/3. c/vo = 2° x 17 x 
257/5 holds true with an error smaller than .1 per cent. 


3. Tifft’s quantization and cosmic quantum coherence 


An explanation for Tifft’s quantization in terms of Jones inclusions could 
be that the subgroup G of Lorentz group defining the inclusion consists of 
boosts defined by multiples 7 = nno of the hyperbolic angle no ~ vo/c. This 
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would give v/c = sinh(nno) ~ nvo/c. Thus the dark matter systems around 
which visible matter is condensed would be exact copies of each other in 
cosmic length scales since G would be an exact symmetry. The property 
of being an exact copy applies of course only in single level in the dark 
matter hierarchy. This would mean a delocalization of elementary particles 
in cosmological length scales made possible by the huge values of Planck 
constant. A precise cosmic analog for the delocalization of electron pairs in 
benzene ring would be in question. 

Why then 79 should be quantized as ruler and compass rationals? In the 
case of Planck constants the quantum phases q = exp(imm/np) are number 
theoretically simple for np a ruler and compass integer. If the boost eap(7) is 
represented as a unitary phase exp(imn) at the level of discretely delocalized 
dark matter wave functions, the quantization no = n/np would give rise to 
number theoretically simple phases. Note that this quantization is more 
general than 7 = npi/nF2. 

The interpretation in terms of warping would suggest that the dark mat- 
ter associated with distant stars in the galactic halos moves with a reduced 
light velocity in a state similar to that of conduction electrons in graphene. 
The consistency with the interpretation based on magnetic flux quanta re- 
mains open. 


3.5 How do the magnetic flux tube structures and quantum 
gravitational bound states relate? 


In the case of stars in galactic halo the appearance of the parameter vo 
characterizing cosmic strings as orbital rotation velocity can be understood 
classically. That vo appears also in the gravitational dynamics of planetary 
orbits could relate to the dark matter at magnetic flux tubes. The argument 
explaining the harmonics and sub-harmonics of vg in terms of properties 
of cosmic strings and magnetic flux tubes identifiable as their descendants 
strengthens this expectation. As a matter fact, magnetic body corresponds 
also to gravi-magnetic body since classical gauge fields and gravitational 
field are very closely related since C P> coordinates are primary dynamical 
variables. 


3.5.1 The notion of field body 


Topological field quantization implies that one can assign to a material sys- 
tem also field identity, field body. Field body contains both electric and 
magnetic part and consists of flux quanta of these fields identifiable as space- 
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time sheets. The notion of magnetic body plays a key role in TGD inspired 
theory of consciousness being the ultimate intentional agent, experiencer, 
and performer of bio-control and can have astrophysical size. This does not 
sound so counter-intuitive if one takes seriously the idea that cognition has 
p-adic space-time sheets as space-time correlates and that rational points 
are common to real and p-adic number fields. The point is that infinitesi- 
mal in p-adic topology corresponds to infinite in real sense so that cognitive 
and intentional structures would have literally infinite size. 

The magnetic flux tubes carrying various supra phases can be inter- 
preted as special instance of dark energy and dark matter. This suggests 
a correlation between gravitational self-organization and quantum phases 
at the magnetic flux tubes and that the gravitational Schrödinger equation 
somehow relates to the ordinary Schrodinger equation satisfied by the macro- 
scopic quantum phases at magnetic flux tubes. In [A9] I have proposed that 
the transition increasing Planck constant occurs when perturbation theory 
fails and thus reduces the higher order radiative corrections. Interestingly, 
the transition to large Planck constant phase should occur when the masses 
of interacting is above Planck mass since gravitational self-interaction en- 
ergy is V ~ GM?/R. For the density of water about 10° kg/m the volume 
carrying a Planck mass correspond to a cube with side 2.8 x 1074 meters. 
This corresponds to a volume of a large neuron, which suggests that this 
phase transition might play an important role in neuronal dynamics. 


3.5.2 Ga as asymmetry group of field body 


The group Ga C SU(2) C SL(2,C) appearing in the quantization of Planck 
constant, means exact rotational symmetry realized in terms of Mt cover- 
ings of CP). The 5- and 6-cycles in biochemistry (sugars, DNA,....) are 
excellent candidates for these symmetries. For very large values of Planck 
constant, say for the values h(Mt)/h(CP2) = GMm/vo = (na/ns)ho, 
vo = 271}, required by the model for planetary orbits as Bohr orbits [D6], 
Ga is huge and corresponds to either Zn, or in the case of even value of na 
to the group generated by Z, and reflection acting on plane and containing 
2nq elements. 

The notion of field body, in particular magnetic body, seems to provide 
the only conceivable candidate for a geometric object possessing Ga as sym- 
metries. In the first approximation the magnetic field associated with a dark 
matter system is expected to be modellable as a dipole field having rotational 
symmetry around the dipole axis. Topological quantization means that this 


field decomposes into flux tube like structures related by the rotations of Zn 
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or Dən. Dark particles would have wave functions delocalized to this set of 
these flux quanta and span group algebra of Ga. Note that electric body as 
a structure consisting of radial electric flux tubes makes also sense and can 
possess Gq as a symmetry. 

Magnetic and electric flux quanta would naturally mediate gravi-magnetic 
and -electric interactions in the TGD based model for the quantization of 
radii of planetary orbits and this explains the dependence of hg, on the 
masses of planet and central object [D6]. 


3.5.3 Could gravitational Schrödinger equation relate to a quan- 
tum control at magnetic flux tubes? 


An infinite self hierarchy is the basic prediction of TGD inspired theory 
of consciousness (everything is conscious and consciousness can be only 
lost”). Topological quantization allows to assign to any material system a 
field body as the topologically quantized field pattern created by the system 
[L4, K1]. This field body can have an astrophysical size and would utilize 
the material body as a sensory receptor and motor instrument. 

Magnetic flux tube and flux wall structures are natural candidates for 
the field bodies. Various empirical inputs have led to the hypothesis that 
the magnetic flux tube structures define a hierarchy of magnetic bodies, and 
that even Earth and larger astrophysical systems possess magnetic body 
which makes them conscious self-organizing living systems. In particular, 
life at Earth would have developed first as a self-organization of the super- 
conducting dark matter at magnetic flux tubes [L4]. 

For instance, EEG frequencies corresponds to wavelengths of order Earth 
size scale and the strange findings of Libet about time delays of conscious 
experience |13, 14] find an elegant explanation in terms of time taken for sig- 
nals propagate from brain to the magnetic body [K1]. Cyclotron frequencies, 
various cavity frequencies, and the frequencies associated with various p-adic 
frequency scales are in a key role in the model of bio-control performed by 
the magnetic body. The cyclotron frequency scale is given by f = eB/m and 
rather low as are also cavity frequencies such as Schumann frequencies: the 
lowest Schumann frequency is in a good approximation given by f = 1/27R 
for Earth and equals to 7.8 Hz. 


1. Quantum time scales as ”bio-rhythms” in solar system? 


To get some idea about the possible connection of the quantum con- 
trol possibly performed by the dark matter with gravitational Schrodinger 
equation, it is useful to look for the values of the periods defined by the 
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gravitational binding energies of test particles in the fields of Sun and Earth 
and look whether they correspond to some natural time scales. For instance, 
the period T = 2G Mgn?/vg defined by the energy of nt? planetary orbit de- 
pends only on the mass of Sun and defines thus an ideal candidate for a 
universal ” bio-rhytm”. 

For Sun black hole radius is about 2.9 km. The period defined by the 
binding energy of lowest state in the gravitational field of Sun is given Ts = 
2GMszg/ve and equals to 23.979 hours for vo/c = 4.8233 x 1074. Within 
experimental limits for vo/c the prediction is consistent with 24 hours! The 
value of vo corresponding to exactly 24 hours would be vo = 144.6578 km/s 
(as a matter fact, the rotational period of Earth is 23.9345 hours). As if as 
the frequency defined by the lowest energy state would define a ” biological” 
clock at Earth! Mars is now a strong candidate for a seat of life and the day 
in Mars lasts 24hr 37m 23s! n = 1 and n = 2 are orbitals are not realized in 
solar system as planets but there is evidence for the n = 1 orbital as being 
realized as a peak in the density of IR-dust [2]. One can of course consider 
the possibility that these levels are populated by small dark matter planets 
with matter at larger space-time sheets. Bet as it may, the result supports 
the notion of quantum gravitational entrainment in the solar system. 

The slower rhythms would become as n? sub-harmonics of this time 
scale. Earth itself corresponds to n = 5 state and to a rhythm of .96 hours: 
perhaps the choice of 1 hour to serve as a fundamental time unit is not 
merely accidental. The magnetic field with a typical ionic cyclotron fre- 
quency around 24 hours would be very weak: for 10 Hz cyclotron frequency 
in Earth’s magnetic field the field strength would about 1071! T. However, 
T = 24 hours corresponds with 6 per cent accuracy to the p-adic time scale 
T(k = 280) = 2!37(2,127), where T(2, 127) corresponds to the secondary 
p-adic time scale of .1 s associated with the Mersenne prime Mj27 = 21?” —1 
characterizing electron and defining a fundamental bio-rhytm and the dura- 
tion of memetic codon [TGDgeme]. 

Comorosan effect [15, J5] demonstrates rather peculiar looking facts 
about the interaction of organic molecules with visible laser light at wave- 
length A = 546 nm. As a result of irradiation molecules seem to undergo 
a transition S — S*. S* state has anomalously long lifetime and stability 
in solution. S — S* transition has been detected through the interaction 
of S* molecules with different biological macromolecules, like enzymes and 
cellular receptors. Later Comorosan found that the effect occurs also in non- 
living matter. The basic time scale is rT = 5 seconds. p-Adic length scale 
hypothesis does not explain 7, and it does not correspond to any obvious 
astrophysical time scale and has remained a mystery. 
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The idea about astro-quantal dark matter as a fundamental bio-controller 
inspires the guess that 7 could correspond to some Bohr radius R for a solar 
system via the correspondence T = R/c. As observed by Nottale, n = 1 
orbit for vg — 3vo corresponds in a good approximation to the solar ra- 
dius and to T = 2.18 seconds. For vg — 2v9 n = 1 orbit corresponds to 
T = AU/(4 x 25) = 4.992 seconds: here R = AU is the astronomical unit 
equal to the average distance of Earth from Sun. The deviation from rco is 
only one per cent and of the same order of magnitude as the variation of the 
radius for the orbit due to orbital eccentricity (a — b)/a = .0167 [12]. 


2. Earth-Moon system 


For Earth serving as the central mass the Bohr radius is about 18.7 
km, much smaller than Earth radius so that Moon would correspond to 
n = 147.47 for vo and n = 1.02 for the sub-harmonic vo/12 of vo. For an 
afficionado of cosmic jokes or a numerologist the presence of the number of 
months in this formula might be of some interest. Those knowing that the 
Mayan calendar had 11 months and that Moon is receding from Earth might 
rush to check whether a transition from v/11 to v/12 state has occurred 
after the Mayan culture ceased to exist: the increase of the orbital radius 
by about 3 per cent would be required! Returning to a more serious mode, 
an interesting question is whether light satellites of Earth consisting of dark 
matter at larger space-time sheets could be present. For instance, in [L4] 
I have discussed the possibility that the larger space-time sheets of Earth 
could carry some kind of intelligent life crucial for the bio-control in the 
Earth’s length scale. 

The period corresponding to the lowest energy state is from the ratio 
of the masses of Earth and Sun given by Mg/Mzg = (5.974/1.989) x 1076 
given by Tg = (Mg/Ms) x Ts = .2595 s. The corresponding frequency 
fe = 3.8535 Hz frequency is at the lower end of the theta band in EEG 
and is by 10 per cent higher than the p-adic frequency f(251) = 3.5355 
Hz associated with the p-adic prime p ~ 2", k = 251. The corresponding 
wavelength is 2.02 times Earth’s circumference. Note that the cyclotron 
frequencies of Nn, Fe, Co, Ni, and Cu are 5.5, 5.0, 5.2, 4.8 Hz in the magnetic 
field of .5 x 1074 Tesla, which is the nominal value of the Earth’s magnetic 
field. In [M4] I have proposed that the cyclotron frequencies of Fe and Co 
could define biological rhythms important for brain functioning. For vp /12 
associated with Moon orbit the period would be 7.47 s: I do not know 
whether this corresponds to some bio-rhytm. 

It is better to leave for the reader to decide whether these findings sup- 
port the idea that the super conducting cold dark matter at the magnetic 
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flux tubes could perform bio-control and whether the gravitational quantum 
states and ordinary quantum states associated with the magnetic flux tubes 
couple to each other and are synchronized. 


3.6 p-Adic length scale hypothesis and vp — vo /5 transition 
at inner-outer border for planetary system 


vo — vo/5 transition would allow to interpret the orbits of outer planets 
as n > 1 orbits. The obvious question is whether inner to outer zone as 
vo — vo/5 transition could be interpreted in terms of the p-adic length scale 
hierarchy [E5, TGDpad]. 

a) The most important p-adic length scale are given by primary p-adic 
length scales L(k) = 2(k-151)/2 x 10 nm and secondary p-adic length scales 
L(2,k) = 247151 x 10 nm, k prime. 

b) The p-adic scale L(2,139) = 114 Mkm is slightly above the orbital 
radius 109.4 Mkm of Venus. The p-adic length scale L(2,137) ~ 28.5 Mkm 
is roughly one half of Mercury’s orbital radius 57.9 Mkm. Thus strong form 
of p-adic length scale hypothesis could explain why the transition vg — v9/5 
occurs in the region between Venus and Earth (n = 5 orbit for vo layer and 
n = 1 orbit for vo/5 layer). 

c) Interestingly, the primary p-adic length scales L(137) and L(139) cor- 
respond to fundamental atomic length scales which suggests that solar sys- 
tem be seen as a fractally scaled up ”secondary” version of atomic system. 

d) Planetary radii have been fitted also using Titius-Bode law predict- 
ing r(n) = ro + rı x 2”. Hence on can ask whether planets are in one-one 
correspondence with primary and secondary p-adic length scales L(k). For 
the orbital radii 58,110, 150,228 Mkm of Mercury, Venus, Earth, and Mars 
indeed correspond approximately to k= 276, 278,279,281: note the spe- 
cial position of Earth with respect to its predecessor. For Jupiter, Saturn, 
Uranus, Neptune, and Pluto the radii are 52,95,191,301,395 Mkm and would 
correspond to p-adic length scales L(280 + 2n)), n = 0,...,3. Obviously the 
transition vo > vo/5 could occur in order to make the planet—p-adic length 
scale one-one correspondence possible. 

e) It is interesting to look whether the p-adic length scale hierarchy 
applies also to the solar structure. In a good approximation solar radius .696 
Mkm corresponds to L(270), the lower radius .496 Mkm of the convective 
zone corresponds to L(269), and the lower radius .174 Mkm of the radiative 
zone (radius of the solar core) corresponds to L(266). This encourages the 
hypothesis that solar core has an onion like sub-structure corresponding to 
various p-adic length scales. In particular, L(2,127) (L(127) corresponds 
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to electron) would correspond to 28 Mm. The core is believed to contain 
a structure with radius of about 10 km: this would correspond to L(231). 
This picture would suggest universality of star structure in the sense that 
stars would differ basically by the number of the onion like shells having 
standard sizes. 

Quite generally, in TGD Universe the formation of join along boundaries 
bonds is the space-time correlate for the formation of bound states. This 
encourages to think that (Z°) magnetic flux tubes are involved with the 
formation of gravitational bound states and that for vo — vo/k corresponds 
either to a splitting of a flux tube resembling a disk with a whole to k pieces, 
or to the scaling down B — B/k? so that the magnetic energy for the flux 
tube thickened and stretched by the same factor k? would not change. 


4 Some applications to condensed matter and bi- 
ology 


Dark matter hierarchy has a wide spectrum of biological applications. Ex- 
amples are a model for high Te super-conductivity as a quantum criti- 
cal phenomenon involving phases with different values of Planck constant 
[J1, J2, J3], a model for a hierarchy of EEGs based on the model of super- 
conductivity and on the notion of dark magnetic body [M3, F9, J6], the 
notion of dark ”N-atoms” (N corresponds to number of sheets in multi- 
ple covering of CP by M4 points suggesting how symbolic representations 
and language like structures emerge already at the level of bio-molecules 
[F9, L2, J6]. 

Planck constant can have also values smaller than ordinary Planck con- 
stant given in terms of ruler and compass rationals. Hydrinos (hydrogen 
atoms with fractional principal quantum number) reported by Mills [10] 
could be understood in this framework [A9]. In this model the states with 
fractional principal quantum number predicted by q-Laquerre equation [A9] 
would serve as intermediate states for transitions to dark matter phase. Here 
only two examples are briefly discussed. 


4.1 Exceptional groups and structure of water 


By McKay correspondence finite subgroups of SU(2) correspond to subset 
of ADE groups which has led to a proposal that TGD could be able to 
mimic corresponding gauge theories using the states of group algebras of fi- 
nite sub-groups. The Dynkin diagrams of exceptional Lie groups Eg and Eg 
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correspond to exceptional subgroups of rotation group in the sense that they 
cannot be reduced to symmetry transformations of plane. They correspond 
to the symmetry group S4 X Z2 of tedrahedron and As x Z2 of dodecahedron 
or its dual polytope icosahedron (As is 60-element subgroup of S5 consist- 
ing of even permutations). Maximal cyclic subgroups are Z4 and Z5 and 
and thus their orders correspond to Fermat polygons. Interestingly, n = 5 
corresponds to minimum value of n making possible topological quantum 
computation using braids and also to Golden Mean. 

There is evidence for an icosahedral clustering in water [7]. Synaptic 
contacts contain clathrin molecules which are truncated icosahedrons and 
form lattice structures and are speculated to be involved with quantum com- 
putation like activities possibly performed by microtubules. Many viruses 
have the shape of icosahedron. One can ask whether these structures could 
be formed around templates formed by dark matter corresponding to 120- 
fold covering of C P points by M4 points and having h(C P2) = 5ho perhaps 
corresponding color confined light dark quarks. Of course, a similar covering 
of M# points by CP could be involved. 








4.2 Aromatic rings and large h phases 


Aromatic rings contain odd number of m delocalized electron pairs with 
atoms in the same plane. The delocalization of m electrons in the ring 
is used to explain the stability of these compounds [8]. Benzene is the 
classical example of this kind of structure. Delocalization and anomalous 
DNA conductivity [9] suggest interpretation in terms ng = 5 or Nna = 6 phase 
(note that these integers correspond to ruler and compass polygons). DNA 
conductivity would result from overlap of electrons between rings along DNA 
strand. Delocalization might give also rise to Cooper pairs [J1]. 

Aromatic rings consisting of 5 or 6 carbons are very common in biol- 
ogy. DNA basis have been already mentioned. Carbohydrates consist of 
monosaccharide sugars of which most contain aromatic ring (glucose used 
as metabolic fuel are exception). Monoamine neurotransmitters are neuro- 
transmitters and neuromodulators that contain one amino group that is con- 
nected to an aromatic ring by a two-carbon chain (-CH2-CH2-). The neuro- 
transmitters known a monoamines are derived from the four aromatic amino 
acids phenylalanine, tyrosine, histidine, tryptophan. Also norepinephrine, 
dopamine, and serotonin involve aromatic rings As a rule psychoactive drugs 
involve aromatic rings: for instance, LSD contains four rings. 

These observations inspire the question whether the compounds con- 
taining aromatic rings serve as junctions connecting pre- and postsynaptic 
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neurons and induce Josephson currents between them. If Josephson ra- 
diation codes for the mental images communicated to the magnetic body, 
the psychoactive character of these compounds could be understood. One 
can also ask whether these compounds induce quantum criticality making 
possible generation of large i phases? 


4.3 Model for a hierarchy of EEGs 


For the model of dark matter hierarchy appearing in the model of living 
matter one has na = 2!!*, k = 1,2,3,..,7 for cyclotron time scales below life 
cycle for a magnetic field Bg = .2 Gauss at k = 4 level of hierarchy (the field 
strength is fixed by the model for the effects of ELF em fields on vertebrate 
brain at harmonics of cyclotron frequencies of biologically important ions 
[M3]). Note that By scales as 2~!!* from the requirement that cyclotron 
energy is constant. 

A successful model of EEG emerges explaining its band structure and 
narrow resonances inside bands. EEG can be interpreted in terms of com- 
munications from cell membrane to magnetic body using dark Josephson 
radiation and the control of genome by magnetic body using dark cyclotron 
radiation. DNA strands would be organized at magnetic flux sheets like 
lines of text on a page of book. Super-genome would code coherent gene ex- 
pression at the level of organs and hyper-genome containing super-genomes 
of different organisms as text lines would be responsible for coherent gene 
expression at the level of populations. 

The hierarchical structure of magnetic body implies a hierarchy of EEGs 
and ordinary EEG corresponds to a magnetic body with size of order Earth 
from Compton length of EEG photons. The large value of A guarantees that 
dark EEG photons are above thermal threshold and therefore not masked 
by the thermal noise. Great leaps in evolution would naturally correspond 
to an emergence of a new level in dark matter hierarchy at the level of 
individual organism. 

The not easily acceptable general prediction is that the field bodies as- 
sociated with living matter would have sizes up to light life. On the other 
hand, Libet’s findings about strange time delays of consciousness can be 
understood in terms of magnetic body of size of order Earth. 


5 Summary and outlook 


The predicted dark matter hierarchy means giving up the reductionistic 
world view. Fractality and possibility to used simple scaling arguments 
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makes this vision highly predictive and testable. Of course, a lot remains to 
be understood. For instance, it is not yet clear whether the two interpre- 
tations of the parameter vg appearing in the model of planetary orbits are 
mutually consistent. 

The new view has also implications for elementary particle -, nuclear 
-, and condensed matter physics [F8, F9, J6, J1, J2, J3]. Darkness of va- 
lence quarks could allow improved understanding of color confinement. Dark 
variants of electro-weak gauge bosons and gluons with zoomed up Compton 
wave length might be directly relevant to the understanding of even ordinary 
condensed matter [F9]. High Te super-conductivity represents one particu- 
lar condensed matter application in which zoomed up electrons play a role 
[J1]. 

Perhaps the most fascinating applications of the theory would be to living 
systems and to quantum model of brain. For instance, I have proposed that 
charge entanglement over macroscopic distances made possible by dark W 
bosons might be a fundamental mechanism in quantum control in living 
matter. 
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Appendix: Tables comparing predicted and observed 
radii of exoplanets 


The tables below represent the comparison of predictions of TGD based 
model for the orbital radii with known radii in the case of exoplanets (the 
model is discussed in section ”Orbital radii of exoplanets). In the tables 
R denotes the value of minor semiaxis of the planetary orbit using AU 
as a unit and M the mass of star using solar mass Mg as a unit. n is 
the value of the principal quantum number and R, the radius assuming 
X = (r/s)? = 1 and Rə the value for the best choice of X as ratio of 
”ruler and compass integers”. The data about radii of planets are from 
tables at http://exoplanets.org/almanacframe.html and star masses from 
the references contained by the tables. 


53 
Quantization in Astrophysics ... 


Star Name 
HD73256 
HD83443 
HD46375 
HD179949 
HD187123b 
HD120136 
HD330075 
BD-103166 
HD209458 
HD76700 
HD217014 
HD9826b 
HD49674 
HD68988 
HD168746 
HD217107 
HD162020 
HD130322 
HD108147 
HD38529b 
HD75732b 
HD195019 
HD6434 
HD192263 
GJ876c 
HD37124b 
HD143761 
HD75732c 
HD74156b 
HD168443b 
GJ876b 
HD3651 
HD121504 
HD178911 
HD16141 
HD114762 
HD80606 
HD117176 
HD216770 
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HD50554 
HD9826d 
HD196050 
HD216437 
HD216435 
HD169830c 
HD106252 
HD12661c 
HD23596 
HD168443c 
HD145675 
HD11964b 
HD39091 
HD38529c 
HD70642 
HD33636 
HD95128c 
HD190360 
HD74156c 
HD22049 
HD30177 
HD89307 
HD72659 
HD75732d 
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.58 
.45 
.82 
.74 
.76 
.10 
.16 
.02 
.12 
.82 
.00 
.92 
.43 
.09 
.55 
.16 
.74 
.45 
.74 
.46 
.74 
.55 
.59 
.56 
.82 
.56 
.56 
.24 
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.84 
.11 
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1 Introduction 


In [G2] a semiclassical model based on dark matter and hierarchy of Planck 
constants is developed for the fractionized principal quantum number n 
claimed by Mills [1] to have at least the values n = 1/k, k = 2,3,4,5,6,7, 10. 
This model could explain the claimed fractionization of the principal quan- 
tum number n for hydrogen atom [1] in terms of single electron transitions 
for all cases except n = 1/2: the basis reason is that Jones inclusions are 
characterized by quantum phases q = exp(iz/n), n > 2. Since quantum 
deformation of the standard quantum mechanism is involved, this motivates 


58 
Quantization in Astrophysics ... 


an attempt to understand the claimed fractionization in terms of q-analog 
of hydrogen atom. 

The Laguerre polynomials appearing in the solution of Schrodinger equa- 
tion for hydrogen atom possess quantum variant, so called g-Laguerre poly- 
nomials [2], and one might hope that they would allow to realize this semi- 
classical picture at the level of solutions of appropriately modified Schrödinger 
equation and perhaps also resolve the difficulty associated with n = 1/2. Un- 
fortunately, the polynomials discussed in [2] correspond to 0 < q < 1 rather 
than complex values of q = exp(ia/m) on circle and the extrapolation of the 
formulas for energy eigenvalues gives complex energies. It is however easy 
to modify the definition of q-derivative and it turns out that it is possible to 
reproduce n = 1/2 state exactly and n = 1/m, m > 2 states in a reasonable 
approximation as solutions of q-Laquerre equation for s-wave states. Also 
the generalization to associated q-Laquerre equation is straightforward. 


2 q-Laquerre equation for q = exp(iz/m) 
The most obvious modification of the Laguerre equation for S-wave sates 


(which are the most interesting by semiclassical argument) in the complex 
case is based on the replacement 


dn > 5 (0) +2) 


avf = fete 
q = exp(in/m) (1) 


to guarantee hermiticity. When applied to the Laguerre equation 


Ln 


2-2 +(1-2) 





and expanding Ln into Taylor series 


La = Soha (3) 


one obtains difference equation 
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Gntilntsi + Onln=O0, 





1 1 
m+ = VETJ n ae n 2 n —— ti 
Ant1 IR [Ron+1 — Ran + 2Rn41Ri + 3R1ı)| + IR, [Rn+1 + Ry] 
R 1 
> nie Ne = 
e eget 
Rn = 2cos|(n-— 1)r/m] — 2cos|nr/m] . (4) 


Here n® is the fractionized principal quantum number determining the en- 
ergy of the q-hydrogen atom. One cannot pose the difference equation on 
lo since this together with the absence of negative powers of x would imply 
the vanishing of the entire solution. This is natural since for first order 
difference equations lowest term in the series should be chosen freely. 


3 Polynomial solutions of q-Laquerre equation 


The condition that the solution reduces to a polynomial reads as 


b, = 0 (5) 
and gives 
1 R 
iG) gate ae 6 
n at oR,’ (6) 


For n = 1 one has n? = 1 so that the ground state energy is not affected. 
At the limit N — oo one obtains n9) — n so that spectrum reduces to that 
for hydrogen atom. The periodicity Rn+2Ẹx = Rn reflects the corresponding 
periodicity of the difference equation which suggests that only the values n < 
2m-— 1 belong to the spectrum. Spectrum is actually symmetric with respect 
to the middle point [N/2] which suggests that only n < [m/2] corresponds to 
the physical spectrum. An analogous phenomenon occurs for representations 
of quantum groups. When m increases the spectrum approaches integer 
valued spectrum and one has n > 1 so that no fractionization in the desired 
sense occurs for polynomial solutions. 
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4 Non-polynomial solutions of q-Laquerre equa- 
tion 


One might hope that non-polynomial solutions associated with some frac- 
tional values of n near to those claimed by Mills might be possible. Since 
the coefficients a, and bp are periodic, one can express the solution ansatz 
as 


1 

agi 2m k 2nk _ p2m 
In(x) = P yee = P; aaa 
2m—-1 
Pa) = So kat , 
k=0 
a= lom (7) 
lo 


This solution behaves as 1/a asymptotically but has pole at x, = (1/a)/?™ 
for a > 0. 
The expression for ləm /lo = a is 


2m 


bom— 
a ies seem he (8) 
Į] 02m—k+1 


This can be written more explicitly as 


2m 


a = (2R)™ [X , 
k=1 


Rom—k + (—2n? + 1)Rı 





Xk = $ 
Ram—2k+1 — Rám-2k + 4Rəm-k+1Rı + 2R + 3Rı 
Rn = 2cos|(n-— 1)r/m] — 2cos|nr/m] . (9) 
This formula is a specialization of a more general formula for n = 2m 


and resulting ratios l„/lọ can be used to construct pe with normaliza- 
: 2m) (q) — 
tion Pa ’(0) = 1. 
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5 Results of numerical calculations 


Numerical calculations demonstrate following. 

a) For odd values of m one has a < 0 so that a a continuous spectrum 
of energies seems to result without any further conditions. 

b) For even values of m a has a positive sign so that a pole results. 

For even value of m it could happen that the polynomial P2”) (x) has 
a compensating zero at £o so that the solution would become square inte- 
erable. The condition for reads explicitly 


p2m) (Œ>) = 0. (10) 


If P2”) (x) has zeros there are hopes of finding energy eigen values satis- 
fying the required conditions. Laguerre polynomials and also q-Laguerre 
polynomials must posses maximal number of real zeros by their orthogo- 
nality implied by the hermiticity of the difference equation defining them. 
This suggests that also P2”) (x) possesses them if a does not deviate too 
much from zero. Numerical calculations demonstrate that this is the case 
for n9) <1. 

For ordinary Laguerre polynomials the naive estimate for the position of 
the most distant zero in the units used is larger than n but not too much 
so. The naive expectation is that Ləm has largest zero somewhat above 
x = 2m and that same holds true a small deformation of Ləm considered 
now since the value of the parameter a is indeed very small for n” < 1. The 
ratio £o /2m is below .2 for m < 10 so that this argument gives good hopes 
about zeros of desired kind. 

One can check directly whether x is near to zero for the experimentally 
suggested candidates for n9. The table below summarizes the results of 
numerical calculations. 

a) The table gives the exact eigenvalues 1/ Nng) with a 4-decimal accuracy 


and corresponding approximations 1/ n2 = k for k = 3,...,10. For a given 
value of m only single eigenvalue n?) < 1 exists. If the observed anomalous 
spectral lines correspond to single electron transitions, the values of m for 
them must be different. The value of m for which n® ~ 1/k approximation 
is optimal is given with boldface. The value of k increases as m increases. 
The lowest value of m allowing the desired kind of zero of P?™) is m = 18 
and for k € {3,10} the allowed values are in range 18, .., 38. 

b) nD =1 /2 does not appear as an approximate eigenvalue so that for 
even values of m quantum calculation produces same disappointing result 
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as the classical argument. Below it will be however found that n? = 1/2 is 
a universal eigenvalue for odd values of m. 


























m 1/n8 1/n? | m 1/n8 1/n® 
18 3 2.7568 | 30 8 7.5762 
20 4 3.6748 | 32 8 8.3086 
22 5 4.5103 | 34 9 9.0342 
24 5 5.3062 | 36 10 9.7529 
26 6 6.0781 | 38 10 10.4668 
28 7 6.8330 



































Table 1. The table gives the approximations 1/n?%). = 1/k and corre- 
sponding exact values 1/n?) in the range k = 3,...,10 for which P2”) (ta) 
is nearest to zero. The corresponding values of m = 2k vary in the range, 
k = 18,...,38. For odd values of m the value of the parameter a is nega- 
tive so that there is no pole. Boldface marks for the best approximation by 


1/n2 =k. 


6 How to obtain n? = 1/2 state? 


For odd values of m the quantization recipe fails and physical intuition tells 
that there must be some manner to carry out quantization also now. The 
following observations give a hunch about be the desired condition. 

a) For the representations of quantum groups only the first m spins are 
realized. This suggests that there should exist a symmetry relating the 
coefficients ln and lnẹym and implying nd = 1 /2 for odd values of m. This 
symmetry would remove also the double degeneracy associated with the 
almost integer eigenvalues of n. Also other fractional states are expected 
on basis of physical intuition. 

b) For n?) = 1/2 the recursion formula for the coefficients lp involves 
only the coefficients Rm. 

c) The coefficients Rọ have symmetries Ry = Rk+2m and Rk}m = — Rm. 

There is indeed this kind of symmetry. From the formula 


ln n = 
Z = (2R:)"[[ Xz . 
lo k=1 


_pt(-2n? +1 
X, = Rn-k + (—2n7 +1) Ri f (11) 
[Ron—2k+1 — Rn-2k + 4Rn-k+1 Ri + 2R7 + 3Rı 
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one finds that for n? = 1 /2 the formula giving 1,4 in terms of ln changes 
sign when n increases by one unit 


Anti = (-1)™Ay,, 


m 
b 
A, = J] Cem’ = J eR” TI Xen - 
gj Ontm—k+1 k L 
(12) 
The change of sign is essentially due to the symmetries @n4m = —an and 


bnim = bn. This means that the action of translations on A, in the space 
of indices n are represented by group Zo. 

This symmetry implies a = ləm/lo = —(lm)(Io)? so that for nd = 1/2 
the polynomial in question has a special form 


P SPORAN 
A = Ao. (13) 
The relationship a = —A? implies that the solution reduces to a form con- 


taining the product of m? (rather than (2m)*") order polynomial with a 
geometric series in «” (rather than 2?”): 


PP) (x) 


1+ Ae" (a 


Ly /2(2) 
Hence the n first terms indeed determine the solution completely. For even 
values of m one obtains similar result for n® = 1/2 but now A is negative so 
that the solution is excluded. This result also motivates the hypothesis that 
for the counterparts of ordinary solutions of Laguerre equation sum (even 
m) or difference (odd m) of solutions corresponding to n and 2m — n must 
be formed to remove the non-physical degeneracy. 
This argument does not exclude the possibility that there are also other 
fractional values of n allowing this kind of symmetry. The condition for 
symmetry would read as 


I 
ss 
5 
Eon 

| 
3 


Il (Rk + eR) 
1 


> 
ll 


64 
Quantization in Astrophysics ... 


The condition states that the odd part of the polynomial in question van- 
ishes. Both € and —e solutions so that n9 and 1 — n® are solutions. If one 
requires that the condition holds true for all values of m then the compar- 
ison of constant terms in these polynomials allows to conclude that € = 0 
is the only universal solution. Since e€ is free parameter, it is clear that the 
mth order polynomial in question has at most m solutions which could cor- 
respond to other fractionized eigenvalues expected to be present on basis of 
physical intuition. 

This picture generalizes also to the case of even n so that also now 
solutions of the form of Eq. 14 are possible. In this case the condition is 


[I +e) => J] r — eRı) . (16) 


> 
ll 
= 
> 
ll 
= 


Obviously € = 0 and thus n = 1/2 fails to be a solution to the eigenvalue 
equation in this case. Also now one has the spectral symmetry n+ = 1/2+e. 
The symmetry Rn = (—1)® Rn4m-1 = (—1)” Rn-m-1 = (—1)” Rm-n+1 
can be applied to show that the polynomials associated with € and —e contain 
both the terms R, — € and Rn + € as factors except for odd m for n = 
(m+ 1)/2. Hence the values of n can be written for even values of m as 

















1 R m 

a) e = nes 
n(n) = SESE nahn, (17) 

and for odd values of m as 
a) 1 Rn m+1 
DG): = Sb, ME a 
n(n) 2 2Rı 9 n ’ sA 2 7 

nd = 1/2. (18) 


Plus sign obviously corresponds to the solutions which reduce to polynomials 
and to n? ~ n for large m. The explicit expression for n” reads as 


4) = 1 _ (sin? (a(n — 1)/2m) — sin? (rn /2m)) 
a) D 2sin?(n/2m) l ag) 











At the limit of large m one has 
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so that the fractionization n ~ 1/k claimed by Mills is not obtained at 
this limit. The minimum for |n®| satisfies |n®| < 1 and its smallest value 
\n?| = .7071 corresponds to m = 4. Thus these zeros cannot correspond to 
n?) ~ 1/k yielded by the numerical computation for even values of m based 
on the requirement that the zero of P?™) cancels the pole of the geometric 
series. 


7 Some comments 


Some closing comments are in order. 

a) An open question is whether there are also zeros |n®| > 1 satisfying 
P2™ ((1/a)¥/2™) = 0 for even values of m. 

b) The treatment above is not completely general since only s-waves 
are discussed. The generalization is however a rather trivial replacement 
(1 — x)d/dx — (l+ 1 — x)d/dzx in the Laguerre equation to get associated 
Laguerre equation. This modifies only the formula for an41 in the recursion 
for I, so that expression for n9), which depends on b,:s only, is not affected. 
Also the product of numerators in the formula for the parameter a = ləm/lo 
remains invariant so that the general spectrum has the spectral symmetry 
n?) — 1—n. The only change to the spectrum occurs for even values of m 
and is due to the dependence of £o% = (1/a)!/?” on | and can be understood 
in the semiclassical picture. It might happen that the value of l is modified 
to its q counterpart corresponding to q-Legendre functions. 

c) The model could explain the findings of Mills and n® ~ 1/k for k > 2 
also fixes the value of corresponding m to a very high degree so that one 
would have direct experimental contact with generalized imbedding space, 
spectrum of Planck constants, and dark matter. 

d) The obvious question is whether q-counterparts of angular momentum 
eigenstates (idf,/dé = M fm) are needed and whether they make sense. The 
basic idea of construction is that the phase transition changing A does not 
involve any other modifications except fractionization of angular momentum 
eigenvalues and momentum eigenvalues having purely geometric origin. One 
can however ask whether it is possible to identify q-plane waves as ordinary 
plane waves. Using the definition L, = 1/2(0% + 04), u = exp(id), one 
obtains f, = exp(in@) and eigenvalues as n) = R,/R, > n for m > ov. 
Similar construction applies in the case of momentum components. 

d) The obvious question is whether q-counterparts of angular momentum 
eigenstates (idfm/dé = mfm) are needed and whether they make sense. The 
basic idea of construction is that the phase transition changing h does not 
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involve any other modifications except fractionization of angular momentum 
eigenvalues and momentum eigenvalues having purely geometric origin. One 
can however ask whether it is possible to identify q-plane waves as ordinary 
plane waves. Using the definition L, = 1/2(0% + 0%), u = exp(id), one 
obtains fp, = exp(ind) and eigenvalues as n) = R,/R, > n for m — oo. 
Similar construction applies in the case of momentum components. 
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Fu Yuhua 
China Offshore Oil Research Center, Beijing, 100027, China 
E-mail: fuyh@cnooc.com.cn 


1. Some Problems Cannot Be Solved By Relativity 
1.1. Special Twin Paradox That Two Brothers’ States of Motion Are Quite Same 

According to theory of relativity: Supposing they are pair of twins, the younger brother 
keeps on the Earth, the elder brother roams through the outer space as a astronaut. As 
the elder brother returns to the Earth, he will be much younger than his younger brother. 
The twin paradox means: Because the movement is relative, also may think the younger 
brother is carrying on the space navigation, therefore the younger brother should be much 
younger than the elder brother. Such two conclusions mutually conflict. 

The explanation to this twin paradox given by the theory of relativity is as follows: Two 
brothers’ states of motion are different. Thereupon we may make another special twin 
paradox that two brothers’ states of motion are quite same. If the younger brother doesn’t 
keep on the Earth, but the elder brother and the younger brother all ride their respective 
high speed airships, facing the completely opposite directions to navigate from the 
identical time and the identical site with the same speed along a straight line, after a quite 
long period they begin to decelerate simultaneously until static, then they turn around to 
navigate again along the same straight line with the manner of front to front, finally 
simultaneously return to the starting point. From the younger brother's viewpoint that, 
according to the theory of relativity, the elder brother should be much younger than the 
younger brother; Similarly, from the elder brother's viewpoint that, according to the theory 
of relativity, the younger brother should be much younger than the elder brother. Who is 
much younger to the end? 

With the theory of relativity, how to explain this special twin paradox that two brothers’ 
states of motion are quite same? 


2. Quantization in Astrophysics Realized by Fractal Method 
As everybody knows, the energy formula proposed by Planck is as follows 


E,=nhv 


where: 1=0,1,2,... 


The quantization concept was introduced from this example. 

Similarly, the quantization in astrophysics realized by fractal method, will be allowed 
to reach this goal through taking some variables in the fractal formula for the integer. 

Recently, fractal method has been successful used in many fields, it is used for opening 
out the deeply hidden organized structure in the complicated phenomenon. The quantity for 
reflecting the character of organized structure is called the fractal dimension, expressed with 
the value of D. 
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The fractal distribution may be defined as follows |"! 
C 
N ze (1) 
where: r is the characteristic scale, such as velocity, mass, time, length and so on, in 
astrophysics r may be taken for the planetary orbital motion average velocity, mass, 
equatorial radius, volume, average density, orbital semi-major axis and so on; N is the 
quantity related with the value of 7, such as price, temperature, height and so on, in order to 
realize the quantization in astrophysics, M may be taken for the planetary arrange 


sequence number and so on, namely N =1 ,2 ,3 ,...; C is a constant to be determined, 


D is the fractal dimension. 
It should be noted that in order to realize the quantization in astrophysics, r also 


may be taken for the integer, namely r=1 , 2 ,3 , .... But we will not consider this case 


here. 

In the fractal methods for general application at present, the fractal dimension D is a 
constant, this kind of fractal may be called constant dimension fractal. It is a straight line on the 
double logarithmic coordinates. for example the values of fractal dimension D for different 
coastlines may be taken as 1.02, 1.25 and so on. But for the non-straight line functional 
relation in the double logarithmic coordinates, it is unable to process with the constant 
dimension fractal. While many questions are belonging to this kind of situation. In order to 
overcome this difficulty, we introduced the concept of variable dimension fractal in references 
[2]~ [4], namely the fractal dimension D is the function of characteristic scale r. 


D=F(r) 


Furthermore, we also introduced the concept of complex number dimension fractal (the 
fractal dimension D was taken for complex number) in reference [ 5 ]; in reference [ 6, 7 ], 
we introduced the concept of fractal series, in which the exponents of Taylor series and the 
like were changed from integer to fraction. 

Now we analyze the fractal quantization structure of the nine planets in solar system, 
and forecast the related parameter of the tenth planet. This example is taken from 
reference [ 8 ]. 

The fractal quantization structure of the nine planets in solar system, may be fitted 
with two fractal straight lines on the double logarithmic coordinates. 

Above all we discuss the orbital motion average velocities of the nine planets (unit: 
km/s), taking the characteristic dimension r for some planet orbital motion average 
velocity, taking the value of N for the serial number according to the size of the orbital 
motion average velocity, firstly considering the case of Mercury r=47.89, then we have 
N=1 (Mercury's orbital motion average velocity is the greatest), thereupon we have the 
coordinates point (47.89, 1), according to analogizes other 8 planets coordinates points 
are as follows: (35.03, 2), (29.79, 3), (24.13, 4), (13.06, 5), (9.64, 6), (6.81, 7), (5.43, 8), 
(4.74, 9). The above 9 coordinates points may be plotted on the double logarithmic 
coordinates (r, N), they are fitted well with two straight lines, carrying on the fitting of 
these two straight lines with least squares method, we have the following results: the 
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fractal parameters of the straight line corresponding to the coordinates points with N=1, 
2, 3 are as follows: C=7609, D=2.31; the fractal parameters of the straight line 
corresponding to the coordinates points with N=4, 5, 6, 7, 8, 9 are as follows: 
C=17.56186, D=0.4647264. Therefore, when the tenth planet is located outside Pluto, 
its orbital motion average velocity will be smaller than 4.74, namely its value of N should 
be equal to 10, from Eq. (1) we have 

r=(S"” (2) 

N 

Substituting N=10, C=17.56186 and D=0.4647264 into Eq. (2), it gives the value of r, 
namely when the tenth planet is located outside Pluto, its orbital motion average velocity is 
equal to 3.3594 km/s. 

Some scientists believed that, the tenth planet also possibly is located inside Uranus, 
here the known nine planets coordinates points should be as follows: (47.89, 1), (35.03, 2), 
(29.79, 3), (24.13, 4), (13.06, 5), (9.64, 6), (6.81, 8), (5.43, 9), (4.74, 10), this time the 
value of N corresponding to the tenth planet should be equal to 7, namely N=7, by using 
the interpolation method to obtain its orbital motion average velocity is equal to 8.76 km/s. 

With the similar method we also have: When the tenth planet is located outside Pluto, 
to compare with Earth (taking the value of Earth as 1), its mass, equatorial radius, volume, 
average density, orbital semi-major axis respectively are as follows: 0.00032, 0.145, 
0.0028, 0.10, 64.36. If the tenth planet is located inside Uranus, its orbital semi-major axis 
should be equal to 15.94 to compare with Earth. 
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Abstract 


A new nonlinear Schrödinger equation is obtained explicitly from the 
(fractal) Brownian motion of a massive particle with a complex-valued 
diffusion constant. Real-valued energy plane-wave solutions and solitons 
exist in the free particle case. One remarkable feature of this nonlinear 
Schrödinger equation based on a ( fractal) Brownian motion model, over 
all the other nonlinear QM models, is that the quantum-mechanical energy 
functional coincides precisely with the field theory one. We finalize by 
showing why a complex momentum is essential to fully understand the 
physical implications of Weyl’s geometry in QM, along with the interplay 
between Bohm’s Quantum potential and Fisher Information which has 
been overlooked by several authors in the past. 


PACS numbers: 03.65, 05.40.J, 47.53, 04.20.G 


1 Introduction 


Over the years there has been a considerable debate as to whether linear QM 
can fully describe Quantum Chaos. Despite that the quantum counterparts of 
classical chaotic systems have been studied via the techniques of linear QM, it is 
our opinion that Quantum Chaos is truly a new paradigm in physics which is as- 
sociated with non-unitary and nonlinear QM processes based on non-Hermitian 
operators (implementing time symmetry breaking). This Quantum Chaotic be- 
havior should be linked more directly to the Nonlinear Schrodinger equation 
without any reference to the nonlinear behavior of the classical limit. For this 
reason, we will analyze in detail the fractal geometrical features underlying our 
Nonlinear Schrödinger equation obtained in [6]. 
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Nonlinear QM has a practical importance in different fields, like condensed 
matter, quantum optics and atomic and molecular physics; even quantum grav- 
ity may involve nonlinear QM. Another important example is in the modern 
field of quantum computing. If quantum states exhibit small nonlinearities dur- 
ing their temporal evolution, then quantum computers can be used to solve 
NP-complete (non polynomial) and #P problems in polynomial time. Abrams 
and Lloyd [19] proposed logical gates based on non linear Schrédinger equations 
and suggested that a further step in quantum computing consists in finding 
physical systems whose evolution is amenable to be described by a NLSE. 

On other hand, we consider that Nottale and Ord’s formulation of quantum 
mechanics [1], [2] from first principles based on the combination of scale rela- 
tivity and fractal space-time is a very promising field of future research. In this 
work we extend Nottale and Ord’s ideas to derive the nonlinear Schrodinger 
equation. This could shed some light on the physical systems which could be 
appropriately described by the nonlinear Schrödinger equation derived in what 
follows. 

The contents of this work are the following : In section 2 we derive the 
nonlinear Schrodinger equation by extending Nottale-Ord’s approach to the case 
of a fractal Brownian motion with a complex diffusion constant. We present 
a thorough analysis of such nonlinear Schrödinger equation and show why it 
cannot linearized by a naive complex scaling of the wavefunction Y% > y>. 

Afterwards we will describe the explicit interplay between Fisher Informa- 
tion, Weyl geometry and the Bohm’s potential by introducing an action based 
on a complex momentum. The connection between Fisher Information and 
Bohm’s potential has been studied by several authors [24], however the impor- 
tance of introducing a complex momentum Pk = pp + iAp (where A; is the 
Weyl gauge field of dilatations) in order to fully understand the physical im- 
plications of Weyl’s geometry in QM, along with the interplay between Bohm’s 
quantum potential and Fisher Information, has been overlooked by several au- 
thors in the past [24], [25]. For this reason we shall review in section 3 the 
relationship between Bohm’s Quantum Potential and the Weyl curvature scalar 
of the Statistical ensemble of particle-paths ( an Abelian fluid ) associated to a 
single particle that was initially developed by [22] . A Weyl geometric formula- 
tion of the Dirac equation and the nonlinear Klein-Gordon wave equation was 
provided by one of us [23]. In the final section 4 , we summarize our conclusions 
and include some additional comments. 


2 Nonlinear QM as a fractal Brownian motion 
with a complex diffusion constant 


We will be following very closely Nottale’s derivation of the ordinary Scrodinger 
equation [1]. The readers familiar with this work may omit this section. Re- 
cently Nottale and Celerier [1] following similar methods were able to derive the 
Dirac equation using bi-quaternions and after breaking the parity symmetry 
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dx” «> —dx", see references for details. Also see the Ord’s paper [2] and the 
Adlers’s book on quaternionic QM [16]. For simplicity the one-particle case is 
investigated, but the derivation can be extended to many-particle systems. In 
this approach particles do not follow smooth trajectories but fractal ones, that 
can be described by a continuous but non-differentiable fractal function r(t). 
The time variable is divided into infinitesimal intervals dt which can be taken 
as a given scale of the resolution. 

Then, following the definitions given by Nelson in his stochastic QM ap- 
proach (Lemos in [12] p. 615; see also [13, 14]), Nottale define mean backward 
an forward derivatives as follows, 


ds7(t) = im (2 At) — r(t) i 


dt At—4 








(1) 





from which the forward and backward mean velocities are obtained, 


dalt) > 


d E (2) 











For his deduction of Schrödinger equation from this fractal space-time clas- 
sical mechanics, Nottale starts by defining the complex-time derivative operator 


ô 1/d} d- il d} d- (3) 
dt 2\dt ° dt 2 dt. dt)’ 
which after some straightforward definitions and transformations takes the fol- 
lowing form, 





ô O = e o2 
u gat y iDV~. (4) 
D is a real-valued diffusion constant to be related to the Planck constant. Now 
we are changing the meaning of D, since no longer a symbol for the fractal 
dimension is needed, it will have the value 2. 
The D comes from considering that the scale dependent part of the velocity 
is a Gaussian stochastic variable with zero mean, (see de la Peña at [12] p. 428) 





(désgd&2j) = £2D6;;dt. (5) 

















In other words, the fractal part of the velocity Ë, proportional to the č, amount 
to a Wiener process when the fractal dimension is 2. 

Afterwards, Nottale defines a set of complex quantities which are generaliza- 
tion of well known classical quantities (Lagrange action, velocity, momentum, 
etc), in order to be coherent with the introduction of the complex-time deriva- 
tive operator. The complex time dependent wave function yw is expressed in 
terms of a Lagrange action S by w = e’§/2™P)_ S is a complex-valued action 
but D is real-valued. The velocity is related to the momentum, which can be 
expressed as the gradient of S, p= VS. Then the following known relation is 
found, 

V =-2iDV Inv. (6) 
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The Schrédinger equation is obtained from the Newton’s equation (force = 
mass times acceleration) by using the expression of V in terms of the wave 








function 4, 
> ô = f ô > 
-VU = myy = 2imD V ny. (7) 
Replacing the complex-time derivation (4) in the Newton’s equation gives 
us 
` ð - 2 
-ỌU = —2im (pZ¥inv) IDV (2#) y (8) 


Simple identities involving the V operator were used by Nottale. Integrating 
this equation with respect to the position variables finally yields 
OW U 
DV* + iD —- —y=0 9 
Pen a. a =O (9) 
up to an arbitrary phase factor which may set to zero. Now replacing D by 
h/(2m), we get the Schrodinger equation, 


„ay Po 

th Dt + aay w = Uy. (10) 
The Hamiltonian operator is Hermitian, this equation is linear and clearly is 
homogeneous of degree one under the substitution Yy —> Aw. 

Having reviewed Nottale’s work [1] we can generalize it by relaxing the as- 
sumption that the diffusion constant is real; we will be working with a complex- 
valued diffusion constant; i.e. with a complex-valued A. This is our new contri- 
bution. The reader may be immediately biased against such approach because 
the Hamiltonian ceases to be Hermitian and the energy becomes complex-valued. 
However this is not always the case. We will explicitly find plane wave solutions 
and soliton solutions to the nonlinear and non-Hermitian wave equations with 
real energies and momenta. For a detailed discussion on complex-valued spectral 
representations in the formulation of quantum chaos and time-symmetry break- 
ing see [10]. Nottale’s derivation of the Schrödinger equation in the previous 
section required a complex-valued action S stemming from the complex-valued 
velocities due to the breakdown of symmetry between the forwards and back- 
wards velocities in the fractal zigzagging. If the action S was complex then 
it is not farfetched to have a complex diffusion constant and consequently a 
complex-valued ñ (with same units as the complex-valued action). 

Complex energy is not alien in ordinary linear QM. They appear in optical 
potentials (complex) usually invoked to model the absorption in scattering pro- 
cesses [8] and decay of unstable particles. Complex potentials have also been 
used to describe decoherenc. The accepted way to describe resonant states in 
atomic and molecular physics is based on the complex scaling approach, which 
in a natural way deals with complex energies [17]. Before, Nottale wrote, 


(derd) = +2Dadt, (11) 
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with D and 2mD = ħ real. Now we set 











(d¢d¢4) = +(D + D*)dt, (12) 











with D and 2mD = h = a + iĝ complex. The complex-time derivative operator 
becomes now 
ee "(D+ D*)V? (13) 
dt Ot | a 
In the real case D = D*. It reduces to the complex-time-derivative operator 
described previously by Nottale. Writing again the 7 in terms of the complex 
action S, 





p = et9/CmD) = en. (14) 


where S, D and fh are complex-valued, the complex velocity is obtained from 
the complex momentum p= VS as 


V =-2iDV lny. (15) 
The NLSE is obtained after we use the generalized Newton’s equation (force 


= mass times acceleration) in terms of the w variable, 


ô > l ô > 
gs 2imD —V mny. (16) 





-U =m 


Replacing the complex-time derivation (13) in the generalized Newton’s 
equation gives us 
a 5(D + D*)DV2(V nv) 
(17) 
Now, using the three identities (i): VV2 = V2V; (ii): 2(VInw- V)(Vinw) = 
V(VInw)?; and (iii): V2 Inw = V2u)/v — (V ln Y)? allows us to integrate such 
equation above yielding, after some straightforward algebra, the NLSE 


VU = 2im Dosing — 21D?(V nw: V)(V nw) 


2 h2 
pete oe yey 
2m h 





af ~~ Sm (inv) v (s) 


Note the crucial minus sign in front of the kinematic pressure term and that 
ħ = a + iĝ = 2mD is complex. When 8 = 0 we recover the linear Schrödinger 


equation. 
The nonlinear potential is now complex-valued in general. Defining 
WB ies 2 
W=W(¥)=-3—5 (Ving) , (19) 
am h 


and U the ordinary potential, then the NLSE can be rewritten as 


A a Pan 
ia = (Zv +u+iw) Y. (20) 
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This is the fundamental nonlinear wave equation of this work. It has the form 
of the ordinary Schrodinger equation with the complex potential U + iW and 
the complex fi. The Hamiltonian is no longer Hermitian and the potential 
V = U + iW (4) itself depends on w. Nevertheless one could have meaningful 
physical solutions with real valued energies and momenta, like the plane-wave 
and soliton solutions studied in the next section. Some important remarks are 
now in order. 

e Notice that the NLSE above cannot be obtained by a naive scaling of the 
wavefunction 


yp = ÀS o _, ay! = eSP = eliS/Mo)(ho/h) — yr = yhe/h h= real. (21) 


related to a scaling of the diffusion constant h, = 2mD, — h = 2mD . Upon 
performing such scaling, the ordinary linear Schrödinger equation in the vari- 
able w will appear to be nonlinear in the new scaled wavefunction y’ 
OW Pig Gre ee. le eS eee ce 
ine =- Vw + UY - 50 2) (Ving) w. (22) 
but this apparent nonlinearity is only an artifact of the change of variables ( 
the scaling of ~ ). 

Notice that the latter (apparent) nonlinear equation , despite having the 
same form as the NLSE , obtained from a complex-diffusion constant, differs 
crucially in the actual values of the coefficients multiplying each of the terms. 
The NLSE has the complex coefficients a/fi (in the kinetic terms), and —iG/h 
(in the nonlinear logarithmic terms) with A = a + iß = complex. However, the 
nonlinear equation obtained from a naive scaling involves real and dif ferent 
numerical coefficients than those present in the NLSE . Therefore, the genuine 
NLSE cannot be obtained by a naive scaling (redefinition) of the y and the 
diffusion constant. 

Notice also that even if one scaled w by a complex exponent y — y with \ = 
ħo/ħ and h = complex, the actual numerical values in the apparent nonlinear 
equation, in general, would have still been different than those present in the 
NLSE . However, there is an actual equivalence, if, and only if, the scaling 
exponent À = h,/h obeyed the condition: 

a=ħ >1 h] >= no g (23) 
in this very special case, the NLSE would be obtained from a linear Schroedinger 
equation after scaling the wavefunction y — 7 with a complex exponent 
à = ħo/ħ = a/h. In this very special and restricted case, the NLSE could 
be linearized by a scaling of the wavefunction with complex exponent. 

From this analysis one infers, immediately, that if one defines the norm of 
the complex h : ||h|| = v/a? + 6? = ħo to coincide precisely with the observed 
value fi, of Planck’s constant, then a Æ ho, iG Æ ħ — ħo and, consequently, the 
NLSE cannot be obtained from the ordinary (linear) Schroedinger equations 
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after a naive scaling, with a complex exponent, y — Yò = w"e/" . Therefore, 
a complex diffusion constant 2mD = h = a + iß, with the condition 2m||D|| = 
||| = fa? + 82 = h, ( observed value of Planck’s constant ) ensures that the 
NLSE is not a mere artifact of the scaling of the wavefunction Yy > yò = yre/h 
in the ordinary linear Schroedinger equation. 

It is important to emphasize that the diffusion constant is always chosen to 
be related to Planck constant as follows: 2m||D|| = ||A|| = Ro which is just 
the transition length from a fractal to a scale-independence non-fractal regime 
discussed by Nottale in numerous occasions. In the relativistic scale it is the 
Compton wavelength of the particle (say an electron): Ae = fio/(mc). In the 
nonrelativistic case it is the de Broglie wavelength of the electron. 

Therefore, the NLSE based on a fractal Brownian motion with a complex 
valued diffusion constant 2mD = h = a+ if represents truly a new physical 
phenomenon and a hallmark of nonlinearity in QM. For other generalizations 
of QM see experimental tests of quaternionic QM (in the book by Adler [16]). 
Equation (18) is the fundamental NLSE of this work. 

e A Fractal Scale Calculus description of our NLSE was developed later on 
by Cresson [20] who obtained, on a rigorous mathematical footing, the same 
functional form of our NLSE equation above ( although with different complex 
numerical coefficients) by using Nottale’s fractal scale-calculus that obeyed a 
quantum bialgebra. A review of our NLSE was also given later on by [25]. Our 
nonlinear wave equation originated from a complex-valued diffusion constant 
that is related to a complex-valued extension of Planck’s constant. Hence, a 
fractal spacetime is deeply ingrained with nonlinear wave equations as we have 
shown and it was later corroborated by Cresson [20]. 

e Complex-valued viscosity solutions to the Navier-Stokes equations were 
also analyzed by Nottale leading to the Fokker-Planck equation. Clifford-valued 
extensions of QM were studied in [21] C-spaces (Clifford-spaces whose enlarged 
coordinates are polyvectors, i.e antisymmetric tensors) that involved a Clifford- 
valued number extension of Planck’s constant; i.e. the Planck constant was 
a hypercomplex number. Modified dispersion relations were derived from the 
underlying QM in Clifford-spaces that lead to faster than light propagation in 
ordinary spacetime but without violating causality in the more fundamental 
Clifford spaces. Therefore, one should not exclude the possibility of having 
complex-extensions of the Planck constant leading to nonlinear wave equations 
associated with the Brownian motion of a particle in fractal spacetimes. 

e Notice that the NLSE (34) obeys the homogeneity condition  — Aw for 
any constant À. All the terms in the NLSE are scaled respectively by a factor 
A. Moreover, our two parameters a, ĝ are intrinsically connected to a complex 
Planck constant fi = a+ if such that ||h|| = v/a? + 82 = ho (observed Planck’s 
constant ) rather that being ah-hoc constants to be determined experimentally. 
Thus, the nonlinear QM equation derived from the fractal Brownian motion with 
complex-valued diffusion coefficient is intrinsically tied up with a non-Hermitian 
Hamiltonian and with complex-valued energy spectra [10]. 

e Despite having a non-Hermitian Hamiltonian we still could have eigen- 
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functions with real valued energies and momenta. Non-Hermitian Hamiltonians 
( pseudo-Hermitian) have captured a lot of interest lately in the so-called PT 
symmetric complex extensions of QM and QFT [27]. Therefore these ideas 
cannot be ruled out and they are the subject of active investigation nowadays. 


3 Complex Momenta, Weyl Geometry, Bohm’s 
Potential and Fisher Information 


Despite that the interplay between Fisher Information and Bohm’s potential has 
been studied by several authors [24] the importance of introducing a complex 
momentum Pk = pk +i Ap in order to fully understand the physical implications 
of Weyl’s geometry in QM has been overlooked by several authors [24], [25]. 
We shall begin by reviewing the relationship between the Bohm’s Quantum 
Potential and the Weyl curvature scalar of the Statistical ensemble of particle- 
paths ( a fluid ) associated to a single particle and that was developed by 
[22] . A Weyl geometric formulation of the Dirac equation and the nonlinear 
Klein-Gordon wave equation was provided by one of us [23]. Afterwards we will 
describe the interplay between Fisher Information and the Bohm’s potential by 
introducing an action based on a complex momentum Pk = pk + iAx 

In the description of [22] one deals with a geometric derivation of the nonrel- 
ativistic Schroedinger Equation by relating the Bohm’s quantum potential Q to 
the Ricci-Weyl scalar curvature of an ensemble of particle-paths associated to 
one particle. A quantum mechanical description of many particles is far more 
complex. This ensemble of particle paths resemble an Abelian fluid that per- 
meates spacetime and whose ensemble density p affects the Weyl curvature of 
spacetime, which in turn, determines the geodesics of spacetime in guiding the 
particle trajectories. See [22], [23] for details). 

Again a relation between the relativistic version of Bohm’s potential Q 
and the Weyl-Ricci curvature exists but without the ordinary nonrelativistic 
probabilistic connections. In relativistic QM one does not speak of probability 
density to find a particle in a given spacetime point but instead one refers 
to the particle number current J“ = pdx"/dr. In [22], [23] one begins with 
an ordinary Lagrangian associated with a point particle and whose statistical 
ensemble average over all particle-paths is performed only over the random 
initial data (configurations) . Once the initial data is specified the trajectories 
( or rays ) are completely determined by the Hamilton-Jacobi equations. The 
statistical average over the random initial Cauchy data is performed by means 
of the ensemble density p. It is then shown that the Schroedinger equation 
can be derived after using the Hamilton-Jacobi equation in conjunction with 
the continuity equation and where the “quantum force” arising from Bohm’s 
quantum potential Q can be related to (or described by) the Weyl geometric 
properties of space. To achieve this one defines the Lagrangian 


L(q,4,t) = Lola, å, t) + y(h?/m)R(q,t). (24) 
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where y = (1/6)(d — 2)/(d — 1) is a dimension-dependent numerical coefficient 
and R is the Weyl scalar curvature of the corresponding d-dimensional Weyl 
spacetime M where the particle lives. 

Covariant derivatives are defined for contravariant vectors V* : VF = 0;V*— 
rk ,,V™ where the Weyl connection coefficients are composed of the ordinary 
Christoffel connection plus terms involving the Weyl gauge field of dilatations 
A; . The curvature tensor R’,,,, obeys the same symmetry relations as the 
curvature tensor of Riemann geometry as well as the Bianchi identity. The 
Ricci symmetric tensor Rig and the scalar curvature R are defined by the same 
formulas also, viz. Ri, = R% , and R= g* Rix. 


Rweyl = RrRiemann F (d s 1)[ (d A 2)A;A' = 2(1/V/9)0i(/GA') iF (25) 


where Rriemann is the ordinary Riemannian curvature defined in terms of the 
Christoffel symbols without the Weyl-gauge field contribution. 

In the special case that the space is flat from the Riemannian point of view, 
after some algebra one can show that the Weyl scalar curvature contains only 
the Weyl gauge field of dilatations 


Rweyt = (d — 1)(d — 2)(A,A*) — 2(d — 1) (3k A"). (26) 


Now the Weyl geometrical properties are to be derived from physical prin- 
ciples so the A; cannot be arbitrary but must be related to the distribution of 
matter encoded by the ensemble density of particle-paths p and can be obtained 
by the same (averaged) least action principle giving the motion of the particle. 
The minimum is to be evaluated now with respect to the class of all Weyl 
geometries having arbitrarily Weyl-gauge fields but with fixed metric tensor . 

A variational procedure [22] yields a minimum for 


1 
Alq, t) = -I2 O(log p) => Fij = ð; Aj — OFA; = 0. (27) 


which means that the ensemble density p is Weyl-covariantly constant 


1 
Dip =0 = dip + w(p) pA; =0 = Ailg t) = —7—FOillog p). (28) 


where w(p) is the Weyl weight of the density p. Since A; is a total derivative the 
length of a vector transported from A to B along different paths changes by 
the same amount . Therefore, a vector after being transported along a closed 
path does not change its overall length. This is of fundamental importance to be 
able to solve in a satisfactory manner Einstein’s objections to Weyl’s geometry. 
If the lengths were to change in a path-dependent manner as one transports 
vectors from point A to point B, two atomic clocks which followed different 
paths from A to B will tick at dif ferent rates upon arrival at point B . 
The continuity equation is 


Op 


1 A 
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In this spirit one goes next to a geometrical derivation of the Schroedinger 
equation . By inserting 





= 1 Olog p 
Ae= ~ G3 Oak on 
into 
Rwey = (d — 1)(d — 2)(A,A*) — 2(d-1)0, A". (31) 


one gets for the Weyl scalar curvature, in the special case that the space is flat 
from the Riemannian point of view, the following expression 

1 
a 
which is precisely equal to the Bohm’s Quantum potential up to numerical 


factors. 
The Hamilton-Jacobi equation can be written as 


(0;0" Vp). (32) 


Rweyl = 


as R? 


where the effective Hamiltonian is 


dd R? 1 ôS ðS R 
Ha—v(h? = —gikn ny, 4 = jk 
CR am? PiPk 4 Tn Im? Ox) Oxk < ae (34) 





When the above expression for the Weyl scalar curvature (Bohm’s quantum 
potential given in terms of the ensemble density) is inserted into the Hamilton- 
Jacobi equation, in conjunction with the continuity equation , for a momentum 
given by pk = ôk S, one has then a set of two nonlinear coupled partial differential 
equations. After some straightforward algebra, one can verify that these two 
coupled differential equations equations will lead to the Schroedinger equation 
after the substitution Y = \/p e’5/” is made. 

For example, when d = 3, y = 1/12 and consequently, Bohm’s quantum 
potential Q = —(h?/12m)R ( when Rriemann = 0 ) becomes 


1 ik 1 A\/p 
Byford VEN a p am yp 
as is should be and from the two coupled differential equations, the Hamilton- 
Jacobi and the continuity equation, they both reduce to the standard Schroedinger 
equation in flat space 


R 


OW (z,t Pa 
nee) = —(h? /2m)AW(Z.t) + VU (Z, t). (36) 
after, and only after, one defines Y = \/p e*5/". 
If one had a curved spacetime with a nontrivial metric one would obtain the 
Schroedinger equation in a curved spacetime manifold by replacing the Laplace 
operator by the Laplace-Beltrami operator. This requires, of course, to write 
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the continuity and Hamilton Jacobi equations in a explicit covariant manner by 
using the covariant form of the divergence and Laplace operator [22] , [23]. In 
this way, the geometric properties of space are indeed affected by the presence of 
the particle and in turn the alteration of geometry acts on the particle through 
the quantum force f; = y(h?/m)0,;R which depends on the Weyl gauge potential 
A; and its derivatives. It is this peculiar feedback between the Weyl geometry 
of space and the motion of the particle which recapture the effects of Bohm’s 
quantum potential. 

The formulation above from [22] was also developed for a derivation of the 
Klein-Gordon (KG) equation. The Dirac equation and Nonlinear Relativis- 
tic QM equations were found by [23] via an average action principle. The 
relativistic version of the Bohm potential (for signature (—,+,+,+)) can be 


written 
1 (3 3" P) 
Ca = (37) 
m JP 
in terms of the D’Alambertian operator. 
To finalize this section we will explain why the Bohm-potential/Weyl] scalar 
curvature relationship in a flat spacetime 


h?g (20;0np — O:pOxp 
8m p py 


encodes already the explicit connection between Fisher Information and the 
Weyl-Ricci scalar curvature Rwey: (for Riemann flat spaces) after one realizes 
the importance of the complex momentum Pk = pk + iA, . This is typical of 
Electromagnetism after a minimal coupling of a charged particle (of charge e) 
to the U(1) gauge field A, is introduced as follows II, = pg + ie Ax. Weyl’s 
initial goal was to unify Electromagnetism with Gravity. It was later realized 
that the gauge field of Weyl’s dilatations A was not the same as the U(1) gauge 
field of Electromagnetism A. 

Since we have reviewed the relationship between the Weyl scalar curvature 
and Bohm’s Quantum potential, it is not surprising to find automatically a 
connection between Fisher information and Weyl Geometry after a complex 
momentum Pk = pk + 7A, is introduced. A complex momentum has already 
been discussed in previous sections within the context of fractal trajectories 
moving forwards and backwards in time by Nottale and Ord. 

If p is defined over an d-dimensional manifold with metric gt? one obtains a 
natural definition of the Fisher information associated with the ensemble density 


p 





(38) 


— ik fs n 


In the Hamilton-Jacobi formulation of classical mechanics the equation of mo- 
tion takes the form 
Os eee OS Os 








an! at Oak +V =0. (40) 
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The momentum field p’ is given by pî = g/*(09/0x*). The ensemble probability 
density of particle-paths p(t, x”) obeys the normalization condition f d"x p= 1 
. The continuity equation is 


1 1 l 
ðp/Ət) + ——(0/dx*)(./g pg" (8S/ðx")) = 0. (41) 
(Op/dt) + — ri /dx))(V/g pg?” ( 
These equations completely describe the motion and can be derived from 


the action 
S= / p {(as/) + 5 9°* (0S /009)(08/A2") + v} dtd” x. (42) 


using fixed endpoint variation in S and p. 

The Quantization via the Weyl geometry procedure is obtained by defining 
the complex momentum in terms of the Weyl gauge field of dilatations A; as 
Pk = pk + ieAp and constructing the modified Hamiltonian in terms of the 
norm-squared of the complex momentum PEPE as follows 

gi" 
Hweyi = Sy; (P3 + ieA;) (pr — ieAr)] + V (43) 


The modified action is now : 





n [aS g% , , 
Sweyl = | dtd”x cries om Pi + ieAj)(pk — ieAp) +V |. (44) 
The relationship between the Weyl gauge potential and the ensemble density 
p was 
dlog(p) 
Ak ~ f 4 
k Oxrk (45) 


the proportionality factors can be re-absorbed into the coupling constant e as 
follows Py, = pp +teAx = pk +i Ox(log p). Hence, when the spacetime metric is 
flat ( diagonal ) g/* = 53* , Sywey, becomes 





Sweyl = f ua'a + +4 


Os gI: [0S ; loge) ) (eae qoal] 
ot 2m | OxI oxi Oxk Oxk 





ð 2m`ðxİ’ > Oak 


The expectation value of Swey is 


jade [eave LS) [2 ) + oo faee [255 (46) 


< Sweyl IS OS So > + SFisher = (47) 


a [as , gi a8. OS. Jı iu NOD 
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This is how we have reproduced the Fisher Information expression directly 
from the last term of < Swey >: 
sa Al 1 Op 12 
SFisher = aa | ata pl Oak ] (48) 
An Euler variation of the expectation value of the action < Swey > with 
respect to the p yields : 








Os ô < SWeyl > ô < Sweyl > 
j = 0 49 
ðt 5p ON apy 49) 
Os 1 | ôS ðs 1 Op ðp 2 @p 
| jk | — 
Et ra 2m Z Oak | (+ Ox) Oxk — p OxIOx* OY) 


Notice that the last term of the Euler variation 


1 #l(< Op Op 2 Op )| (51) 
mI p? ðxi Oxk pôxrİðxě 
is precisely the same as the Bohm’s quantum potential , which in turn, is propor- 
tional to the Weyl scalar curvature. If the continuity equation is implemented 
at this point one can verify once again that the last equation is equivalent to 
the Schrödinger equation after the replacement Y = ,/p etS/® is made. 
Notice that in the Euler variation variation of < Swey > w.r.t the p one 
must include those terms involving the derivatives of p as follows 


a, ( ô [ p (Oxp/p)? | = La 6 (Op)? 

’ ô (Ojp) p °` 6 (d;p) 

This explains the origins of all the terms in the Euler variation that yield Bohm’s 
quantum potential. 

Hence, to conclude, we have shown how the last term of the Euler variation 
of the averaged action < Swey > , that automatically incorporates the Fisher 
Information expression after a complex momentum Pe = px + i0,(log p) is 
introduced via the Weyl gauge field of dilations Ap ~ —O,log p, generates once 
again Bohm’s potential : 


Op O 0? 
a~ (4 ee ee fa) (53) 














)=-"ay0%p. (52) 





p? OxI Ox* ~— p OxI Ax* 

To conclude, the Quantization of a particle whose Statistical ensemble of 
particle-paths permeate a spacetime background endowed with a Weyl geom- 
etry allows to construct a complex momentum Pk = O,S + i0;,(log p) that 
yields automatically the Fisher Information SFisher term. The latter Fisher 
Information term is crucial in generating Bohm’s quantum potential Q after an 
Euler variation of the expectation value of the < Swey > with respect to the 
p is performed. Once the Bohm’s quantum potential is obtained one recovers 
the Schroedinger equation after implementing the continuity equation and per- 
forming the replacement Y = ,/p e’5/h This completes the relationship among 
Bohm’s potential, the Weyl scalar curvature and Fisher Information after in- 
troducing a complex momentum. 
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4 Concluding Remarks 


Based on Nottale and Ord’s formulation of QM from first principles; i.e. from 
the fractal Brownian motion of a massive particle we have derived explicitly a 
nonlinear Schrodinger equation. Despite the fact that the Hamiltonian is not 
Hermitian, real-valued energy solutions exist like the plane wave and soliton 
solutions found in the free particle case. The remarkable feature of the fractal 
approach versus all the Nonlinear QM equation considered so far is that the 
Quantum Mechanical energy functional coincides precisely with the field theory 
one. 

It has been known for some time, see Puskarz [8], that the expression for 
the energy functional in nonlinear QM does not coincide with the QM energy 
functional, nor it is unique. The classic Gross-Pitaveskii NLSE (of the 1960’), 
based on a quartic interaction potential energy, relevant to Bose-Einstein con- 
densation, contains the nonlinear cubic terms in the Schrödinger equation, after 
differentiation, (W*w)w. This equation does not satisfy the Weinberg homogene- 
ity condition [9] and also the energy functional differs from the Egy by factors 
of two. 

However, in the fractal-based NLSE there is no discrepancy between the 
quantum-mechanical energy functional and the field theory energy functional. 
Both are given by 


ha Ae o E 

HNLSE eas #2 U sa a se RY l 2 ; 4 
fractal mA” p+ w Y imh” (V ny) Y (5 ) 
This is why we push forward the NLSE derived from the fractal Brownian 
motion with a complex-valued diffusion coefficient. Such equation does admit 
plane-wave solutions with the dispersion relation E = p?/(2m). It is not hard 
to see that after inserting the plane wave solution into the fractal-based NLSE 


we get (after setting U = 0), 


Pap Br Patil P 
= + 2 = = : 
2m h h? h2m 2m Ah 2m 





(55) 


since A = a+i(. Hence, the plane-wave is a solution to our fractal-based NLSE 
(when U = 0) with a real-valued energy and has the correct energy-momentum 
dispersion relation. 

Soliton solutions, with real-valued energy (momentum) are of the form 


Y ~ [F(a — vt) + iG(a — vt)jetP?/ PiE, (56) 


with F, G two functions of the argument x — vt obeying a coupled set of two 
nonlinear differential equations. 

It is warranted to study solutions when one turns-on an external potential 
U +Æ 0 and to generalize this construction to the Quaternionic Schroedinger 
equation [16] based on the Hydrodynamical Nonabelian-fluid Madelung’s for- 
mulation of QM proposed by [26]. And, in particular, to explore further the 
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consequences of the Non-Hermitian Hamiltonian ( pseudo-Hermitian) associ- 
ated with our NLSE (34) within the context of the so-called PT symmetric 
complex extensions of QM and QFT [27]. Arguments why a quantum theory of 
gravity should be nonlinear have been presented by [28] where a dif ferent non- 
linear Schroedinger equation, but with a similar logarithmic dependence, was 
found. This equation [28] is also similar to the one proposed by Doebner and 
Goldin [29] from considerations of unitary representations of the diffeomorphism 
group. 
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Abstract 


We rigorously prove why the proper use of Weyl’s Geometry within the context of 
Friedman-Lemaitre-Robertson- Walker cosmological models can account for both the 
origins and the value of the observed vacuum energy density ( dark energy ). The 
source of dark energy is just the dilaton-like Jordan-Brans-Dicke scalar field that is 
required to implement Weyl invariance of the most simple of all possible actions. A 
nonvanishing value of the vacuum energy density of the order of 10-2 M5; anck ÍS 
derived in agreement with the experimental observations. The full theory involving 
the dynamics of Weyl’s gauge field A, is very rich and may explain the anomalous 
Pioneer acceleration and the temporal variations ( over cosmological scales ) of 
the fundamental constants resulting from the expansion of the Universe. This is 
consistent with Dirac’s old idea of the plausible variation of the physical constants 
but with the advantage that it is not necessary to invoke extra dimensions. 


The problem of dark energy is one of the most challenging problems facing us today, 
see [1], [3] for a review. In this letter we will show how Weyl’s geometry (and its scaling 
symmetry) is instrumental to solve this dark energy riddle. Before starting we must 
emphasize that our procedure is quite different than previous proposals [4] to explain 
dark matter ( instead of dark energy ) in terms of Brans-Dicke gravity. It is not only 
necessary to include the Jordan-Brans-Dicke scalar field ¢ but it is essential to have a 
Weyl geometric extension and generalization of Riemannian geometry ( ordinary gravity 
). It will be shown why the scalar ¢ has a nontrivial energy density despite having trivial 
dynamics due entirely to its potential energy density V(@ = ġo) and which is precisely 
equal to the observed vacuum energy density of the order of 10713 M diane. For other 
approaches to solve the riddle of dark energy and dark matter based on modifications of 
gravity by starting with Lagrangians of the type f(R) see [12], [14], [11] and references 
therein. 

Weyl’s geometry main feature is that the norm of vectors under parallel infinitesimal 
displacement going from x" to x" + dz” change as follows 6||V|| ~ ||V||A dx” where 
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A,, is the Weyl gauge field of scale calibrations that behaves as a connection under Weyl 
transformations : 


A, = Ap — p AUE) Jw > e? gu (1) 


involving the Weyl scaling parameter Q(z”). 

The Weyl covariant derivative operator acting on a tensor T is defined by D,T = 
(V, + w(T ) A, ) T; where w(T) is the Weyl weight of the tensor T and the derivative 
operator V, = O, + T, involves a connection I, which is comprised of the ordinary 
Christoffel symbols plus extra A, terms in order for the metric to obey the condition 
Di(gvp) = 0. The Weyl weight of the metric g,, is 2. The meaning of D (grp) = 0 is that 
the angle formed by two vectors remains the same under parallel transport despite that 
their lengths may change. This also occurs in conformal mappings of the complex plane. 

The Weyl covariant derivative acting on a scalar ¢ of Weyl weight w(¢) = —1 is defined 
by 


Dud =O, 6 + wl) AL p= b — Ap ¢. (2) 
The Weyl scalar curvature in D dimensions and signature (+, —, —, —....) is 
Rweyl = R riemann = (D — 1)(D = 2) A,A" + 2(D — 1)V, A“. (3) 


For a signature of (—,+,+,+,....) there is a sign change in the second and third terms 
due to a sign change of R Riemann- 
The Jordan-Brans-Dicke action involving the scalar @ and Ryey is 


S = - f de Vial [ o? Rweyl IE (4) 


Under Wey] scalings, 
Rweyi EZ ee Rweyl; p = e??? g’. (5) 


to compensate for the Weyl scaling ( in 4D ) of the measure vigl — e* ,/\g| in order to 
render the action (4) Weyl invariant. 

When the Weyl integrability condition is imposed F,» = 0,A, — O,A, =0 > Ay = 
ô N, the Weyl gauge field A, does not have dynamical degrees of freedom; it is pure gauge 
and barring global topological obstructions, one can choose the gauge in eq-(4) 


A, = 0; ¢ = 





Tae constant. (6) 


such that the action (4) reduces to the standard Einstein-Hilbert action of Riemannian 


geometry 
1 


5 = -rogy |e VIO Prionnn( 9 © 


The Weyl integrability condition F» = 0 means physically that if we parallel transport 
a vector under a closed loop, as we come back to the starting point, the norm of the vector 
has not changed; i.e, the rate at which a clock ticks does not change after being transported 
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along a closed loop back to the initial point; and if we transport a clock from A to B 
along different paths, the clocks will tick at the same rate upon arrival at the same point 
B. This will ensure, for example, that the observed spectral lines of identical atoms will 
not change when the atoms arrive at the laboratory after taking different paths ( histories 
) from their coincident starting point. If Fu» 4 0 Weyl geometry may be responsible for 
the alleged variations of the physical constants in recent Cosmological observations. A 
study of the Pioneer anomaly based on Weyl geometry was made by [9]. The literature 
is quite extensive on this topic. 
Our starting action is 


5 = Sweat Quins Ay) + S(o). (8) 

with 
Sweyl(Gur, Ay) = - [ax y igl p’ | Rweyi(guv, Ap) |- (9) 
where we define ¢? = (1/167G). The Newtonian coupling G is spacetime dependent in 


general and has a Weyl weight equal to 2. The term S(@) involving the Jordan-Brans- 
Dicke scalar ¢ is 





1 
So = f de lol [ 59%” (DADA) - V(O) l. (10) 
where D,ọ = 0,¢ — A Q. The FRW metric is 
ds? = dt? — a°(t) ( le + r2(dQ)?) (11a) 
1—k(r/Ro)2 ` 


where k = 0 for a 3-dim spatially flat region; k = +1 for regions of positive and negative 
constant spatial curvature, respectively. The de Sitter metric belongs to a special class 
of FRW metrics and it admits different forms depending on the coordinates chosen. The 
Friedman-Einstein-Weyl equations in the gauge A,, = (0,0,0,0) (in units of c = 1) 




















1 2 ÒS matter 
ye T, v) Z= nD DA A 5 11 
Gu 8rG uv; I6 G H igl Öge” ( b) 
read 
(da/dt) .. 3k 
= 12 
aS)? + (So) = Ge (12) 
and 
(d?a/dt?) (da/dt) .. k 
(OE) — EY - aig) = CO p (13a) 
From eqs-(12-13a) one can infer the important relation : 
d’a/dt? AnG(t 
SEU SG cay, (136) 
a 3 
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Eqs-(12-13) are the ones one must use instead of the erroneous equations posed by [9] in 
the partial gauge A; = H(t), A; =0, i= 1,2,3: 











Ce aE E E E T 
CRI = O =- (apg) TSUA) Aa) = TAVAD) 
a p. (14a) 
and 
- (SD) (wry HE) = TO tan. am 


The density and pressure terms should be given in terms of Weyl covariant derivatives 
of the scalar ¢ and the potential density V(¢). The scalar ¢ must be chosen to depend 
solely on time , ¢(t), because this is the relevant case suitable for the FRW cosmologies 
due to the fact that the geometry is spatially homogeneous and isotropic . The gauge 
choice condition imposed by [9] : A, = H(t); A; = 0, i = 1,2,3 is compatible with the 
spatial isotropy and homogeneity of the FRW models. However, despite that a non-zero 
value A; was chosen by [9] there is a residual symmetry that is still available to gauge 
A, to zero. As mentioned earlier, Weyl’s integrability condition Fy = 0 when A, is pure 
gauge, a total derivative, means that A, does not have true dynamical degrees of freedom 
and all of its components can be gauged to zero A,, = (0,0, 0,0) barring global topological 
obstructions. 

However, if one partially fixes the gauge A; = H(t); A; = 0 like it was done in [9], one 
arrives at a caveat that was overlooked by [9] . One would arrive at a deep contradiction 
and inconsistency between the left hand side (l.h.s) and the right hand side (r.h.s) of 
the Friedman-Einstein-Weyl equations ( for example in eq-(14b) ) in the partially fixed 
gauge A; = H(t) because the |.h.s does not transform homogeneously under Wey] scalings, 
whereas the r.h.s does; if the quantities p and p were to transform properly under Weyl 
scalings, homogeneously, this behaviour would be incompatible with the transformation 
properties of the A; = H(t) terms appearing in the 1l.h.s of eqs-(14b). 

In order to reconcile this incompatibility between the inhomogeneous transformation 
properties of the 1.h.s of eq-(14b) with the homogeneous transformation properties of the 
r.h.s of (14b), one must fix the gauge A, = 0 fully in the Einstein-Friedman-Wey1 
equations as shown in eqs-(12-13). The latter equations are the physically relevant and 
not eqs-(14). One may be inclined to say : if one is going to fix the gauge A, = 0 anyway, 
then what is the role of Weyl’s geometry and symmetry in all of this ? We will show 
below why despite fixing the gauge A, = 0 one cannot forget the constraint which arises 
from the variations of the action w.r.t the Weyl’s field A, ! This constraint holds the key 
to see why the density and pressure associated with the scalar ¢ obey the sought after 
relation p(¢) = —p(@) ( which is the hallmark of dark energy ) as we intend to prove next. 

The Jordan-Brans-Dicke scalar ¢ must obey the generalized Klein-Gordon equations 
of motion 


dV 


( D,D! + 2Rwey ) $ + (a? =0 (15) 
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notice that because the Weyl covariant derivative obeys the condition D,,(g,,) =0 => 
D,(4/|g|) = 0 there are no terms of the form (D,,\/|g|)(D“@) in the generalized Klein- 


Gordon equation like it would occur in ordinary Riemannian geometry (0,,,/|g|)(0"@) # 0. 
In addition, we have the crucial constraint equation obtained from the variation of the 
action w.r.t to the A” field : 


ôS 

5AM 
The last constraint equation in the gauge A,, = 0, forces 0,¢ =0 => ọ = ĝo = constant. 
Consequently G ~ ¢~? is also constrained to a constant Gy and one may set 167 Gy ¢? = 
1, where Gy is the observed Newtonian constant today. 

Furthermore, in the gauge A, = 0, due to the constraint eq-(16), one can infer that 
Did = 0, => D*D,¢d = 0 because D; o(t) = ð: ọ — Ar 6 = ð & = 0, and Diġ(t) = 
—Aj;@(t) = 0. These results will be used in the generalized Klein-Gordon equation. 

Therefore, the stress energy tensor TË = diag (p, —p, —p, —p) corresponding to the 
constant scalar field configuration ¢(t) = œo , in the A, = 0 gauge, becomes : 


= 0 6 (4,8? + BP) + 5 (Ang? -aP = 0 (16) 








po = (89-4 6)? + Vd) = VO); p= 5 (8 O— Ae)? — VG) = -vo (17) 


p+ 3p =2 (ð; ¢—A, p)? — 2V(¢) =—2V(4). (18) 


This completes the proof why the above p and p terms, in the gauge A, = 0, become 
p(o) = V(¢) = —p(¢) such that p+ 3p = —2V(@) ( that will be used in the Einstein- 
Friedman-Wey] equations (13b) ). This is the key reason why Weyl’s geometry and 
symmetry is essential to explain the origins of a non — vanishing vacuum energy ( dark 
energy ). The latter relation p(¢) = V(¢) = —p(@) is the key to derive the vacuum energy 
density in terms of V(@ = ġo), because such relation resembles the dark energy relation 
ppe = —Ppe. Had one not had the constraint condition D; o(t) = (0; — Ai) = ô 6 = 0, 
and D,¢(t) = —A;¢(t) = 0, in the gauge A, = 0, enforcing ¢ = o, one would not have 
been able to deduce the crucial condition p(@ = ġo) = — pl = @o) V(¢ = ġo) that 
will furnish the observed vacuum energy density today. 

We will find now solutions of the Einstein-Friedman-Weyl equations in the gauge 
A, = (0,0,0,0) after having explained why A, can (and must) be gauged to zero. The 
most relevant case corresponding to de Sitter space : 








a(t) = ert Ay = (0, 0, 0, 0); k= 0; Rweyl = R Riemanni = —12 He : (19) 
where we will show that the potential is 
V(¢) = 12H2d? +V». (20) 


one learns in this case that V( = ġo) # 0 since this non-vanishing value is precisely the 
one that shall furnish the observed vacuum energy density today ( as we will see below ) . 
We shall begin by solving the Einstein-Friedman-Wey] equations eq-(12-13) in the gauge 
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A,, = (0,0,0,0) for a spatially flat universe k = 0 and a(t) = e¥°', corresponding to de 
Sitter metric : 





ds? = dt? = e*t (dr? + rd’). (21) 
the Riemannian scalar curvature when k = 0 is 
(d?a/dt?) (da/dt) 
R Riemann =— 6 [ ( m ) f ( G J ] = —12 He (22) 
( the negative sign is due to the chosen signature +, —, —,— ). 


To scalar Weyl curvature Ryw-ey in the gauge A, = (0,0,0,0) is the same as the 
Riemannian one Ryey: = Rriemann = —12 Hj. Inserting the condition D, = Delt) = 
(0.6 — Aid) = ð, $ = 0, in the gauge A, = 0, the generalized Klein-Gordon equation 
(3.20) will be satisfied if, and only if, the potential density V(@) is chosen to satisfy 


1 dV 


(12 Ho) ¢ = 3 “ag? => V(d) = 12H +V, (23) 


2 
One must firstly differentiate w.r.t the scalar @ , and only afterwards, one may set @ = ġo. 
V(@) has a Weyl weight equal to —4 under Wey] scalings in order to ensure that the full 
action is Weyl invariant. Hê and ¢2 have both a Weyl weight of —2, despite being 
constants, because as one performs a Weyl scaling of these quantities ( a change of a 
scales) they will acquire then a spacetime dependence. Hê is a masslike parameter, one 
may interpret H ( up to numerical factors ) as the ”mass” squared of the Jordan-Brans- 
Dicke scalar. We will see soon why the integration constant V, plays the role of the 
” cosmological constant”. 

An important remark is in order. Even if we included other forms of matter in the 
Einstein-Fredmann-Weyl equations, in the very large t regime, their contributions will be 
washed away due to their scaling behaviour. We know that ordinary matter ( p = 0 ); 
dark matter ( ppm = wppm With —1 < w < 0 ) and radiation terms ( Prad = 5 Prad ) are 
all washed away due to their scaling behaviour : 


Pmatter ™ Ray: Pradiation ™ Ray. PDM ~ RETE), (24) 


where R(t) = a(t)Ro. The dark energy density remains constant with scale since w = —1 
and the scaling exponent is zero, ppg ~ R? = costant. For this reason it is the only 
contributing factor at very large times. 

Now we are ready to show that eqs-(12-13) are indeed satisfied when a(t) = e#'; k = 
0; A, =0; ¢=¢, 4 0. Eq-(13b), due to the conditions p + 3p = —2V(¢) and ¢(t) = ġo 
(resulting from the constraint eq-(16) in the A, = 0 gauge ) gives : 














2 2 
- (SED) = p= FSX (9 +p) = 
= ee Gn Ves ee) che, es Gn s H? Poy _ SCN Vo (25) 
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Eq-(12) ( with k = 0 ) is just the same as eq-(13b) but with an overall change of sign 
because p(¢ = ġo) = V(¢ = ġo). Using the definition 167 Gy ¢? = 1 in (25) one gets 











Sr Gy 12 H? ¢? 8r Gy Vo 8r Gy Vo 
e O SNe a i SN 
3 3 3 
8r Gy Vo 
aS = R > — 80 Gy Vp =3 H? (26) 
Therefore, we may identify the term — V, with the vacuum energy density so the quantity 
3H = —8r Gy Vo = A is nothing but the cosmological constant. It is not surprising 


at all to obtain A = 3 Hj in de Sitter space . One knew it long ago. What is most 
relevant about eq-(26) is that the observed vacuum energy density is minus the constant 
of integration V, corresponding to the potential density V(¢) = 12H?¢? +V, !. Hence one 
has from the last term of eq-(26) : 


3H? 
8T GN- 


and finally, when we set H = (1/R?) = (1/Rĉ? iube) and Gn = Liranck in the last term of 
eq-(26), as announced, the vacuum density Pvacuum observed today is precisely given by : 





(27) 


V; = Pvacuum = 








3H? 3 
=V = vacuum — 0 — L anc ma R ubble a 
p Sn Gu a, (bp r) (Ruutbie) 
3 1 L anc = 
F ( n y ~ 10° (M Bink): (28) 


ST `LpPlanck ` RHubble 
This completes our third derivation of the vacuum energy density given by the formula 
(26-28). The first derivation was attained in [5], while the second derivation was attained 
in [6] . 

Concluding this analysis of the Einstein-Friedman-Weyl eqs-(12-13) : By invoking the 
principle of Weyl scaling symmetry in the context of Weyl’s geometry; when k = 0 ( 
spatially flat Universe ), a(t) = e#°' ( de Sitter inflationary phase ) ; H, = Hubble 
constant today; ¢(t) = 6, = constant, such 167Gy ¢2 = 1, one finds that 


Vio = Qo) = 12 He g2 + Vo = 2Viacnin — Pvacuum = Pvacuum = 
3H2 
8T Gn 


is precisely the observed vacuum energy density (28) . Therefore, the observed vacuum 
energy density is intrinsically and inexorably linked to the potential density V(¢ = ¢,) 
corresponding to the Jordan-Brans-Dicke scalar ¢ required to build Wey] invariant actions 
and evaluated at the special point 6? = (1/167Gy). 

The case of an ever expanding accelerating universe ( consistent with observations) 
is so promising because it incorporates the presence of the Hubble Scale and Planck 
scale into the expression for the observed vacuum energy density via the Jordan-Brans- 
Dicke scalar field @ needed to implement Weyl invariance of the action. Weyl’s scaling 





6H5¢;, = oe Ore? MP tanck: (29) 
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symmetry principle permits us to explain why the observed value of the vacuum energy 
density Pvacuum is precisely given by the expression (28-29). 

In order to introduce true dynamics to the Weyl gauge field, one must add the kinetic 
term for the Weyl gauge field Fu F””. In this case, the integrability condition Fi, = 
0, A, — 0, A, = 0 is no longer obeyed in general and the rate at which clocks tick may 
depend on their worldline history. This could induce a variation of the physical constants 
( even dimensionless constants like the fine structure constant a = 1/137 ). For instance, 
as the size of the universe grows, ( a(t) = e¥%* increases with time) the variable speed 
of light, Newtonian coupling and cosmological constant , may vary according to the law 
GAE) A) ~ (1/poacuum) if the vacuum energy density Pracuwn Would remain 
constant. Many authors have speculated about this last behaviour among c,G,A as 
well as the possibility that an explanation of the Pioneer anomaly could be due to the 
accelerated expansion of the universe that accounts for an acceleration of c°/R Hubble, if 
one views our solar system as non-expanding ” pennies” in an expanding balloon. 

The most general Lagrangian involving dynamics for A,, is 


L = P’ Rweyt(Guv, Ap) + TEE + 5a'"(Dy0)(Dvd) —V(o) + Latter +--+ (30) 

The Lmatter must involve the full fledged Weyl gauge covariant derivatives acting on 
scalar and spinor fields contrary to the Cheng-Weyl models of [10] where there is no Weyl 
gauge field in the derivatives. Lpradiation terms may be included involving the Maxwell 
field A, which must not be confused with the Weyl gauge field A,,. Once could also add 
Yang-Mills fields A% and kinetic and potential terms for the Higgs scalars as well. The 
simplest scenario, of course, was the one given in this section. 

There are many differences among our approach to explain the origins of dark energy 
and that of [7], [2], [3], [1], [10], [13], to cite a few. The Cheng-Weyl approach [10] to 
account for dark energy and matter ( including phantom ) does not use the Weyl scalar 
curvature with a variable Newtonian coupling 167 G = ¢~? for the gravitational part of 
the action, but the ordinary Riemannian scalar curvature with the standard Newtonian 
gravitational constant . Conformal transformations in accelerated cosmologies have been 
studied by [11] but their approach is different than the Weyl geometric one presented 
here. Weyl invariance has been used in [8] to construct Weyl-Conformally Invariant Light- 
Like p-Brane Theories with numerous applications in Astrophysics, Cosmology, Particle 
Physics Model Building, String theory,..... 

To end this work, we just point out the known fact that the electron neutrino mass 
my, ~ 107% eV is of the same order as (m,)4 ~ 107! M3,,,,., and that the SUSY breaking 
scale in many models is given by a geometric mean relation : maysy = My Mpranck ~ 
(5 TeV)?. For interesting remarks on the fundamental constants see [15]. We hope 
that the contents of this work will help us elucidate further the connection between the 
microscopic and macroscopic world. 
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Abstract 


An introduction to some of the most important features of the Extended Rela- 
tivity theory in Clifford-spaces (C-spaces) is presented whose ” point” coordinates 
are non-commuting Clifford-valued quantities which incorporate lines, areas, vol- 
umes, hyper-volumes.... degrees of freedom associated with the collective particle, 
string, membrane, p-brane,... dynamics of p-loops (closed p-branes) in target D- 
dimensional spacetime backgrounds. C-space Relativity naturally incorporates the 
ideas of an invariant length (Planck scale), maximal acceleration, non-commuting 
coordinates, supersymmetry, holography, higher derivative gravity with torsion and 
variable dimensions/signatures. It permits to study the dynamics of all (closed) 
p-branes, for all values of p, on a unified footing. It resolves the ordering ambigu- 
ities in QFT, the problem of time in Cosmology and admits superluminal propa- 
gation ( tachyons ) without violations of causality. A discussion of the maximal- 
acceleration Relativity principle in phase-spaces follows and the study of the in- 
variance group of symmetry transformations in phase-space allows to show why 
Planck areas are invariant under acceleration-boosts transformations . This invari- 
ance feature suggests that a maximal-string tension principle may be operating in 
Nature. We continue by pointing out how the relativity of signatures of the un- 
derlying n-dimensional spacetime results from taking different n-dimensional slices 
through C-space. The conformal group in spacetime emerges as a natural subgroup 
of the Clifford group and Relativity in C-spaces involves natural scale changes in 
the sizes of physical objects without the introduction of forces nor Weyl’s gauge 
field of dilations. We finalize by constructing the generalization of Maxwell theory 
of Electrodynamics of point charges to a theory in C-spaces that involves extended 
charges coupled to antisymmetric tensor fields of arbitrary rank. In the conclud- 
ing remarks we outline briefly the current promising research programs and their 
plausible connections with C-space Relativity. 
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1 Introduction 


In recent years it was argued that the underlying fundamental physical principle behind 
string theory, not unlike the principle of equivalence and general covariance in Einstein’s 
general relativity, might well be related to the existence of an invariant minimal length 
scale (Planck scale) attainable in nature [8]. A theory involving spacetime resolutions 
was developed long ago by Nottale [23] where the Planck scale was postulated as the 
minimum observer independent invariant resolution [23] in Nature. Since “points” cannot 
be observed physically with an ultimate resolution, it is reasonable to postulate that they 
are smeared out into fuzzy balls. In refs.[8] it was assumed that those balls have the Planck 
radius and arbitrary dimension. For this reason it was argued in refs.|8] that one should 
construct a theory which includes all dimensions (and signatures) on the equal footing. 
In [8] this Extended Scale Relativity principle was applied to the quantum mechanics 
of p-branes which led to the construction of Clifford-space (C-space) where all p-branes 
were taken to be on the same footing, in the sense that the transformations in C-space 
reshuffled a string history for a five-brane history, a membrane history for a string history, 
for example. 

Clifford algebras contained the appropriate algebraic-geometric features to implement 
this principle of polydimensional transformations [14|—[17]. In [14]-[16] it was proposed 
that every physical quantity is in fact a polyvector, that is, a Clifford number or a Clifford 
aggregate. Also, spinors are the members of left or right minimal ideals of Clifford algebra, 
which may provide the framework for a deeper understanding of sypersymmetries, i.e., 
the transformations relating bosons and fermions. The Fock-Stueckelberg theory of a 
relativistic particle can be embedded in the Clifford algebra of spacetime [15, 16]. Many 
important aspects of Clifford algebra are described in [1],|6], [7], [3], [15, 16, 17], [5], [48]. 
It is our belief that this may lead to the proper formulation of string and M theory. 

A geometric approach to the physics of the Standard Model in terms of Clifford al- 
gebras was advanced by [4]. It was realized in [43] that the Cl(8) Clifford algebra con- 
tains the 4 fundamental nontrivial representations of Spin(8) that accomodate the chiral 
fermions and gauge bosons of the Standard model and which also includes gravitons via 
the McDowell-Mansouri-Chamseddine-West formulation of gravity, which permits to con- 
struct locally, in D = 8, a geometric Lagrangian for the Standard Model plus Gravity. 
Furthermore, discrete Clifford-algebraic methods based on hyperdiamond-lattices have 
been instrumental in constructing Eg lattices and deriving the values of the force-strengths 
(coupling constants) and masses of the Standard model with remarkable precision by [43]. 
These results have recently been corroborated by [46] for Electromagnetism, and by [47], 
where all the Standard model parameters were obtained from first principles, despite the 
contrary orthodox belief that it is senseless to ”derive” the values of the fundamental 
constants in Nature from first principles, from pure thought alone; i.e. one must invoke 
the Cosmological anthropic principle to explain why the constants of Nature have they 
values they have. 

Using these methods the bosonic p-brane propagator, in the quenched mini superspace 
approximation, was constructed in [18, 19]; the logarithmic corrections to the black hole 
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entropy based on the geometry of Clifford space (in short C-space) were obtained in [21]; 
The modified nonlinear de Broglie dispersion relations, the corresponding minimal-length 
stringy [11] and p-brane uncertainty relations also admitted a C-space interpretation [10], 
[19]. A generalization of Maxwell theory of electromagnetism in C-spaces comprised of 
extended charges coupled to antisymmetric tensor fields of arbitrary rank was attained 
recently in [75]. The resolution of the ordering ambiguities of QFT in curved spaces 
was resolved by using polyvectors, or Clifford-algebra valued objects [26]. One of the 
most remarkable features of the Extended Relativity in C-spaces is that a higher deriva- 
tive Gravity with Torsion in ordinary spacetime follows naturally from the analog of the 
Einstein-Hlbert action in curved C-space [20]. 

In this new physical theory the arena for physics is no longer the ordinary spacetime, 
but a more general manifold of Clifford algebra valued objects, noncommuting polyvectors. 
Such a manifold has been called a pan-dimensional continuum [14] or C-space [8]. The 
latter describes on a unified basis the objects of various dimensionality: not only points, 
but also closed lines, surfaces, volumes,.., called 0-loops (points), 1-loops (closed strings) 2- 
loops (closed membranes), 3-loops, etc.. It is a sort of a dimension category, where the role 
of functorial maps is played by C-space transformations which reshuffles a p-brane history 
for a p’-brane history or a mixture of all of them, for example. The above geometric objects 
may be considered as to corresponding to the well-known physical objects, namely closed 
p-branes. Technically those transformations in C-space that reshuffle objects of different 
dimensions are generalizations of the ordinary Lorentz transformations to C-space. 

C-space Relativity involves a generalization of Lorentz invariance (and not a defor- 
mation of such symmetry) involving superpositions of p-branes (p-loops) of all possible 
dimensions. The Planck scale is introduced as a natural parameter that allows us to 
bridge extended objects of different dimensionalities. Like the speed of light was need in 
Einstein Relativity to fuse space and time together in the Minkwoski spacetime interval. 
Another important point is that the Conformal Group of four-dimensional spacetime is 
a consequence of the Clifford algebra in four-dimensions [25] and it emphasizes the fact 
why the natural dilations/contractions of objects in C-space is not the same physical phe- 
nomenon than what occurs in Weyl’s geometry which requires introducing, by hand, a 
gauge field of dilations. Objects move dilationally, in the absence of forces, for a different 
physical reasoning than in Weyl’s geometry: they move dilationally because of inertia. 
This was discussed long ago in refs./27, 28]. 

This review is organized as follows: Section 2 is dedicated to extending ordinary Spe- 
cial Relativity theory, from Minkowski spacetime to C-spaces, where the introduction of 
the invariant Planck scale is required to bridge objects, p-branes, of different dimension- 
ality. 

The generalized dynamics of particles, fields and branes in C-space is studied in section 
3 . This formalism allows us to construct for the first time, to our knowledge, a uni fied 
action which comprises the dynamics of all p-branes in C-spaces, for all values of p, in one 
single footing (see also [15]). In particular, the polyparticle dynamics in C-space, when 
reduced to 4-dimensional spacetime leads to the Stuckelberg formalism and the solution 
to the problem of time in Cosmology [15]. 

In section 4 we begin by discussing the geometric Clifford calculus that allows us 
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to reproduce all the standard results in differential and projective geometry [41]. The 
resolution of the ordering ambiguities of QFT in curved spaces follows next when we 
review how it can be resolved by using polyvectors, or Clifford-algebra valued objects [26]. 
Afterwards we construct the Generalized Gravitational Theories in Curved C-spaces, in 
particular it is shown how Higher derivative Gravity with Torsion in ordinary spacetime 
follows naturaly from the Geometry of C-space [20]. 

In section 5 we discuss the Quantization program in C-spaces, and write the C-space 
Klein-Gordon and Dirac equations [15]. The coresponding bosonic/fermionic p-brane 
loop-wave equations were studied by [12], [13] without employing Clifford algebra and the 
concept of C-space. 

In section 6 we review the Maximal-Acceleration Relativity in Phase-Spaces [127], 
starting with the construction of the submaximally-accelerated particle action of [53] using 
Clifford algebras in phase-spaces; the U(1,3) invariance transformations [74] associated 
with an 8-dimensional phase space, and show why the minimal Planck-Scale areas are 
invariant under pure acceleration boosts which suggests that there could be a principle of 
maximal-tension (maximal acceleration) operating in string theory [68]. 

In section 7 we discuss the important point that the notion of spacetime signature is 
relative to a chosen n-dimensional subspace of 2"-dimensional Clifford space. Different 
subspaces V,,—different sections through C-space—have in general different signature [15] 
We show afterwards how the Conformal agebra of spacetime emerges from the Clifford 
algebra [25] and emphasize the physical differences between our model and the one based 
on Weyl geometry. At the end we show how Clifford algebraic methods permits one to 
generalize Maxwell theory of Electrodynamics (asociated with ordinary point-charges) to 
a generalized Maxwell theory in Clifford spaces involving extended charges and p-forms 
of arbitrary rank [75] 

In the concluding remarks, we briefly discuss the possible avenues of future research 
in the construction of QFT in C-spaces, Quantum Gravity, Noncommutative Geometry, 
and other lines of current promising research in the literature. 


2 Extending Relativity from Minkowski Spacetime 
to C’-space 

We embark into the construction of the extended relativity theory in C-spaces by a natural 

generalization of the notion of a spacetime interval in Minkwoski space to C-space [8, 14, 


16, 15, 17]: 
dX? = do? + dz da” + dr,,dr +... (1) 


where py < ua < ... The Clifford valued polyvector:! 


X = X“ Ey = ol + typ toy N Yy H DEED A Vag eee N Yup: (2) 





‘Tf we do not restrict indices according to pı < u2 < u3 < ..., then the factors 1/2!, 1/3!, respectively, 
have to be included in front of every term in the expansion (1). 
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denotes the position of a point in a manifold, called Clifford space or C-space. The series 
of terms in (2) terminates at a finite grade depending on the dimension D. A Clifford 
algebra Cl(r,q) with r +q = D has 2” basis elements. For simplicity, the gammas 7“ 
correspond to a Clifford algebra associated with a flat spacetime: 


1 Mb AVY —_ »pv 
TT ; (3) 


but in general one could extend this formulation to curved spacetimes with metric g” 
(see section 4). 

The connection to strings and p-branes can be seen as follows. In the case of a closed 
string (a 1-loop) embedded in a target flat spacetime background of D-dimensions, one 
represents the projections of the closed string (1-loop) onto the embedding spacetime 
coordinate-planes by the variables x“”. These variables represent the respective areas 
enclosed by the projections of the closed string (1-loop) onto the corresponding embedding 
spacetime planes. Similary, one can embed a closed membrane (a 2-loop) onto a D-dim 
flat spacetime, where the projections given by the antisymmetric variables «“”? represent 
the corresponding volumes enclosed by the projections of the 2-loop along the hyperplanes 
of the flat target spacetime background. 

This procedure can be carried to all closed p-branes (p-loops) where the values of p 
are p = 0,1,2,3,.... The p = 0 value represents the center of mass and the coordinates 
xe”, zř”P... have been coined in the string-brane literature [24]. as the holographic areas, 
volumes,...projections of the nested family of p-loops ( closed p-branes) onto the embed- 
ding spacetime coordinate planes/hyperplanes. In ref.[17] they were interpreted as the 
generalized centre of mass coordinates of an extended object. Extended objects were thus 
modeled in C-space. 

The scalar coordinate o entering a polyvector X is a measure associated with the 
p-brane’s world manifold Vp+}ı (e.g., the string’s 2-dimensional worldsheet V2): it is pro- 
portional to the (p + 1)-dimensional area/volume of Vp+ı. In other words, ø is propor- 
tional to the areal-time parameter of the Eguchi-Schild formulation of string dynamics 
[126, 37, 24]. 

We see in this generalized scheme the objects as observed in spacetime (which is a 
section through C-space) need not be infinitely extended along time-like directions. They 
need not be infinitely long world lines, world tubes. They can be finite world lines, world 
tubes. The o coordinate measures how long are world lines, world tubes. During evolution 
they can becomes longer and longer or shorter and shorter. 

If we take the differential dX of X and compute the scalar product among two polyvec- 
tors < dX'dX >= dXt * dX = |dX|? we obtain the C-space extension of the particles 
proper time in Minkwoski space. The symbol X' denotes the reversion operation and 
involves reversing the order of all the basis 7“ elements in the expansion of X. It is the 
analog of the transpose (Hermitian) conjugation. The C-space proper time associated 
with a polyparticle motion is then the expression (1) which can be written more explicitly 


as: 
|X |? Gun AX™@dX% = dS? 


do? + L*da,da" + L*dayyda™ +... + LP dap. up dah HP (4) 
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where Gyn = El, x Eyn is the C-space metric. 

Here we have introduced the Planck scale L since a length parameter is needed in order 
to tie objects of different dimensionality together: O-loops, 1-loops,..., p-loops. Einstein 
introduced the speed of light as a universal absolute invariant in order to “unite” space 
with time (to match units) in the Minkwoski space interval: 


ds? = edt? + dzidzi. 


A similar unification is needed here to “unite” objects of different dimensions, such as 2", 
x”, etc... The Planck scale then emerges as another universal invariant in constructing 
an extended relativity theory in C-spaces [8]. 

Since the D-dimensional Planck scale is given explicitly in terms of the Newton con- 
stant: Lp = (Gnv)!/~-?), in natural units of h = c = 1, one can see that when D = œœ 
the value of Lp is then Læ = G°? = 1 (assuming a finite value of G). Hence in D = oo the 
Planck scale has the natural value of unity. However, if one wishes to avoid any serious 
algebraic divergence problems in the series of terms appearing in the expansion of the 
analog of proper time in C-spaces, in the extreme case when D = oo, from now on we 
shall focus solely on a finite value of D. In this fashion we avoid any serious algebraic 
convergence problems. We shall not be concerned in this work with the representations 
of Clifford algebras in different dimensions and with different signatures. 

The line element dS as defined in (4) is dimensionless. Alternatively, one can define 
[8, 9] the line element whose dimension is that of the D-volume so that: 


da? = LP do? + DP dr d” + LP dau dat +... + dE p. pp dae? (5) 


Let us use the relation 
Yur No A Yup = VEm..up (6) 


and write the volume element as 
datt Dy A. A Yup = Ydë (7) 


where 
dg = dr Bei (8) 
In all expressions we assume the ordering prescription fy < Ha < ... < Hr, r = 1,2,..., D. 
The line element can then be written in the form 
d£? = LP do? + LP "dada" + L??~“*da,,dae™ +... + |y|? do? (9) 
where 
WP =y y (10) 


Here y is the pseudoscalar basis element and can be writted as yo A 71 A ...yYp-1. In 
flat spacetime Mp we have that |y|? = +1 or —1, depending on dimension and signature. 


In M, with signature (+ — ——) we have yl x y = giy = 7? = —1 (Y = 95 = WV17%273), 
whilst in M; with signature (+ — — — —) it is yy = 1. 
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The analog of Lorentz transformations in C-spaces which transform a polyvector X 
into another poly-vector X’ is given by 


X'= RXR” (11) 
with : 
R=e® #4 = exp [(0I + Oy, + Qe, A Yua) (12) 
and 7 
Rae? Ta = exp (=(01 + 0y, + Oo A Yoa). (13) 


where the theta parameters in (12)(13) are the components of the Clifford-value parameter 
Q= 6M Em: 
0; 0#; 0#”; .... (14) 


they are the C-space version of the Lorentz rotations/boosts parameters. 

Since a Clifford algebra admits a matrix representation, one can write the norm of a 
poly-vectors in terms of the trace operation as: ||X||? = Trace X? Hence under C-space 
Lorentz transformation the norms of poly-vectors behave like follows: 


Trace X”? = Trace [RX?R7!] = Trace [RR7X?] = Trace X?. (15) 


These norms are invariant under C-space Lorentz transformations due to the cyclic prop- 
erty of the trace operation and RR~ = 1. If one writes the invariant norm in terms of 
the reversal operation < X'X >, this will constrain the explicit form of the terms in the 
exponential which define the rotor R so the rotor R obeys the analog condition of an or- 
thogonal rotation matrix R' = R-t. Hence the appropriate poly-rotations of poly-vectors 
which preserve the norm must be : 


(XPI Se OR RR R! >,=< RXİXR! >,=< NIK Xe ||, 
(16) 
where once again, we made use of the analog of the cyclic property of the trace, < 
RXX R! SS XİX Se 
This way of rewriting the inner product of poly-vectors by means of the reversal 
operation that reverses the order of the Clifford basis generators : (7 Ay’)! = 7” A 44, 
etc... has some subtleties. The analog of an orthogonal matrix in Clifford spaces is 
Rt = R~! such that 


< X"X'>,=< (R“)X'RIRXR >,=< RX'XR1 >,=< X1X >,= invariant. 


This condition R' = R~! , of course, will restrict the type of terms allowed inside the 
exponential defining the rotor R because the reversal of a p-vector obeys 


(ec A Yua A Yup)! = Yup A isai pe NY — (ST a A Yuz A Ais 


Hence only those terms that change sign ( under the reversal operation ) are permitted 
in the exponential defining R = exp[04E 4]. 
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Another possibility is to complexify the C-space polyvector valued coordinates = 
Z = ZAE, = X4E4+iY4E, and the boosts/rotation parameters 6 allowing the unitarity 
condition Ut = UT! to hold in the generalized Clifford unitary transformations Z’ = 
UZU' associated with the complexified polyvector Z = Z4E,4 such that the interval 


< dZ'dZ >, = dOdQ + dz#dz, + dz’ dz, + dz"? dzpup +. 


remains invariant ( upon setting the Planck scale A = 1 ). 

The unitary condition Ut = U~! under the combined reversal and complex-conjugate 
operation will constrain the form of the complexified boosts/rotation parameters 04 ap- 
pearing in the rotor : U = exp[ 04E4 |. The theta parameters 64 are either purely real or 
purely imaginary depending if the reversal E4' = +E 4, to ensure that an overall change 
of sign occurs in the terms 04E; inside the exponential defining U so that Ut = U~! holds 
and the norm < Z'Z >, remains invariant under the analog of unitary transformations 
in complexi fied C-spaces. These techniques are not very different from Penrose Twistor 
spaces. As far as we know a Clifford-Twistor space construction of C-spaces has not been 
performed so far. 

Another alternative is to define the polyrotations by R = exp (O4B[E4, Epl) where 
the commutator [E4, Eg] = FagcEc is the C-space analog of the i|7,,, y,] commutator 
which is the generator of the Lorentz algebra, and the theta parameters 04? are the 
C-space analogs of the rotation/boots parameters 0“”. The diverse parameters 04? are 
purely real or purely imaginary depending whether the reversal [E4, Eg] = +[E a, Ep] 
to ensure that Rt = R~! so that the scalar part < X'X >, remains invariant under the 
transformations X’ = RXR! . This last alternative seems to be more physical because 
a poly-rotation should map the Æ; direction into the Fg direction in C-spaces, hence 
the meaning of the generator |E'4, Eg] which extends the notion of the [y,, 7] Lorentz 
generator. 

The above transformations are active transformations since the transformed Clifford 
number X’ (polyvector) is different from the “original” Clifford number X. Considering 
the transformations of components we have 


X' = X Ey = L“ y X” Ey (17) 
If we compare (17) with (11) we find 
L” yEy = REy R! (18) 
from which it follows that 
L” y = (EM REyR "o = E” « (REyR"') = E™ x Ey. (19) 


where we have labelled F as new basis element since in the active interpretation one may 
perform either a change of the polyvector components or a change of the basis elements. 
The ( Yo means the scalar part of the expression and “x” the scalar product. Eq (19) 
has been obtained after multiplying (18) from the left by E’, taking into account that 
(ET Eno = E” x Ey = 67 y, and renamiming the index J into M. 
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3 Generalized Dynamics of Particles, Fields and 
Branes in C-space 


An immediate application of this theory is that one may consider “strings” and “branes” 
in C-spaces as a unifying description of all branes of different dimensionality. As we have 
already indicated, since spinors are in left /right ideals of a Clifford algebra, a supersymme- 
try is then naturally incorporated into this approach as well. In particular, one can have 
world manifold and target space supersymmetry simultaneously [15]. We hope that the 
C-space “strings” and “branes” may lead us towards discovering the physical foundations 
of string and M-theory. For other alternatives to supersymmetry see the work by [50]. In 
particular, Z3 generalizations of supersymmetry based on ternary algebras and Clifford 
algebras have been proposed by Kerner [128] in what has been called Hypersymmetry. 


3.1 The Polyparticle Dynamics in C-space 


We will now review the theory [15, 17] in which an extended object is modeled by the 
components g, £”, x””,... of the Clifford valued polyvector (2). By assumption the ex- 
tended objects, as observed from Minkowski spacetime, can in general be localized not 
only along space-like, but also along time-like directions [15, 17]. In particular, they can 
be “instantonic” p-loops with either space-like or time-like orientation. Or they may be 
long, but finite, tube-like objetcs. The theory that we consider here goes beyond the 
ordinary relativity in Minkowski spacetime, therefore such localized objects in Minkowski 
spacetime pose no problems. They are postulated to satisfy the dynamical principle which 
is formulated in C-space. All conservation laws hold in C-space where we have infinitely 
long world “lines” or Clifford lines. In Minkowski spacetime M, —which is a subspace of 
C-space— we observe the intersections of Clifford lines with M4. And those intersections 
appear as localized extended objects, p-loops, described above. 
Let the motion of such an extended object be determined by the action principle 


r= r f dr (X taxy =n fdr (X4X,) (20) 


where « is a constant, playing the role of “mass” in C-space, and 7 is an arbitrary 
parameter. The C-space velocities X4 = dX4/dr = (6,4",4"™,...) are also called 
“hollographic” velocities. 

The equation of motion resulting from (20) is 


d Ka 
dz (| =0 (21) 
T \VXBXg 
Taking X? Xg = constant 4 0 we have that X4 = 0, so that z4(r) is a straight worldline 
in C-space. The components x4 then change linearly with the parameter 7. This means 
that the extended object position x”, effective area z”, 3-volume x#”%, 4-volume xt”°%, 


etc., they all change with time. That is, such object experiences a sort of generalized 
dilational motion [17]. 
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We shall now review the procedure exposed in ref. [17] according to which in such a 
generalized dynamics an object may be accelerated to faster than light speeds as viewed 
from a 4-dimensional Minkowski space, which is a subspace of C-space. For a differ- 
ent explanation of superluminal propagation based on the modified nonlinear de Broglie 
dispersion relations see [68]. 

The canonical momentum belonging to the action (20) is 


KX 


OX, = 


P, = 


When the denominator in eq.(22) is zero the momentum becomes infinite. We shall 
now calculate the speed at which this happens. This will be the mazimum speed that 
an object accelerating in C-space can reach. Although an initially slow object cannot 
accelerate beyond that speed limit, this does not automatically exclude the possibility 
that fast objects traveling at a speed above that limit may exist. Such objects are C- 
space analog of tachyons [31, 32]. All the well known objections against tachyons should 
be reconsidered for the case of C-space before we could say for sure that C-space tachyons 
do not exist as freely propagating objects. We will leave aside this interesting possibility, 
and assume as a working hypothesis that there is no tachyons in C-space. 
Vanishing of XP? Xp is equivalent to vanishing of the C-space line element 


dz? 2 dz! 2 dz?! 2 dr? 2 dz!23 2 0123 2 
A = = 
eee es ele 2 ees ol 


ol 
’ 











where by “...” we mean the terms with the remaining components such as 27, x", x7%,..., 


x°'?| etc.. The C-space line element is associated with a particular choice of C-space 
metric, namely Gyy = BM x Ey. If the basis Ey, M = 1,2,...,2? is generated by the 
flat space 4” satisfying (3), then the C-space has the diagonal metric of eq. (23) with +, — 
signa. In general this is not necessarily so and the C-space metric is a more complicated 
expression. We take now dimension of spacetime being 4, so that x°!?° is the highest 
grade coordinate. In eq. (23) we introduce a length parameter L. This is necessary, since 
x? = ct has dimension of length, x!” of length square, x!?3 of length to the third power, 
and x°!?8 of length to the forth power. It is natural to assume that L is the Planck length, 
that is L = 1.6 x 107m. 

Let us assume that the coordinate time t = x°/c is the parameter with respect to 
which we define the speed V in C-space. 

So we have 


T 1% ? ady! i ae 5 eda ‘ Pe ogee í TEE cas E 
7 dae AUA A Pde L ADA e EP di i 
(24) 


From eqs. (23),(24) we find that the maximum speed is the maximum speed is given 
by 








V =e (25) 
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First, we see that the maximum speed squared V? contains not only the components 
of the 1-vector velocity dz'/dt, as it is the case in the ordinary relativity, but also the 
multivector components such as dz!?/dt, dz!?3/dt, etc.. 

The following special cases when only certain components of the velocity in C-space 
are different from zero, are of particular interest: 


(i) Maximum 1-vector speed 


d 1 
=c = 3.0 x 10°m/s 


(ii) Maximum 3-vector speed 





123 
= Lc = 7.7 x 10° m?3/s 

dë 123 

Bra =4.3x10-*'m/s (diameter speed) 


(iii) Maximum 4-vector speed 





0123 
ka = Lc = 1.2 x 107m4 /s 

d Yz 

— = 1.05 x 10°*4m/s (diameter speed) 


Above we have also calculated the corresponding diameter speeds for the illustration of 
how fast the object expands or contracts. 
We see that the maximum multivector speeds are very small. The diameters of objects 
change very slowly. Therefore we normally do not observe the dilatational motion. 
Because of the positive sign in front of the ø and z!?, x°!?, etc., terms in the quadratic 
form (23) there are no limits to correspondintg 0-vector, 2-vector and 3-vector speeds. But 
if we calculate, for instance, the energy necessary to excite 2-vector motion we find that it 
is very high. Or equivalently, to the relatively modest energies (available at the surface of 
the Earth), the corresponding 2-vector speed is very small. This can be seen by calculating 
the energy 
p = AZ (26) 
(a) for the case of pure 1-vector motion by taking V = dzx!/dt, and 
(b) for the case of pure 2-vector motion by taking V = dz!?/(Ldt). 
By equating the energies belonging to the cases (a) and (b we have 


2 2 
0 KC KC 


ps = (27) 


2 2 
1 dz! 1 dr? 
E j1- (2 i) 
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which gives 





Po 


(28) 


Idg! 1 dr? 7 Kez \? 
cdt Le dt 


Thus to the energy of an object moving translationally at dz'/dt =1 m/s, there cor- 
responds the 2-vector speed dz!?/dt = Ldz!t/dt = 1.6 x 10735 m?/s (diameter speed 
4 x107t8m/s). This would be a typical 2-vector speed of a macroscopic object. For a 
microscopic object, such as the electron, which can be accelerated close to the speed of 
light, the corresponding 2-vector speed could be of the order of 107° m?/s (diameter 
speed 10~'¥m/s). In the examples above we have provided rough estimations of possible 
2-vector speeds. Exact calculations should treat concrete situations of collisions of two 
or more objects, assume that not only l-vector, but also 2-vector, 3-vector and 4-vector 
motions are possible, and take into account the conservation of the polyvector momentum 
P4. 

Maximum 1-vector speed, i.e., the usual speed, can exceed the speed of light when the 
holographic components such as do/dt, dx'?/dt, dx°!?/dt, etc., are different from zero 
[17]. This can be immediately verified from eqs. (23),(24). The speed of light is no longer 
such a strict barrier as it appears in the ordinary theory of relativity in M4. In C-space 
a particle has extra degrees of freedom, besides the translational degrees of freedom. The 
scalar, o, the bivector, x!” (in general, xz", r,s = 1,2,3) and the three vector, x°!? 
(in general, 7°"*, r,s = 1,2,3), contributions to the C-space quadratic form (23) have 
positive sign, which is just opposite to the contributions of other components, such as 
x”, 2°", xt xe, Because some terms in the quadratic form have + and some — sign, 
the absolute value of the 3-velocity dx” /dx® can be greater than c. 

It is known that when tachyons can induce a breakdown of causality. The simplest way 
to see why causality is violated when tachyons are used to exchange signals is by writing 
the temporal displacements dt = tP — t4 between two events (in Minkowski space-time) 
in two different frames of reference: 


(St) = (dt)cosh(€) + ~ sinh(€) = (dt)[cosh(&) + CH) simn(6) = (29) 
(dt) [cosh() + (Brachyon)sinh(§)| (30) 


the boost parameter € is defined in terms of the velocity as Bframe = Vframe/C = tanh(€), 
where Uframe is is the relative velocity ( in the x-direction ) of the two reference frames 
and can be written in terms of the Lorentz-boost rapidity parameter € by using hyperbolic 
functions. The Lorentz dilation factor is cosh(€) = (1 — Gee) 2 ; whereas (rachyon = 
Vtachyon/C is the beta parameter associated with the tachyon velocity dx/dt . By emitting 
a tachyon along the negative x -direction one has Bjachyon < 0 and such that its velocity 
exceeds the speed of light |Grachyon| > 1 

A reversal in the sign of (ôt) < 0 in the above boost transformations occurs when the 
tachyon velocity |Gracnyon| > 1 and the relative velocity of the reference frames |3 frame| < 1 
obey the inequality condition : 
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i 1 
tanh(€) z Drame 


thereby resulting in a causality violation in the primed reference frame since the effect ( 
event B ) occurs before the cause ( event A ) in the primed reference frame. 

In the case of subluminal propagation |Gparticle|) < 1 there is no causality violation since 
one would have : 





(6t) = (dt) |[cosh(€) — |Grachyon|sinh(§)] < 0 = 1 < < |Btachyon|: (31) 


(6t) = (dt) [cosh(€) — |Gparticie|sinh(€)] > 0 (32) 


due to the hyperbolic trigonometric relation : 


cosh? (£) — sinh’ (£) = 1 > cosh(€) — sinh(€) > 0 (33) 


In the theory considered here, there are no tachyons in C-space, because physical 
signals in C-space are constrained to live inside the C-space-light cone, defined by eq. 
(23). However, certain worldlines in C-space, when projected onto the subspace M4, 
can appear as worldlines of ordinary tachyons outside the lightcone in M4. The physical 
analog of photons in C-space corresponds to tensionless p-loops, i.e., tensionless closed 
branes, since the analog of mass m in C-space is the maximal p-loop tension. By ‘maximal 
p-loop’ we mean the loop with the maximum value of p associated with the hierarchy of 
p-loops (closed p-branes): p = 0,1, 2,.... living in the embedding target spacetime. One 
must not confuse the Stueckelberg parameter o with the C-space Proper-time © (eq.(5)); 
so one could have a world line in C-space such that 


tensionless branes with a monotonically increasing 


dÈ = 0 + C-space photon +> Stueckelberg parameter o 


In C-space the dynamics refers to a larger space. Minkowski space is just a subspace 
of C-space. ” Wordlines” now live in C-space that can be projected onto the Minkwoski 
subspace M4 . Concerning tachyons and causality within the framework of the C-space 
relativity, the authors of this review propose two different explanations, described below. 

According to one author (C.C) one has to take into account the fact that one is 
enlarging the ordinary Lorentz group to a larger group of C-space Lorentz transformations 
which involve poly-rotations and generalizations of boosts transformations. In particular, 
the C-space generalization of the ordinary boost transformations associated with the 
boost rapidity parameter € such that tanh(€) = Bframe will involve now the family of 
C-space boost rapidity parameters 0%, 0%?, 0t123 04123- ... since boosts are just ( poly 
) rotations along directions involving the time coordinate. Thus, one is replacing the 
ordinary boost transformations in Minkowski spacetime for the more general C-space 
boost transformations as we go from one frame of reference to another frame of reference. 

Due to the linkage among the C-space coordinates (poly-dimensional covariance) when 
we envision an ordinary boost along the zt- direction, we must not forget that it is also 
interconnected to the area-boosts in the x'*-direction as well, and, which in turn, is also 
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linked to the x? direction. Because the latter direction is transverse to the original 
tachyonic x'-motion, the latter 2?-boosts won’t affect things and we may concentrate on 
the area-boosts along the x” direction involving the 6"? parameter that will appear in 
the C-space boosts and which contribute to a crucial extra term in the transformations 
such that no sign-change in ôt’ will occur. 

More precisely, let us set all the values of the theta parameters to zero except the 
parameters 6% and 6‘ related to the ordinary boosts in the x! direction and area-boosts 
in the x! directions of C-space. This requires, for example, that one has at least one 
spatial-area component, and one temporal coordinate, which implies that the dimensions 
must be at least D = 2 + 1 = 3 . Thus, we have in this case : 


a t1 t12 _ptl _gti2 
X'= RXR co e? yt^yı +0 NANA XM Eye Or NYO 4A Ay2 => XIN ee NXM, (34) 


where as we shown previously Li, =< EN REyR~' >o . When one concentrates on 
the transformations of the time coordinate, we have now that the C-space boosts do not 
coincide with ordinary boosts in the x! direction : 


t = LyX” =< Re gh >o x SEP as (35) 


because of the extra non-vanishing 6 parameter 6°” . 

This is because the rotor R includes the extra generator 0°°y4,A 71 A Y2 which will bring 
extra terms into the transformations ; i.e. it will rotate the Epa bivector- basis , that 
couples to the holographic coordinates x!”, into the £, direction which is being contracted 
with the E* element in the definition of Liy. There are extra terms in the C-space boosts 
because the poly-particle dynamics is taking place in C-space and all coordinates X™” 
which contain the t, xt, x1? directions will contribute to the C-space boosts in D = 3, 
since one is projecting down the dynamics from C-space onto the (t, x!) plane when one 
studies the motion of the tachyon in M, . 

Concluding, in the case when one sets all the theta parameters to zero, except the 6°! 
and 0*2, the X’ = RX™ E,,R7 transformations will be : 


0t12 


(56) = Lu (0°; 8 )(OX™) A Lilt) + Li (52°). (36) 


due to the presence of the extra term Li (8X1?) in the transformations. In the more 
general case, when there are more non-vanishing theta parameters , the indices M of 
the X™ coordinates must be restricted to those directions in C-space which involve the 
t, x1, £1? x1?3..... directions as required by the C-space poly-particle dynamics. The gen- 
eralized C-space boosts involve now the ordinary tachyon velocity component of the poly- 
particle as well as the generalized holographic areas, volumes, hyper-volumes...velocities 
VM = (X™ /őt) associated with the poly-vector components of the Clifford-valued C- 
space velocity. 

Hence, at the expense of enlarging the ordinary Lorentz boosts to the C-space Lorentz 
boosts, and the degrees of freedom of a point particle into an extended poly-particle 
by including the holographic coordinates, in C-space one can still have ordinary point- 
particle tachyons without changing the sign of ôt, and without violating causality, due to 
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the presence of the extra terms in the C-space boosts transformations which ensure us 
that the sign of dt > 0 is maintained as we go from one frame of reference to another one. 
Naturally, if one were to freeze all the 0 parameters to zero except one 0‘! one would end 
up with the standard Lorentz boosts along the x! -direction and a violation of causality 
would occur for tachyons as a result of the sign-change in dt’ . 

In future work we shall analyze in more detail if the condition ôt! = L‘,(6X™) > 0 
is satisfied for any physical values of the theta C-space boosts parameters and for any 
physical values of the holographic velocities consistent with the condition that the C- 
space velocity VyV™ > 0. What one cannot have is a C-space tachyon; i.e. the physical 
signals in C-space must be constrained to live inside the C-space light-cone. The analog 
of ” photons ” in C-space are tensionless branes . The corresponding analog of C-space 
tachyons involve branes with imaginary tensions, not unlike ordinary tachyons m? < 0 of 
imaginary mass. 

To sum up : Relativity in C-space demands enlarging the ordinary Lorentz group ( 
boosts ) to a larger symmetry group of C-space Lorentz group and enlarging the degrees 
of freedom by including Clifford-valued coordinates X = X™Ey,. This is the only way 
one can have a point-particle tachyonic speed in a Minkowski subspace without violat- 
ing causality in C-space. Ordinary Lorentz boosts are incompatible with tachyons if one 
wishes to preserve causality . In C-space one requires to have, at least, two theta param- 
eters 6 and 6"? with the inclusion, at least, of the t, x1, x!? coordinates in a C-space 
boost, to be able to enforce the condition dt’ > 0 under ( combined ) boosts along the 
x! direction accompanied by an area-boost along the z1? direction of C-space . It is be- 
yond the scope of this review to analyze all the further details of the full-fledged C-boosts 
transformations in order to check that the condition dt/ > 0 is obeyed for any physical 
values of the theta parameters and holographic velocities. 

According to the other author (M.P.), the problem of causality could be explained as 
follows. In the usual theory of relativity the existence of tachyons is problematic because 
one can arrange for situations such that tachyons are sent into the past. A tachyon Tı 
is emitted from an aparatus worldline C at x? and a second tachyon T can arrive to the 
same worldline C at an earlier time x’? < xf and trigger destruction of the aparatus. The 
spacetime event FE’ at which the aparatus is destroyed cooncides with the event E at 
which the aparatus by initial assumtion kept on functioning normally and later emitted 
Tı. So there is a paradox from the ordinary ( constrained ) relativistic particle dynamics. 

There is no paradox if one invokes the unconstrained Stueckelberg description of su- 
perluminal propagation in M4. It can be described as follows. A C-space worldline can be 
described in terms of five functions z”(T), o(7) (all other C-space coordinates being kept 
constant). In C-space we have the constrained action (20), whilst in Minkowski space we 
have a reduced, unconstrained action. A reduction of variables can be done by choosing 
a gauge in which o(7) = 7. It was shown in ref.[16, 15, 17] that the latter unconstrained 
action is equivalent to the well known Stueckelberg action [33, 34]. In other words, the 
Stueckelberg relativistic dynamics is embedded in C-space. In Stueckelberg theory all 
four spacetime coordinates z” are independent dynamical degrees of freedom that evolve 
in terms of an extra parameter ø which is invariant under Lorentz transformations in M4. 

From the C-space point of view, the evolution parameter ø is just one of the C-space 


111 
Quantization in Astrophysics ... 


coordintes XM. By assumption, ø is monotonically increasing along particles’ worldlines. 
Certain C-space worldlines may appear tachyonic from the point of view of M4. If we now 
repeat the above experiment with the emission of the first and absorption of the second 
tachyon we find out that the second tachyon To cannot reach the aparatus worldline earlier 
than it was emmitted from. Namely, T> can arrive at a C-space event E’ with x” < x, 
but the latter event does not coincide with the event E on the aparatus worldline, since 
although having the same coordinates x” = x”, the events E and F” have different extra 
coordinates o’ Æ a. In other words, Æ and E’ are different points in C-space. Therefore 
T> cannot destroy the aparatus and there is no paradox. 

If nature indeed obeys the dynamics in Clifford space, then a particle, as observed 
from the 4-dimensional Minkowski space, can be accelerated beyond the speed of light 
[17], provided that its extra degrees of freedom z*”, x#”,..., are changing simultaneously 
with the ordinary position z”. But such a particle, although moving faster than light 
in the subspace M4, is moving slower than light in C-space, since its speed V, defined 
in eq.(24), is smaller than c. In this respect, our particle is not tachyon at all! In C- 
space we thus retain all the nice features of relativity, but in the subspace M4 we have, 
as a particular case, the unconstrained Stueckelberg theory in which faster-than-light 
propagation is not paradoxical and is consistent with the quantum field theory as well 
[15]. This is so, because the unconstrained Stueckelberg theory is quite different from 
the ordinary (constrained) theory of relativity in M4, and faster than light motion in the 
former theory is of totally different nature from the faster that light motion in the latter 
theory. The tachyonic “world lines” in M, are just projections of trajectories in C-space 
onto Minkowski space, however, the true world lines of M4 must be interpreted always as 
being embedded onto a larger C-space, such that they cannot take part in the paradoxical 
arrangement in which future could influence the past. The well known objections against 
tachyons are not valid for our particle which moves according to the relativity in C-space. 

We have described how one can obtain faster than light motion in M4 from the theory of 
relativity in C-space. There are other possible ways to achieve superluminal propagation. 
One such approach is described in refs. [84] 


An alternative procedure [In ref. {9] an alternative factorization of the C-space line 
element has been undertaken. Starting from the line element dX of eq. (5), instead of 
factoring out the (dx°)? element, one may factor out the (dQ)? = L??do? element, giving 
rise to the generalized “holographic ” velocities measured w.r.t the Q parameter, for 
example the areal-time parameter in the Eguchi-Schild formulation of string dynamics 
[126], [37], [24], instead of the x° parameter (coordinate clock). One then obtains 





dz, dx! dz, dx” do \? 
52 = Q? 1 2P- pared: arg p?P-4 HvV j j 2 
A ee da da dg do I ( 





The idea of ref. [9] was to restrict the line element (37) to the non tachyonic values which 
imposes un upper limit on the holographic velocities. The motivation was to find a lower 
bound of length scale. This upper holographic-velocity bound does not necessarily trans- 
late into a lower bound on the values of lengths, areas, volumes....without the introduction 
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of quantum mechanical considerations. One possibility could be that the upper limiting 
speed of light and the upper bound of the momentum mpc of a Planck-mass elementary 
particle (the so-called Planckton in the literature) generalizes now to an upper-bound in 
the p-loop holographic velocities and the p-loop holographic momenta associated with 
elementary closed p-branes whose tensions are given by powers of the Planck mass. And 
the latter upper bounds on the holographic p-loop momenta implies a lower-bound on the 
holographic areas, volumes,..., resulting from the string/brane uncertainty relations [11], 
[10],[19]. Thus, Quantum Mechanics is required to implement the postulated principle of 
minimal lengths, areas, volumes...and which cannot be derived from the classical geometry 
alone. The emergence of minimal Planck areas occurs also in the Loop Quantum Gravity 
program [111] where the expecation values of the Area operator are given by multiples of 
Planck area. 

Recently in [134] an isomorphism between Yang’s Noncommutative space-time algebra 
(involving two length scales) [136] and the holographic area coordinates algebra of C- 
spaces (Clifford spaces) was constructed via an AdSs5 space-time which is instrumental 
in explaining the origins of an extra (infrared) scale R in conjunction to the (ultraviolet) 
Planck scale characteristic of C-spaces. Yang’s Noncommutative space-time algebra 
allowed Tanaka [137] to explain the origins behind the discrete nature of the spectrum 
for the spatial coordinates and spatial momenta which yields a minimum length-scale 
A (ultraviolet cutoff) and a minimum momentum p = A/R ( maximal length R, infrared 
cutoff ) . In particular, the norm-squared A? of the holographic Area operator X4pX4? 
has a correspondence with the quadratic Casimir operator U4gu4? of the conformal 
algebra SO(4,2) ( SO(5,1) in the Euclideanized AdS; case ). This holographic area- 
Casimir relationship does not differ much from the area-spin relation in Loop Quantum 
Gravity A? ~ \* > ji(ji + 1) in terms of the SU(2) Casimir J? with eigenvalues j(j + 1) 
and where the sum is taken over the spin network sites. 


3.2 A Unified Theory of all p-Branes in C-Spaces 


The generalization to C-spaces of string and p-brane actions as embeddings of world- 
manifolds onto target spacetime backgrounds involves the embeddings of polyvector- 
valued world-manifolds (of dimensions 2¢) onto polyvector-valued target spaces (of di- 
mensions 2”), given by the Clifford-valued maps X = X (X) (see [15]). These are maps 
from the Clifford-valued world-manifold, parametrized by the polyvector-valued variables 
X, onto the Clifford-valued target space parametrized by the polyvector-valued coordi- 
nates X. Physically one envisions these maps as taking an n-dimensional simplicial cell 
(n-loop) of the world-manifold onto an m-dimensional simplicial cell (m-loop) of the target 
C-space manifold ; i.e. maps from n-dim objects onto m-dim objects generalizing the old 
maps of taking points onto points. One is basically dealing with a dimension-category of 
objects. The size of the simplicial cells (p-loops), upon quantization of a generalized har- 
monic oscillator, for example, are given by multiples of the Planck scale, in area, volume, 
hypervolume units or Clifford-bits. 

In compact multi-index notation X = XMT y one denotes for each one of the compo- 
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nents of the target space polyvector X: 
XM = KS y < u<.. < Hr. (38) 
and for the world-manifold polyvector © = X4 E4: 
Ac ea a ae ge lg: (39) 


where [yy = (1, Yu, %w,---) and Ey = (1, ea, €a,...) form the basis of the target mani- 
fold and world manifold Clifford algebra, respectively. It is very important to order the 
indices within each multi-index M and A as shown above. The above Clifford-valued coor- 
dinates X™, 04 correspond to antisymmetric tensors of ranks r, s in the target spacetime 
background and in the world-manifold, respectively. 

There are many different ways to construct C-space brane actions which are on-shell 
equivalent to the analogs of the Dirac-Nambu-Goto action for extended objects and that 
are given by the world-volume spanned by the branes in their motion through the target 
spacetime background. 

One of these actions is the Polyakov-Howe-Tucker action: 


p= 5 J [DENH H40, X 9X” Guy + (2 — 24). (40) 


with the 2¢-dim world-manifold measure: 


[DE] = (dé) (dé*) (de) (de)... (41) 


Upon the algebraic elimination of the auxiliary world-manifold metric H4? from the 
action (40), via the equations of motion, yields for its on-shell solution the pullback of 
the target C-space metric onto the C-space world-manifold: 


Hap(on — shell) = Gap = 04X ðB X” Gun (42) 


upon inserting back the on-shell solutions (42) into (40) gives the Dirac-Nambu-Goto 
action for the C-space branes directly in terms of the C-space determinant, or measure, 
of the induced C-space world-manifold metric Gag, as a result of the embedding: 





t=? J Dzy Dia A Gu: (43) 


However in C-space, the Polyakov-Howe-Tucker action admits an even further gener- 
alization that is comprised of two terms S1 + S2. The first term is [15] : 


Se / [DY]|E)E4E® 94X” apX* Tul. (44) 


Notice that this is a generalized action which is written in terms of the C-space coor- 
dinates X“ (X) and the C-space analog of the target-spacetime vielbein/frame one-forms 
e™ = e™ dx" given by the '™ variables. The auxiliary world-manifold vielbein variables 
e”, are given now by the Clifford-valued frame E4 variables. 
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In the conventional Polyakov-Howe-Tucker action, the auxiliary world-manifold metric 
h® associated with the standard p-brane actions is given by the usual scalar product of 
the frame vectors e%.e? = ee = h”. Hence, the C-space world-manifold metric H4? 
appearing in (42) is given by scalar product < (E4)'E? > 9= H4®, where (E“)' denotes 
the reversal operation of E4 which requires reversing the orderering of the vectors present 
in the Clifford aggregate E4. 

Notice, however, that the form of the action (44) is far more general than the ac- 
tion in (40). In particular, the Sı itself can be decomposed futher into two additional 
pieces by rewriting the Clifford product of two basis elements into a symmetric plus an 
antisymmetric piece, respectively: 





1 1 

EAE = {BBY} + 5B" E]. (45) 
1 1 

Pyly = zm, Ty} + zTM Py]. (46) 


In this fashion, the Sı component has two kinds of terms. The first term containing 
the symmetric combination is just the analog of the standard non-linear sigma model 
action, and the second term is a Wess-Zumino-like term, containing the antisymmetric 
combination . To extract the non-linear sigma model part of the generalized action above, 
we may simply take the scalar product of the vielbein-variables as follows: 


Claes 5 JIDEIIE| < (E404X™T m) (EP 0B X"T w) >o (47) 


where once again we have made use of the reversal operation (the analog of the hermitian 
adjoint) before contracting multi-indices. In this fashion we recover again the Clifford- 
scalar valued action given by [15]. 

Actions like the ones presented here in terms of derivatives with respect to quantities 
with multi-indices can be mapped to actions involving higher derivatives, in the same 
fashion that the C-space scalar curvature, the analog of the Einstein-Hilbert action, could 
be recast as a higher derivative gravity with torsion (reviewed in sec. 4). Higher derivatives 
actions are also related to theories of Higher spin fields [117] and W-geometry, W-algebras 
[116], [122]. For the role of Clifford algerbras to higher spin theories see [51]. 

The S2 (scalar) component of the C-space brane action is the usual cosmological 
constant term given by the C-space determinant |E| = det(H4®) based on the scalar part 
of the geometric product < (E4)'E? >)= HA? 


T 
S= 5 f IDHE- 2°) (48) 
where the C-space determinant |E| = ,/|det(H4®)| of the 2% x 2% generalized world- 
manifold metric H4? is given by: 
1 
det (H4") = -€442.44 EB1 Ba.B a HP H*?™.... HA24 Pad, (49) 


Om! 
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The €4, Ao... Aga is the totally antisymmetric tensor density in C-space. 

There are many different forms of p-brane actions, with and without a cosmological 
constant [123], and based on a new integration measure by recurring to auxiliary scalar 
fields [115], that one could have used to construct their C-space generalizations. Since all 
of them are on-shell equivalent to the Dirac-Nambu-Goto p-brane actions, we decided to 
focus solely on those actions having the Polyakov-Howe-Tucker form. 


4 Generalized Gravitational Theories in Curved C- 
spaces: Higher Derivative Gravity and Torsion 
from the Geometry of C-Space 


4.1 Ordinary space 
4.1.1 Clifford algebra based geometric calculus in curved space(time) 


Clifforfd algebra is a very useful tool for description of geometry, especially of curved 
space Vp. Let us first review how it works in curved space(time). Later we will discuss a 
generalization to curved Clifford space [20]. 

We would like to make those techniques accessible to a wide audience of physicists 
who are not so familiar with the rigorous underlying mathematics, and demonstrate how 
Clifford algebra can be straightforwardly employed in the theory of gravity and its general- 
ization. So we will leave aside the sophisticated mathematical approach, and rather follow 
as simple line of thought as possible, a praxis that is normally pursued by physicists. For 
instance, physicists in their works on general relativity employ a mathematical formulation 
and notation which is much simpler from that of purely mathematical or mathamatically 
oriented works. For rigorous mathematical treatment the reader is adviced to study, refs. 
[1, 76, 77, 78, 79]. 

Let the vector fields y,,, u = 1,2, ..., n be a coordinate basis in V, satisfying the Clifford 
algebra relation 


1 
Vu VW = (UW F Yvy) = Juv (50) 


where g,, is the metric of V,,. In curved space y, and g,, cannot be constant but neces- 
sarily depend on position xz”. An arbitrary vector is a linear superposition [1] 


a = a” Yp (51) 


where the components a” are scalars from the geometric point of view, whilst y, are 
vectors. 
Besides the basis {7,,} we can introduce the reciprocal basis? {7"} satisfying 


ee Sy Hy =o (52) 


?In Appendix A of the Hesteness book [1] the frame {7} is called dual frame because the duality 
operation is used in constructing it. 
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where g”” is the covariant metric tensor such that g"“ga, = 0",, "Vv + wy" = 20", and 
YË = gJ. 
Following ref.[1] (see also [15]) we consider the vector derivative or gradient defined 
according to 
ð = "ð, (53) 


where ô, is an operator whose action depends on the quantity it acts on [26]. 
Applying the vector derivative 0 on a scalar field @ we have 


p = y" Oud (54) 


where 0,,¢ = (0/0x")@ coincides with the partial derivative of ¢. 
But if we apply it on a vector field a we have 


da = y"0,(a"y,) = (Opa Ww + a” Ow) (55) 
In general y, is not constant; it satisfies the relation [1, 15] 
Ow = Ya (56) 
where Ii, is the connection. Similarly, for y” = g’°Y we have 
Oi be (57) 


The non commuting operator O, so defined determines the parallel transport of a basis 
vector y”. Instead of the symbol ð, Hestenes uses O,,, whilst Wheeler et. al. [36] use 
V,, and call it “covariant derivative”. In modern, mathematically opriented literature 
more explicit notation such as D,, or V}, is used. However, such a notation, although 
mathematically very relevant, would not be very practical in long computations. We 
find it very convenient to keep the symbol ð, for components of the geometric operator 
ð = y“0,. When acting on a scalar field the derivative ô, happens to be commuting and 
thus behaves as the ordinary partial derivative. When acting on a vector field, ô, is a non 
commuting operator. In this respect, there can be no confusion with partial derivative, 
because the latter normally acts on scalar fields, and in such a case partial derivative and 
O, are one and the same thing. However, when acting on a vector field, the derivative 
O, is non commuting. Our operator O,, when acting on y, or 4” should be distinguished 
from the ordinary—commuting—partial derivative, let be denoted ¥” „, usually used in 
the literature on the Dirac equation in curved spacetime. The latter derivative is not used 
in the present paper, so there should be no confusion. 
Using (56), eq.(55) becomes 





Oa = yyy (Opa + Piet") = FWD” = yy" Dye (58) 


where D,, is the covariant derivative of tensor analysis.. 
Decomposing the Clifford product yy” into its symmetric and antisymmetric part [1] 


PP =EN (59) 
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where 


is the inner product and 
PAYS 


the outer product, we can write eq.(58) as 


1 
ða = 9” D ay +7” Ay Dies = Dia + rae AY (Dyu@u — 


Without employing the expansion in terms of y„ we have simply 
Oa=0-a+O0Aa 
Acting twice on a vector by the operator 0 we have? 
00a = ol Oa Ya) = VY" YaD Dra" 
aD, D“a* + LOEn [Dy DrJa* 


2 
= 76D Dia seq" Cha + aa! Doa”) 





Drap) 


1 V Q Q 
PPAT A Ya)(Ryvp a? + Kp” Doa") 


We have used 
Dio = Rupa + Ku” Da 


where 
pre _Te 
Kw SE R 


is torsion and Rvp” the curvature tensor. Using eq.(56) we find 
[Da plu = Rabu Vp 


from which we have 


Rapp” = (lôa, Olu) V 


(60) 


(61) 


(62) 


(63) 


(64) 


(65) 


(66) 


(67) 


(68) 


Thus in general the commutator of derivatives ð, acting on a vector does not give zero, 


but is given by the curvature tensor. 


In general, for an r-vector A = a®t r Ya; Yaz: Va, We have 


O0...0A = (YM Oy) (Opin) (0 Op) (0 Yor, Van: Var) 


e a alle Faan a Dm Dii D ppa a 





3We use (a A b)c = (aA b)-ct+aAbAc [1] and (a Ab) -c= (b- cja — (a - c)b. 
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(69) 


4.1.2 Clifford algebra based geometric calculus and resolution of the ordering 
ambiguity for the product of momentum operators 


Clifford algebra is a very useful tool for description of geometry of curved space. More- 
over, as shown in ref.[26] it provides a resolution of the long standing problem of the 
ordering ambiguity of quantum mechanics in curved space. Namely, eq.(53) for the vector 
derivative suggests that the momentum operator is given by 


p = 10 S17 Oy (70) 
One can consider three distinct models: 


(i) The non relativistic particle moving in ndimensional curved space. Then, u = 
1,2,...,n, and signature is (+ + + + ....). 


(ii) The relativistic particle in curved spacetime, described by the Schild action [37]. 
Then, u = 0,1, 2,...,n — 1 and signature is (+ — — —...). 


(iii) The Stueckelberg unconstrained particle. [33, 34, 35, 29]. 
In all three cases the classical action has the form 
1 aes 
1X4] = vi AT guu (£) X.X” (71) 


and the corresponding Hamiltonian is 


AN as A 
H = =g" (pipe m =p (72) 
2 2 
If, upon quantization we take for the momentum operator p,, = —70,,, then the ambi- 


guity arises of how to write the quantum Hamilton operator. The problem occurs because 
the expressions gp, py, Pugh’ py and ppg” are not equivalent. 


But, if we rewrite H as 


H= 39 (73) 


where p = y"p,, is the momentum vector which upon quantization becomes the momentum 
vector operator (70), we find that there is no ambiguity in writing the square p?. When 
acting with H on a scalar wave function ¢ we obtain the unambiguous expression 

A A, y A 
Ho = 5P°6 = Zi)? Od), = -FDD (74) 
in which there is no curvature term R. We expect that a term with R will arise upon 
acting with H on a spinor field w. 
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4.2 C-space 


Let us now consider C-space and review the procedure of ref. [20]. . A basis in C-space 
is given by 
Ea = {15% Yu A Ws Ya AWA To} (75) 


where in an r-vector Yp A Yu, A- A Yu, we take the indices so that pı < pe < ... < Hr. 
An element of C-space is a Clifford number, called also Polyvector or Clifford aggregate 
which we now write in the form 


X = X*"Ey = sy + typ tal Yp Ae (76) 


A C-space is parametrized not only by 1-vector coordinates x“ but also by the 2-vector 
coordinates x”, 3-vector coordinates x«"”%, etc., called also holographic coordinates, since 
they describe the holographic projections of 1-loops, 2-loops, 3-loops, etc., onto the co- 
ordinate planes. By p-loop we mean a closed p-brane; in particular, a 1-loop is closed 
string. 

In order to avoid using the powers of the Planck scale length parameter L in the 
expansion of the polyvector X we use the dilatationally invariant units [15] in which L is 
set to 1. The dilation invariant physics was discussed from a different perspective also in 
refs. [23, 21]. 

In a flat C-space the basis vectors £4 are constants. In a curved C-space this is no 
longer true. Each F4 is a function of the C-space coordinates 


X^ = {s, x", r”, ...} (77) 


which include scalar, vector, bivector,..., r-vector,..., coordinates. 
Now we define the connection 9, in C-space according to 


ða En = [Sp Eo (78) 


where 04 = 0/0X4 is the derivative in C-space. This definition is analogous to the one 
in ordinary space. Let us therefore define the C-space curvature as 


Rape’ = (0a, 0p|Ec) * EP (79) 


which is a straightforward generalization of the relation (68). The ‘star’ means the scalar 
product between two polyvectors A and B, defined as 


AxB=(AB)s (80) 


where ’S’ means ’the scalar part’ of the geometric product AB. 

In the following we shall explore the above relation for curvature and see how it is 
related to the curvature of the ordinary space. Before doing that we shall demonstrate 
that the derivative with respect to the bivector coordinate x” is equal to the commutator 
of the derivatives with respect to the vector coordinates x". 
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Returning now to eq.(78), the differential of a C-space basis vector is given by 


dE, = dX?” = TS Ec dX” (81) 





In particular, for A = u and E4 = 7, we have 








Oya y OY 7 sa T g 
dye = gart + gatt +. = Ty, Bade” + Tag Hada’ + 
— (U9 Ya -+ ily, A Yo + aan” 
+(P fay ite + Peay te A Yo + --)da?? + ... (82) 


We see that the differential dy, is in general a polyvector, i.e., a Clifford aggregate. In 
eq.(82) we have used 





oy 7 
E = la + [le ay A Ve. +... (83) 
OVn, aid 
Oxo8 = Pagu Yo + Bee Aita (84) 


Let us now consider a restricted space in which the derivatives of y, with respect to 
x” and «°° do not contain higher rank multivectors. Then eqs. (83),(84) become 





Loa 85 
qv Vo (85) 
Vn me 

groa T Tiesu (86) 


Further we assume that 


(i) the components ie of the C-space connection P'¢, coincide with the connection Be 
of an ordinary space. 


ii) the components I? .. of the C-space connection coincide with the curvature tensor 
[a8] 
Ragu” of an adima space. 


Hence, eqs.(85),(86) read 





Oy 3 
o = 17a (87) 
Oy 
Aaa = Rapu’ Yp (88) 
and the differential (82) becomes 
dy, = (TApda® F Rapu da) (89) 


The same relation was obtained by Pezzaglia [14] by using a different method, namely 
by considering how polyvectors change with position. The above relation demonstrates 
that a geodesic in C-space is not a geodesic in ordinary spacetime. Namely, in ordinary 


121 
Quantization in Astrophysics ... 


spacetime we obtain Papapetrou’s equation. This was previously pointed out by Pezzaglia 
[14]. 

Although a C-space connection does not transform like a C-space tensor, some of its 
components, i.e., those of eq. (86), may have the transformation properties of a tensor in 
an ordinary space. 

Under a general coordinate transformation in C-space 


x4 mts xi = Daal, ag (90) 
the connection transforms according tot 


OX GO Os OO 
— OXE AXAOX'B JK" ay) 





1’? 
a OXI ƏX'40X'B 


In particular, the components which contain the bivector index A = [ap] transform as 


Pr = OX'? ox! OX" pe Ox’? 3? XI 92 
lou AXE Aaleb Axle TE OXI dobar. (22) 
Let us now consider a particular class of coordinate transformations in C-space such that 


Ox'? ox!” 
ait = 0, ae 0 (93) 


Then the second term in eq.(92) vanishes and the transformation becomes 


OX" Ox? Ox? ~ 

















Nie 
r lapl © re Ag!a8 Are PN (94) 

Now, for the bivector whose components are dz®f we have 
do Py Ag = dx? ye. A ¥g (95) 


Taking into account that in our particular case (93) ya transforms as a basis vector in an 
ordinary space 








ox” 
= 96 
Yo Axle 1H ( ) 
we find that (95) and (96) imply 
ox” ox” 
1a3 = pv 
do Fa Dal da (97) 


which means that 














Ox!” Lif On ðr” ðr” Oa" \- Os! ðr” (98) 
do'B 2 \ Aa! Orb xe ðL) axa Ax!8 
4This can be derived from the relation 
ðE’; A ox? He OX ee 
dE, = ðX'B dx’ where E’ = axalp and dx’ = axe dx 
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The transformation of the bivector coordinate x” is thus determined by the transforma- 
tion of the vector coordinates x”. This is so because the basis bivectors are the wedge 
products of basis vectors y,- 

From (94) and (98) we see that If), transforms like a 4th-rank tensor in an ordinary 





[poly 
space. 
Comparing eq.(88) with the relation (67) we find 
oy 
Fab = [Does Oa) Vp (99) 


The derivative of a basis vector with respect to the bivector coordinates 7°? is equal to 
the commutator of the derivatives with respect to the vector coordinates x°. 
The above relation (99) holds for the basis vectors 7,,. For an arbitrary polyvector 














A= A*E, = sy + a° Yq +a Yq Ag + -. (100) 
we will assume the validity of the following relation 
DA4 
Dg” = [D,, D,]A4 (101) 
where D/Dz” is the covariant derivative, defined in analogous way as in eqs. (58): 
DA^ SOAS «ty. c 
ae pe eee (102) 
¿From eq.(101) we obtain 
Ds 
Dzar = [Dir D,|s = K’ Ops (103) 
Da” a ap P a 
ne [Ds Dyula = Rupa + Kay’ Daa (104) 
Using (102) we have that 
Ds _ Os (105) 
Drw zw 
and 
Da“ Oa® á ~ oa“ 
e L Pa Pei E ap 
Drev = Ire | Tiura = axe + Fads a (106) 


where, according to (ii), nee has been identified with curvature. So we obtain, after 
inserting (105),(106) into (103),(104) that 


(a) the partial derivatives of the coefficients s and a®, which are Clifford scalars®, with 
respect to x” are related to torsion: 











Os 
jae Kou? O58 (107) 
ða” 
= p 
Oxy Ki Da (108) 
5In the geometric calculus based on Clifford algebra, the coefficients such as s, a%, a%?,..., are called 


scalars (although in tensor calculus they are called scalars, vectors and tensors, respectively), whilst the 
objects Ya; Ya A Ye; ++. are called vectors, bivectors, etc.. 
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(b) whilst the derivative of the basis vectors with respect to x”” are related to curvature: 


Ya 


Fore = Be! (109) 





In other words, the dependence of coefficients s and a% on x” indicates the presence 
of torsion. On the contrary, when basis vectors ya depend on x” this indicates that the 
corresponding vector space has non vanishing curvature. 


4.3 On the relation between the curvature of C-space and the 
curvature of an ordinary space 
Let us now consider the C-space curvature defined in eq.(79) The indices A,B, can be of 


vector, bivector, etc., type. It is instructive to consider a particular example. 
A= [un], B = jap], C=7, D= 





o o 
(lee ma ») = Riala (110) 
Using (88) we have 
QO o ð 3 
Ore’ Ark h= Oxy (Rap Yp) = Rags Rivo Yo (111) 
where we have taken j 
ggi Pag = 0 (112) 


which is true in the case of vanishing torsion (see also an explanation that follows after 
the next paragraph). Inserting (111) into (110) we find 


6 ô ô 
Riagh = Rir Rapo — Rap Rivo (113) 


which is the product of two usual curvature tensors. We can proceed in analogous way 
to calculate the other components of Ragc” such as Riapesiipale Riapréliporn eA), etc.. 
These contain higher powers of the curvature in an ordinary space. All this is true in 
our restricted C-space given by eqs.(85),(86) and the assumptions (i),(ii) bellow those 
equations. By releasing those restrictions we would have arrived at an even more involved 
situation which is beyond the scope of the present paper. 

After performing the contractions of (113) and the corresponding higher order relations 
we obtain the expansion of the form 


R = R+ aR? + aR R +... (114) 


So we have shown that the C-space curvature can be expressed as the sum of the products 
of the ordinary spacetime curvature. This bears a resemblance to the string effective 
action in curved spacetimes given by sums of powers of the curvature tensors based on 
the quantization of non-linear sigma models [118]. 
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If one sets aside the algebraic convergence problems when working with Clifford alge- 
bras in infinite dimensions, one can consider the possibility of studying Quantum Gravity 
in a very large number of dimensions which has been revisited recently [83] in connection 
to a perturbative renormalizable quantum theory of gravity in infinite dimensions. An- 
other interesting possibility is that an infinite series expansion of the powers of the scalar 
curvature could yield the recently proposed modified Lagrangians R + 1/R of gravity to 
accomodate the cosmological accelerated expansion of the Universe [131], after a judicious 
choice of the algebraic coefficients is taken. One may notice also that having a vanishing 
cosmological constant in C-space, R = A = 0 does not necessarily imply that one has a 
vanishing cosmological constant in ordinary spacetime. For example, in the very special 
case of homogeneous symmetric spacetimes, like spheres and hyperboloids, where all the 
curvature tensors are proportional to suitable combinations of the metric tensor times the 
scalar curvature, it is possible to envision that the net combination of the sum of all the 
powers of the curvature tensors may cancel-out giving an overall zero value R = 0. This 
possibility deserves investigation. 

Let us now show that for vanishing torsion the curvature is independent of the bivector 
coordinates x”, as it was taken in eq.(112). Consider the basic relation 


Yu VW = Juv (115) 


Differentiating with respect to x° we have 








ð Oy Oy 
A708 (Yu : Ww) = ace “Wt Vu 5,08 = Roby + Rapvu = 0 (116) 
This implies that 
Juv 
ae = [Oa Op] Gv = 0 (117) 


Hence the metric, in this particular case, is independent of the holographic (bivector) 
coordinates. Since the curvature tensor —when torsion is zero— can be written in terms 
of the metric tensor and its derivatives, we conclude that not only the metric, but also 
the curvature is independent of 7”. In general, when the metric has a dependence on the 
holographic coordinates one expects further corrections to eq.(113) that would include 
torsion. 


5 On the Quantization in C-spaces 


5.1 The momentum constraint in C-space 


A detailed discussion of the physical properties of all the components of the polymomen- 
tum P in four dimensions and the emergence of the physical mass in Minkowski spacetime 
has been provided in the book [15]. The polymomentum in D = 4, canonically conjugate 
to the position polyvector 


SSOP py Yu AY +E ole + oe (118) 
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can be written as: 
P = p yy + S Yu NW E TYY t MY. (119) 


where besides the vector components p” we have the scalar component u, the 2-vector 
components S“”, that are connected to the spin as shown by [14]; the pseudovector com- 
ponents 7” and the pseudoscalar component nm. 

The most salient feature of the polyparticle dynamics in C-spaces [15] is that one can 
start with a constrained action in C-space and arrive, nevertheless, at an unconstrained 
Stuckelberg action in Minkowski space (a subspace of C-space) in which p,p” is a constant 
of motion. The true constraint in C-space is: 


PaP4 = yw? + Pup” — 29” Sy, + Tym! — m? = MP. (120) 


where M is a fixed constant, the mass in C-space. The pseudoscalar component m is a 
variable, like u, pu, S”, and 7, which altogether are constrained according to eq.(120). 
It becomes the physical mass in Minkwoski spacetime in the special case when other 
extra components vanish, i.e., when u = 0, S#” = 0 and 7” = 0. This justifies using the 
notation m for mass. This is basically the distinction between the mass in Minkowski space 
which is a constant of motion p,p“ and the fixed mass M in C-space. The variable m is 
canonically conjugate to s which acquires the role of the Stuckelberg evolution parameter 
s that allowed ref.[29, 15] to propose a natural solution of the problem of time in quantum 
gravity. The polyparticle dynamics in C-space is a generalization of the relativistic Regge 
top construction which has recently been studied in de Sitter spaces by [135]. 

A derivation of a charge, mass, and spin relationship of a polyparticle can be obtained 
from the above polymomentum constraint in C-space if one relates the norm of the axial- 
momentum component 7 of the polymomentum P to the charge [80]. It agrees exactly 
with the recent charge-mass-spin relationship obtained by [44] based on the Kerr-Newman 
black hole metric solutions of the Einstein- Maxwell equations. The naked singularity Kerr- 
Newman solutions have been interpreted by [45] as Dirac particles. Further investigation is 
needed to understand better these relationships, in particular, the deep reasons behind the 
charge assignment to the norm of the axial-vector 7“ component of the polymomentum 
which suggests that mass has a gravitational, electromagnetic and rotational aspects to it. 
In a Kaluza-Klein reduction from D = 5 to D = 4 it is well known that the electric charge 
is related to the ps component of the momentum. Hence, charge bears a connection to 
an internal momentum. 


5.2 C-space Klein-Gordon and Dirac Wave Equations 


The ordinary Klein-Gordon equation can be easily obtained by implementing the on-shell 
constraint p? — m? = 0 as an operator constraint on the physical states after replacing p, 
for —i0/Ox" (we use units in which h = 1,c = 1): 


o? 2a) 
(soa tm’) o=0. (121) 


On, 
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The C-space generalization follows from the P? — M? = 0 condition by replacing 








a aa a 
Pa > -i= = —i E 122 
A? "OKA i( Seger ae ee) 
2 æ a? ; 
(sm ' OxtOx, | AxM/OLy, M i ma 


where we have set L = A = c = 1 for convenience purposes and the C-space scalar field 
(o, z”, 2"",....) is a polyvector-valued scalar function of all the C-space variables. This 
is the Klein-Gordon equation associated with a free scalar polyparticle in C-space. 

A wave equation for a generalized C-space harmonic oscillator requires to introduce the 
potential of the form V = KX? that admits straightforward solutions in terms of Gaussians 
and Hermite polynomials similar to the ordinary point-particle oscillator. There are now 
collective excitations of the Clifford-oscillator in terms of the number of Clifford-bits and 
which represent the quanta of areas, volumes, hypervolumes,..., associated with the p- 
loops oscillations in Planck scale units. The logarithm of the degeneracy of the first 
collective state of the C-space oscillator, as a function of the number of bits, bears the 
same functional form as the Bekenstein-Hawking black hole entropy, with the upshot 
that one recovers, in a natural way, the logarithmic corrections to the black-hole entropy 
as well, if one identifies the number of Clifford-bits with the number of area-quanta of 
the black hole horizon. For further details about this derivation and the emergence of 
the Schwarzschild horizon radius relation, the Hawking temperature, the maximal Planck 
temperature condition, etc., we refer to [21]. Perhaps the most important consequence 
of this latter view of black hole entropy is the possibility that there is a ground state of 
quantum spacetime, resulting from of a Bose-Einstein condensate of the C-space harmonic 
oscillator. 

A C-space version of the Dirac Equation, representing the dynamics of spinning- 
polyparticles (theories of extended-spin, extended charges) is obtained via the square-root 
procedure of the Klein-Gordon equation: 








—i (2 f i. eee bon) WM (124) 
where U(o, 2", 2”, ...) is a polyvector-valued function, a Clifford-number, Y = U4E, of 
all the C-space variables. For simplicity we consider here a flat C-space in which the 
metric GAB = Ei, x Eg = nap is diagonal, nag being the C-space analog of Minkowski 
tensor. In curved C-space the equation (124) should be properly generalized. This goes 
beyond the scope of the present paper. 

Ordinary spinors are nothing but elements of the left/right ideals of a Clifford algebra. 
So they are automatically contained in the polyvector valued wave function V. The 
ordinary Dirac equation can be obtained when W is independent of the extra variables 
associated with a polyvector-valued coordinates X (i.e., of r”, a”, ...). For details see 
[15]. 

Thus far we have written ordinary wave equations in C-space, that is, we considered 
the wave equations for a “point particle’ in C-space. From the perspective of the 4- 
dimensional Minkowski spacetime the latter “point particle” has, of course, a much richer 
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structure then a mere point: it is an extended object, modeled by coordinates x", x”,.... 
But such modeling does not embrace all the details of an extended object. In order to 
provide a description with more details, one can considere not the “point particles” in 
C-space, but branes in C-space. They are described by the embeddings X = X (X), that 
is X“ = X™(¥A4), considered in sec.3.2. Quantization of such branes can employ wave 
functional equation, or other methods, including the second quantization formalism. For 
a more detailed study detailed study of the second quantization of extended objects using 
the tools of Clifford algebra see [15]. 

Without emplying Clifford algebra a lot of illuminating work has been done in relation 
to description of branes in terms of p-loop coordinates [132]. A bosonic/fermionic p-brane 
wave-functional equation was presented in [12], generalizing the closed-string(loop) results 
in [13] and the the quantum bosonic p-brane propagator, in the quenched-reduced min- 
isuperspace approximation, was attained by [18]. In the latter work branes are described 
in terms of the collective coordinates which are just the highest grade components in the 
expansion of a poplyvector X given in eq(2). This work thus paved the way for the next 
logical step, that is, to consider other multivector components of X in a unified description 
of all branes. 

Notice that the approach based on eqs.(123),(124) is different from that by Hestenes 
[1] who proposed an equation which is known as the Dirac-Hestenes equation. Dirac’s 
equation using quaternions (related to Clifford algebras) was first derived by Lanczos [91]. 
Later on the Dirac-Lanczos equation was rediscovered by many people, in particular by 
Hestenes and Gursey [92] in what became known as the Dirac-Hestenes equation. The 
former Dirac-Lanczos equation is Lorentz covariant despite the fact that it singles out 
an arbitrary but unique direction in ordinary space: the spin quantization axis. Lanczos, 
without knowing, had anticipated the existence of isospin as well. The Dirac-Hestenes 
equation OVe2, = mWe, is covariant under a change of frame [133] , [93]. e, = Ue,U~" 
and Y = WU~! with U an element of the Spin,(1,3) yielding OW’e5, = mW’e, . As 
Lanczos had anticipated, in a new frame of reference, the spin quantization axis is also 
rotated appropriately , thus there is no breakdown of covariance by introducing bivectors 
in the Dirac-Hestenes equation. 

However, subtleties still remain. In the Dirac-Hestenes equation instead of the imagi- 
nary unit i there occurs the bivector y1y — 2. Its square is —1 and commutes with all the 
elements of the Dirac algebra which is just a desired property. But on the other hand, the 
introduction of a bivector into an equation implies a selection of a preferred orientation 
in spacetime; i.e. the choice of the spin quantization axis in the original Dirac-Lanczos 
quaternionic equation. How is such preferred orientation (spin quantization axis) deter- 
mined ? Is there some dynamical symmetry which determines the preferred orientation 
(spin quantization axis) ? is there an action which encodes a hidden dynamical principle 
that selects dynamically a preferred spacetime orientation ( spin quantization axis ) ? 

Many subtleties of the Dirac-Hesteness equation and its relation to the ordinary Dirac 
equation and the Seiberg-Witten equation are investigated from the rigorous mathematical 
point of view in refs. [93]. The approach in refs. [16, 15, 17, 8], reviewed here, is different. 
We start from the usual formulation of quantum theory and extend it to C-space. We 
retain the imaginary unit i. Next step is to give a geometric interpretation to i. Instead 
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of trying to find a geometric origin of 7 in spacetime we adopt the interpretation proposed 
in [15] according to which the 7 is the bivector of the 2-dimensional phase space (whose 
direct product with the n-dimensional configuration space gives the 2n-dimensional phase 
space). © This appears to be a natural assumption due to the fact that complex valued 
quantum mechanical wave functions involve momenta p, and coordinates x“ (e.g., a plane 
wave is given by exp|ip,7“], and arbitrary wave packet is a superposition of plane waves). 


6 Maximal-Acceleration Relativity in Phase-Spaces 


In this section we shall discuss the maximal acceleration Relativity principle [68] based on 
Finsler geometry which does not destroy, nor deform, Lorentz invariance. Our discussion 
differs from the pseudo-complex Lorentz group description by Schuller [61] related to 
the effects of maximal acceleration in Born-Infeld models that also maintains Lorentz 
invariance, in contrast to the approaches of Double Special Relativity (DSR). In addition 
one does not need to modify the energy-momentum addition (conservation) laws in the 
scattering of particles which break translational invariance. For a discussions on the 
open problems of Double Special Relativity theories based on kappa-deformed Poincare 
symmetries [63] and motivated by the anomalous Lorentz-violating dispersion relations in 
the ultra high energy cosmic rays [71, 72, 73], we refer to [70]. 

Related to the minimal Planck scale, an upper limit on the maximal acceleration prin- 
ciple in Nature was proposed by long ago Cainello [52]. This idea is a direct consequence 
of a suggestion made years earlier by Max Born on a Dual Relativity principle operating 
in phase spaces [49], [74] wherethere is an upper bound on the four-force (maximal string 
tension or tidal forces in the string case) acting on a particle as well as an upper bound 
in the particle velocity. One can combine the maximum speed of light with a minimum 
Planck scale into a maximal proper-accleration a = c?/L = within the framework of 
Finsler geometry [56]. For a recent status of the geometries behind maximal-acceleration 
see [73]; its relation to the Double Special Relativity programs was studied by [55] and the 
possibility that Moyal deformations of Poincare algebras could be related to the kappa- 
deformed Poincare algebras was raised in [68]. A thorough study of Finsler geometry and 
Clifford algebras has been undertaken by Vacaru [81] where Clifford/spinor structures 
were defined with respect to Nonlinear connections associated with certain nonholonomic 
modifications of Riemann—Cartan gravity. 

Other several new physical implications of the maximal acceleration principle in Na- 
ture, like neutrino oscillations and other phenomena, have been studied by [54], [67], [42]. 
Recently, the variations of the fine structure constant a [64], with the cosmological ac- 
celerated expansion of the Universe, was recast as a renormalization group-like equation 
governing the cosmological reshift (Universe scale) variations of a based on this maximal 
acceleration principle in Nature [68]. The fine structure constant was smaller in the past. 
Pushing the cuttof scale to the minimum Planck scale led to the intriguing result that 
the fine structure constant could have been extremely small (zero) in the early Universe 





°Yet another interpretation of the imaginary unit i present in the Heisenberg uncertainty relations 
has been undertaken by Finkelstein and collaborators [96]. 
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and that all matter in the Universe could have emerged via the Unruh-Rindler-Hawking 
effect (creation of radiation/matter) due to the acceleration w.r.t the vacuum frame of 
reference. For reviews on the alledged variations of the fundamental constants in Nature 
see [65] and for more astonishing variations of adriven by quintessence see [66]. 


6.1 Clifford algebras in Phase space 


We shall employ the procedure described in [15] to construct the Phase Space Clifford 
algebra that allowed [127] to reproduce the sub-maximally accelerated particle action of 
[53]. 

For simplicity we will focus on a two-dim phase space. Let ep, e, be the Clifford-algebra 
basis elements in a two-dim phase space obeying the following relations [15]: 


1 
ep-€q = z (ean + €p€q) = 0. (125) 
and €p.€p = €g-€g = 1. 
The Clifford product of ep,eq is by definition the sum of the scalar and the wedge 
product: 
epeq = Ep-€q + €p ^ ey =U eye, =i. (126) 


such that 7? = epeg€p€g = —1. Hence, the imaginary unit i, i? = —1 admits a very natural 
interpretation in terms of Clifford algebras, i.e., it is represented by the wedge product 
i = ep A €q, a phase-space area element. Such imaginary unit allows us to express vectors 
in a C-phase space in the form: 


Q = Q = qeq + peg 


Qeg =q + pepeg =q +ip=z 
eQ = q + pegep = q — ip = 2* (127) 





which reminds us of the creation/anihilation operators used in the harmonic oscillator. 
We shall now review the steps in [127] to reproduce the sub-maximally accelerated 
particle action [53]. The phase-space analog of the spacetime action is: 


dQ.dQ = (dq)? + (dp)? > S = m | (dq)? + (dp)?. (128) 


Introducing the appropriate length/mass scale parameters in order to have consistent 
units yields: 





5 = m f fiaa + Zany (129) 


where we have introduced the Planck scale L and have chosen the natural units A = c = 1. 
A detailed physical discussion of the dilational invariant system of units h = c = G = 
dre, = 1 was presented in ref. [15]. G is the Newton constant and €o is the permitivity 
of the vacuum. 
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Extending this two-dim result to a 2n-dim phase space result requires to have for 
Clifford basis the elements e,,,, €q,, where u = 1, 2,3,...n. The action in the 2n-dim phase 
space is: 








s=m| i (dgdgy) + (Ž)?(dp"dp,) =m f arj 1 + (Ž)?(dp"/dr)(dpu/dr). (180) 


where we have factored-out of the square-root the infinitesimal proper-time displacement 
(dr)? = dq'dq,.. 

One can reccognize the action (130), up to a numerical factor of m/a, where a is the 
proper acceleration, as the same action for a sub-maximally accelerated particle given by 
Nesterenko [53] by rewriting (dp“/dr) = m(d?x"/dr?): 





S=m T dry/1 + L(x" /dr?)(Px,/dr). (131) 


Postulating that the maximal proper-acceleration is given in terms of the speed of light 
and the minimal Planck scale by a = ¢?/L = 1/L, the action above gives the Nesterenko 
action, up to a numerical m/a factor: 





s= m | dry + a™? (d° x! /dr?) (dx /dT?). (132) 


The proper-acceleration is orthogonal to the proper-velocity and this can be easily 
verified by differentiating the timelike proper-velocity squared: 


dz” dx dV” dr” 
2 EK VE =] EY ane 
dr dr aed: E dt Yu dr? 


which implies that the proper-acceleration is spacelike: 


d'r! dr | g? 
PEE TE >0>3=m f dr 1-5 =m f dw. (134) 


where the analog of the Lorentz time-dilation factor for a sub-maximally accelerated 


particle is given by 
AAE) 


Therefore the dynamics of a sub-maximally accelerated particle can be reinterpreted 
as that of a particle moving in the spacetime tangent bundle whose Finsler-like metric is 


g°(T) 


V, =0. (133) 











(dw)? = u(x", dx"\dr"dx” = (dr)? (1 — ). (136) 

The invariant time now is no longer the standard proper-time 7 but is given by the 
quantity w(T). The deep connection between the physics of maximal acceleration and 
Finsler geometry has been analyzed by [56]. This sort of actions involving second deriva- 
tives have also been studied in the construction of actions associated with rigid particles 
(strings) [57], [58], [59], [60] among others. 
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The action is real-valued if, and only if, g? < a? in the same fashion that the action 
in Minkowski spacetime is real-valued if, and only if, v? < c?. This is the physical reason 
why there is an upper bound in the proper-acceleration. In the special case of uniformly- 
accelerated motion g(T) = go = constant, the trajectory of the particle in Minkowski 
spacetime is a hyperbola. 

Most recently, an Extended Relativity Theory in Born-Clifford-Phase spaces with an 
upper and lower length scales (infrared/ultraviolet cutoff ) has been constructed [138]. 
The invariance symmetry associated with an 8D Phase Space leads naturally to the real 
Clifford algebra Cl(2,6, R) and complexified Clifford Clo(4) algebra related to Twistors. 
The consequences of Mach’s principle of inertia within the context of Born’s Dual Phase 
Space Relativity Principle were also studied in [138] and they were compatible with the 
Eddington-Dirac large numbers coincidence and with the observed values of the anomalous 
Galileo-Pioneer acceleration. The modified Newtonian dynamics due to the upper/lower 
scales and modified Schwarzschild dynamics due the maximal acceleration were also pro- 
vided. 


6.2 Invariance under the U(1,3) Group 


In this section we will review in detail the principle of Maximal-acceleration Relativity 
[68] from the perspective of 8D Phase Spaces and the U(1,3) Group. The U(1,3) = 
SU(1,3) ® U(1) Group transformations, which leave invariant the phase-space intervals 
under rotations, velocity and acceleration boosts, were found by Low [74] and can be 
simplified drastically when the velocity/acceleration boosts are taken to lie in the z- 
direction, leaving the transverse directions x, Y, Px, py intact ; i.e., the U(1,1) = SU(1,1)@ 
U(1) subgroup transformations that leave invariant the phase-space interval are given by 
(in units of h = c= 1) 





2 2 
(do)? = (dT)? — (dx)? 4 a = ee) = 
(dE /dr)* — (dP/dr)* 
b2 
where we have factored out the proper time infinitesimal (dr)? = dT? — dX? in eq.(137) 
and the maximal proper-force is set to be b = mpAmax. Mp is the Planck mass 1/Lp so 
that b = (1/Lp)*, may also be interpreted as the maximal string tension when Lp is the 
Planck scale. 

The quantity g(7) is the proper four-acceleration of a particle of mass m in the z- 
direction which we take to be X. Notice that the invariant interval (do)? in eq.(137) is 
not strictly the same as the interval (dw)? of the Nesterenko action eq.(132), which was 
invariant under a pseudo-complexification of the Lorentz group [61]. Only when m = mp, 
the two intervals agree. The interval (do)? described by Low [74] is U(1,3)-invariant 
for the most general transformations in the 8D phase-space. These transformatiosn are 
rather elaborate, so we refer to the references [74] for details. The analog of the Lorentz 
relativistic factor in eq.(137) involves the ratios of two proper forces. One variable force 
is given by ma and the maximal proper force sustained by an elementary particle of 


] = (dr)?[1 — ae (137) 


(dr) [1 4 
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mass mp (a Planckton) is assumed to be Fmar = MPlanckC?/Lp. When m = mp, the 
ratio-squared of the forces appearing in the relativistic factor of eq.(137) becomes then 
9° / A2 az and the phase space interval (137) coincides with the geometric interval of (132). 

The transformations laws of the coordinates in that leave invariant the interval (137) 


are [74]: 

















T' =Tcoshé + = | oe a (138) 
HY = Beoshé + (—t:X +&)P) — (139) 
KS Neos t ET soe ) ais (140) 
P' = Pcoshé 4 OF EET) LE, (141) 


The €, is velocity-boost rapidity parameter and the €, is the force/acceleration-boost 
rapidity parameter of the primed-reference frame. They are defined respectively (in the 
special case when m = mp): 


ie E 142 
tanh A T oe (142) 


The effective boost parameter € of the U(1,1) subgroup transformations appearing 
in eqs.(138)—(141) is defined in terms of the velocity and acceleration boosts parameters 
Ev, Ea respectively as: 

2 2 
f= - + z (143) 
Our definition of the rapidity parameters are different than those in [74]. 

Straightforward algebra allows us to verify that these transformations leave the interval 
of eq.(137) in classical phase space invariant. They are are fully consistent with Born’s 
duality Relativity symmetry principle [49] (Q, P) — (P, —Q). By inspection we can see 
that under Born duality, the transformations in eqs.(138)-(141) are rotated into each 
other, up to numerical b factors in order to match units. When on sets € = 0 in (138)- 
(141) one recovers automatically the standard Lorentz transformations for the X,T and 
E, P variables separately, leaving invariant the intervals dT? — dX? = (dr)? and (dE? — 
dP?) /b? separately. 

When one sets €, = 0 we obtain the transformations rules of the events in Phase 
space, from one reference-frame into another uni formly-accelerated frame of reference, 


a = constant, whose acceleration-rapidity parameter is in this particular case: 
z ma 
¿E= ča tanh = ———_. (144) 


b MpAÅmas 


The transformations for pure acceleration-boosts in are: 


P 
T’ = Tcoshé + goh (145) 
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E! = Ecosh€ — bX sinh€. (146) 
E 
X' = Xcoshé — gn (147) 


P' = Pcosh€ + bTsinhé. (148) 


It is straightforwad to verify that the transformations (145)—(147) leave invariant the 
fully phase space interval (137) but does not leave invariant the proper time interval 
(dr)? = dT? — dX?. Only the combination: 

mg? 
do} = (dr)?(1 - => — 149 
(da)* = (ar? ~ Se) (149) 
is truly left invariant under pure acceleration-boosts (145)—(147). One can verify as well 
that these transformations satisfy Born’s duality symmetry principle: 


(T,X) > (E, P). (E, P) > (-T,-X). (150) 


and b > i. The latter Born duality transformation is nothing but a manifestation of 
the large/small tension duality principle reminiscent of the T-duality symmetry in string 
theory; i.e. namely, a small/large radius duality, a winding modes/ Kaluza-Klein modes 
duality symmetry in string compactifications and the Ultraviolet /Infrared entanglement 
in Noncommutative Field Theories. Hence, Born’s duality principle in exchanging coor- 
dinates for momenta could be the underlying physical reason behind T-duality in string 
theory. 

The composition of two succesive pure acceleration-boosts is another pure acceleration- 
boost with acceleration rapidity given by €” = € + €’. The addition of proper four-forces 
( accelerations ) follows the usual relativistic composition rule: 

, n" ma ma! 
= tanhg + tanh € _, ma" _ mpå mpd (151) 
1+ tanhétanhé' mpA 1+ mZAZ 

















tanh" = tanh(€ + £') 


and in this fashion the upper limiting proper acceleration is never surpassed like it happens 
with the ordinary Special Relativistic addition of velocities. 

The group properties of the full combination of velocity and acceleration boosts (138)— 
(141) requires much more algebra [68]. A careful study reveals that the composition rule 
of two succesive full transformations is given by €” = € + €’ and the transformation laws 
are preserved if, and only if, the £; €’; €”...... parameters obeyed the suitable relations: 


& 8 et 





E E = él p E+E" (152) 





6 Se ET 
Finally we arrive at the compostion law for the effective, velocity and acceleration 
boosts parameters ¿”; €”; €” respectively: 
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Es = Eo F éu: (154) 





Ea = ba + Ec- (155) 


E = EHE. (156) 
The relations (152, 153, 154, 155, 156) are required in order to prove the group composition 
law of the transformations of (138)-(141) and, consequently, in order to have a truly 
Maximal-Acceleration Phase Space Relativity theory resulting from a phase-space change 
of coordinates in the cotangent bundle of spacetime. 


6.3 Planck-Scale Areas are Invariant under Acceleration Boosts 


Having displayed explicity the Group transformations rules of the coordinates in Phase 
space we will show why infinite acceleration-boosts (which is not the same as infinite 
proper acceleration) preserve Planck-Scale Areas [68] as a result of the fact that b = 
(1/L3%) equals the maximal invariant force, or string tension, if the units of h = c = 1 
are used. 

At Planck-scale Lp intervals/increments in one reference frame we have by definition 
(in units of A = c = 1): AX = AT = Lp and AE = AP = ZT, Where b = rz is the 
maximal tension. From eqs.(138)—(141) we get for the transformation rules of the finite 
intervals AX, AT, AE, AP, from one reference frame into another frame, in the in finite 
acceleration-boost limit € — oo, 


AT’ = Lp(cosh€ + sinh€) — oo (157) 
1 

AE' = —(coshé — sinh) — 0 (158) 
Lp 


by a simple use of L’Hopital’s rule or by noticing that both cosh&; sinh& functions ap- 
proach infinity at the same rate. 


AX’ = Lp(cosh€ — sinh) — 0. (159) 
AP' = (cosh + sinh) — co (160) 
P 


where the discrete displacements of two events in Phase Space are defined: AX = X — 
X, = Lp, AE = Fp- Bı = 7, AT=Th-T, = Lp and AP = Pi- P = i. 
Due to the identity: 

(coshé + sinh€)(coshé — sinh€) = cosh?€ — sinh?€ = 1 (161) 
one can see from eqs. (157)—(160) that the Planck-scale Areas are truly invariant under 
infinite acceleration-boosts € = oo: 

Lp 


AX'AP’ =0 x œ = AXAP(cosh£ — sinh?£) = AXAP = a 1. (162) 
P 
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Lp 


AT'AE' = œ x 0 = ATAE(cosh7€ — sinh?£) = ATAE = ia 1. (163) 
P 
AX'AT' = 0 x œ = AXAT (cosh — sinh?£) = AXAT = (Lp). (164) 
AP’AE' = œ x 0 = APAE(cosh7€ — sinh?£) = APAE = = (165) 
P 


It is important to emphasize that the invariance property of the minimal Planck-scale 
Areas (maximal Tension) is not an exclusive property of infinite acceleration boosts 
E = o, but, as a result of the identity cosh? — sinh? = 1, for all values of £, the minimal 
Planck-scale Areas are always invariant under any acceleration-boosts transformations. 
Meaning physically, in units of h = c = 1, that the Maximal Tension (or maximal Force) 
b = iz is a true physical invariant universal quantity. Also we notice that the Phase- 
space areas, or cells, in units of A, are also invariant ! The pure-acceleration boosts 
transformations are ” symplectic ”. It can be shown also that areas greater ( smaller 
) than the Planck-area remain greater ( smaller ) than the invariant Planck-area under 
acceleration-boosts transformations. 

The infinite acceleration-boosts are closely related to the infinite red-shift effects when 
light signals barely escape Black hole Horizons reaching an asymptotic observer with an 
infinite redshift factor. The important fact is that the Planck-scale Areas are truly 
maintained invariant under acceleration-boosts. This could reveal very important infor- 
mation about Black-holes Entropy and Holography. The logarithimic corrections to the 
Black-Hole Area-Entropy relation were obtained directly from Clifford-algebraic meth- 
ods in C-spaces [21], in addition to the derivation of the maximal Planck temperature 
condition and the Schwarzchild radius in terms of the Thermodynamicsof a gas of p-loop- 
oscillatorsquanta represented by area-bits, volume-bits, ... hyper-volume-bits in Planck 
scale units. Minimal loop-areas, in Planck units, is also one of the most important conse- 
quences found in Loop Quantum Gravity long ago [111]. 


7 Some Further Important Physical Applications 
Related to the C-Space Physics 


7.1 Relativity of signature 


In previous sections we have seen how Clifford algebra can be used in the formulation of 
the point particle classical and quantum theory. The metric of spacetime was assumed, as 
usually, to have the Minkowski signature, and we have used the choice (+ — ——). There 
were arguments in the literature of why the spacetime signature is of the Minkowski type 
[113, 43]. But there are also studies in which signature changes are admitted [112]. It has 
been found out [16, 15, 30] that within Clifford algebra the signature of the underlying 
space is a matter of choice of basis vectors amongst available Clifford numbers. We are 
now going to review those important topics. 
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Suppose we have a 4-dimensional space Vy with signature (+ + + +). Let e,, w= 
0,1, 2,3, be basis vectors satisfying 


En €v = 4 (enev + even) = Sw ; (166) 


where ô, is the Euclidean signature of Vs. The vectors e, can be used as generators 
of Clifford algebra Cy over V, with a generic Clifford number (also called polyvector or 
Clifford aggregate) expanded in term of ez = (1, €p, Cv, Cua, Cpa), U<V <a < P, 


A =a ej =a + ate, +a epey + ae” eperen + a” eyeveals.- (167) 
Let us consider the set of four Clifford numbers (eo, e;é9), i = 1, 2,3, and denote them as 


€& = ‘Yo; 
eéo = Vi- (168) 


The Clifford numbers y,, u = 0,1, 2,3, satisfy 


5 (WwW + WY) = Nw , (169) 


where ny = diag(1,—1,—1,-—1) is the Minkowski tensor. We see that the y, behave 
as basis vectors in a 4-dimensional space V;,3 with signature (+ — ——). We can form a 
Clifford aggregate 

a=aly, (170) 


which has the properties of a vector in V; 3. From the point of view of the space V; the 
same object a is a linear combination of a vector and bivector: 


a = aheg + a’ ee. (171) 


We may use y, as generators of the Clifford algebra C1, defined over the pseudo-Euclidean 
space V3. The basis elements of C13 are yz = (1, Yu; Yu, Yuva, Yuvog), With u<v<a< 
B. A generic Clifford aggregate in C1, is given by 


B = byg = b + byy tO + Oa + OW I0¥6- (172) 


With suitable choice of the coefficients b? = (b, b”, bt”, bva bevab) we have that B of 
eq. (172) is equal to A of eq.(167). Thus the same number A can be described either with 
e,, which generate C4, or with y, which generate C13. The expansions (172) and (167) 
exhaust all possible numbers of the Clifford algebras C1, and C4. Those expansions are 
just two different representations of the same set of Clifford numbers (also being called 
polyvectors or Clifford aggregates). 

As an alternative to (168) we can choose 


eyes = o, 
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from which we have 
5 (Wy a Yuu) = Av (174) 

with a» = diag(—1, 1,1,1). Obviously 4, are basis vectors of a pseudo-Euclidean space 
Vis and they generate the Clifford algebra over Va which is yet another representation of 
the same set of objects (i.e., polyvectors). The spaces V4, Vi.3 and Vi3 are different slices 
through C-space, and they span different subsets of polyvectors. In a similar way we can 
obtain spaces with signatures (+ — ++), (+ + -+), (+ + +-), (-+-—-), (- - + -), 
(———-+) and corresponding higher dimensional analogs. But we cannot obtain signatures 
of the type (+ + ——), (+ —+-—), etc. In order to obtain such signatures we proceed as 
follows. 

4-space. First we observe that the bivector I = e3e4 satisfies I? = —1, commutes 
with e1, e2 and anticommutes with e3, e4. So we obtain that the set of Clifford numbers 
Yu = (erl, e21, €3, €3) satisfies 





Yu Ww = Nw , (175) 
where 7 = diag(—1, —1, 1,1). 
8-space. Let e4 be basis vectors of 8-dimensional vector space with signature (+ + 
t + + + + +). Let us decompose 





ea = (en, €n) ’ u = 0,1,2,3, 
u = 0,1,2,3. (176) 
The inner product of two basis vectors 
€A ` €B = ÎAB, (177) 


then splits into the following set of equations: 


Eneo =" Dis 
ei Cn = On ; 
euep = O. (178) 
The number J = epjeze5e3 has the properties 
P =i 
ORN 
The set of numbers 
Yu Z €n, 
Ja = enl (180) 
satisfies 
Ww w = Ouy ; 
Ve Yo = Ony ’ 
YY = 0. (181) 
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The numbers (Yp, Ya) thus form a set of basis vectors of a vector space V44 with signature 
(+4+++----). 

10-space. Let e4 = (€y,eg), u = 1, 2,3, 4,5; @ = 1,2,3,4,5 be basis vectors of a 10- 
dimensional Euclidean space Vio with signature (+ + +....). We introduce I = ezege3e765 
which satisfies 


P = 1, 
e,1 = Sey 3 
Then the Clifford numbers 
Te = ept , 
ya = epu (183) 
satisfy 
Ww w = — Op ; 
Yee Ye = One ’ 
Ve te = 0. (184) 
The set y4 = (Yu, Ya) therefore spans the vector space of signature (— — — — — +++++). 


The examples above demonstrate how vector spaces of various signatures are obtained 
within a given set of polyvectors. Namely, vector spaces of different signature are different 
subsets of polyvectors within the same Clifford algebra. In other words, vector spaces of 
different signature are different subspaces of C-space, i.e., different sections through C- 
space’. 

This has important physical implications. We have argued that physical quantities are 
polyvectors (Clifford numbers or Clifford aggregates). Physical space is then not simply 
a vector space (e.g., Minkowski space), but a space of polyvectors, called C-space, a 
pandimensional continuum of points, lines, planes, volumes, etc., altogether. Minkowski 
space is then just a subspace with pseudo-Euclidean signature. Other subspaces with 
other signatures also exist within the pandimensional continuum C and they all have 
physical significance. If we describe a particle as moving in Minkowski spacetime Vi, we 
consider only certain physical aspects of the object considered. We have omitted its other 
physical properties like spin, charge, magnetic moment, etc.. We can as well describe the 
same object as moving in an Euclidean space Vy. Again such a description would reflect 
only a part of the underlying physical situation described by Clifford algebra. 





"What we consider here should not be confused with the well known fact that Clifford algebras 
associated with vector spaces of different signatures (p,q), with p + q = n, are not all isomorphic. 
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7.2 Clifford space and the conformal group 
7.2.1 Line element in C-space of Minkowski spacetime 


In 4-dimensional spacetime a polyvector and its square (1) can be written as 


1 
dX = do + dz”y, + ae Ay + dz" Iy, + dol (185) 


1 
|JdX |? = do? + dr“dx, + zdr” de wy — d#"dz, — da? (186) 


The minus sign in the last two terms of the above quadratic form occurs because in 4- 
dimensional spacetime with signature (+———) we have I? = (yo717273) (70717273) = —1, 
and INI = (37/2710) (10717273) = —1. 

In eq.(186) the line element dx“dz,, of the ordinary special or general relativity is 
replaced by the line element in Clifford space. A “square root” of such a generalized line 
element is dX of eq.(185). The latter object is a polyvector, a differential of the coordinate 
polyvector field 


X=o+n'y,+ aan Ky ea log or (187) 

whose square is 
|X|? = 07 + va, + st pe — tõ, — 6° (188) 
The polyvector X contains not only the vector part x“y,,, but also a scalar part o, tensor 
part x” Yu \ yy, pseudovector part x" Iy, and pseudoscalar part oJ. Similarly for the 


differential LX. 
When calculating the quadratic forms |X|? and |dX|? one obtains in 4-dimensional 


spacetime with pseudo euclidean signature (+ — ——) the minus sign in front of the 
squares of the pseudovector and pseudoscalar terms. This is so, because in such a case 
the pseudoscalar unit square in flat spacetime is J? = J'J = —1. In 4-dimensions J? = I 


regardless of the signature. 

Instead of Lorentz transformations—pseudo rotations in spacetime—which preserve 
xx, and dz”dz,„ we have now more general rotations—rotations in C-space—which pre- 
serve |X|? and |dX|?. 


7.2.2 C-space and conformal transformations 


From (186) and (188) we see [25] that a subgroup of the Clifford Group, or rotations in 
C-space is the group SO(4,2). The transformations of the latter group rotate x", o, G, 
but leave 7“” and <" unchanged. Although according to our assumption physics takes 
place in full C-space, it is very instructive to consider a subspace of C-space, that we shall 
call conformal space whose isometry group is SO(4,2). 

Coordinates can be given arbitrary symbols. Let us now use the symbol 7 instead of 
x”, and 7°,n® instead of a, o. In other words, instead of (x”, &, o) we write (7",7°, n°) = n°, 
u = 0,1,2,3, a=0,1,2,3,5,6. The quadratic form reads 


i= Gann (189) 
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with 
jg dae( = by = 1, 11,4) (190) 
being the diagonal metric of the flat 6-dimensional space, a subspace of C-space, 
parametrized by coordinates n°. The transformations which preserve the quadratic form 
(189) belong to the group SO(4,2). It is well known [38, 39] that the latter group, when 
taken on the cone 
N Na = 0 (191) 
is isomorphic to the 15-parameter group of conformal transformations in 4-dimensional 
spacetime [|40]. 
Let us consider first the rotations of 7° and 7° which leave coordinates 7“ unchanged. 
The transformations that leave — (n)? + (nf)? invariant are 


n = cosha+ 7° sinha 
n° =7 sinha + 7° cosh a (192) 


where qa is a parameter of such pseudo rotations. 
Instead of the coordinates n°, 7° we can introduce [38, 39] new coordinates «, À 
according to 


K= 7? — 7° (193) 
A= +n? (194) 


In the new coordinates the quadratic form (189) reads 


NNa = 1 te — (n7)? = (n°)? = nnu — KA (195) 

The transformation (192) becomes 
K' = pK (196) 
X = pÀ (197) 


where p = e“. This is just a dilation of & and the inverse dilation of À. 
Let us now introduce new coordinates x according £” to® 


q = kq” (198) 
Under the transformation (198) we have 
n” =n" (199) 


but 
z = pr” (200) 


The latter transformation is dilatation of coordinates x". 





8These new coordinates z” should not be confused with coordinate x” used in Sec.2. 
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Considering now a line element 
dn“ dng = dndn, — dada (201) 
we find that on the cone n'na = 0 it is 
dnde = K? dx“dz,, (202) 
even if x is not constant. Under the transformation (196) we have 
ddn, = dn"*dig (203) 
dg”dr =p" dz"dr; (204) 


The last relation is a dilatation of the 4-dimensional line element related to coordinates gx”. 
In a similar way also other transformations of the group SO(4,2) that preserve (191) and 
(203) we can rewrite in terms of of the coordinates x”. So we obtain—besides dilations— 
translations, Lorentz transformations, and special conformal transformations; altogether 
they are called conformal transformations. This is a well known old observation [38, 39] 
and we shall not discuss it further. What we wanted to point out here is that conformal 
group SO(4,2) is a subgroup of the Clifford group. 


7.2.3 On the physical interpretation of the conformal group SO(4,2) 


In order to understand the physical meaning of the transformations (198) from the coordi- 
nates n” to the coordinates x” let us consider the following transformation in 6-dimensional 
space Ve: 


gh = Ki 
a=-K! 
A =A= Kna (205) 


This is a transformation from the coordinates n° = (n“,K,A) to the new coordinates 
x" = (x”,œ, A). No extra condition on coordinates, such as (191), is assumed now. If 
we calculate the line element in the coordinates 7* and x°, respectively, we find the the 


following relation [27] 
dn”dn” guv — dk dÀ = a *(dar"dz” gu, — dadA) (206) 


We can interpret a transformation of coordinates passively or actively. Geometric 
calculus clarifies significantly the meaning of passive and active transformations. Under 
a passive transformation a vector remains the same, but its components and basis vector 
change. For a vector dn = dn°ya we have 





di! = dy*y, = dn*ya = dn (207) 
with On! 
la N j b 
dy" = d 2 
as ol (208) 
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and 


On? 
Yo = aye ” (209) 
Since the vector is invariant, so it is its square: 
dn? = dry, dn” = dndn” gi, = An"? gab (210) 
¿From (209) we read that the well known relation between new and old coordinates: 
On? On? 


Gab = an an cd 


Under an active transformation a vector changes. This means that in a fixed basis the 
components of a vector change: 





dr! = dN Ya (212) 
with Bus 
la n b 
= d 213 
dn gp (213) 


The transformed vector dy’ is different from the original vector dy = dn°ya. For the 


square we find 
la 1b 


dr? = dndn” gas = On 1) dn°dn“ dap (214) 
One Ont 
i.e., the transformed line element dy’? is different from the original line element. 
Returning now to the coordinate transformation (205) with the identification n° = x°, 
we can interpret eq. (206) passively or actively. 
In the passive interpretation the metric tensor and the components dy* change under 
a transformation, so that in our particular case the relation (210) becomes 


dx dz’ gi, =a? (dr"dz’ gy — da dA) = dndn’ gay = dndn” gu, — dK dA (215) 








with 
Jw 0 0 Iw 0 0 
a al R a aE e a (216) 
OF eek. 0 0 —ł 0 


2 2 
In the above equation the same infinitesimal distance squared is expressed in two different 
coordinates 7% or x”. 

In active interpretation, only dn* change, whilst the metric remains the same, so that 
the transformed element is 


dx* dz? gap = dr“dax” Jw —dadA = K? dn dn? gap = K’? (dn”dn gu, — dk dA) (217) 


The transformed line lelement dx“da, is physically different from the original line element 
dn*dn, by a factor a? = K~? 

A rotation (192) in the plane (7°, 7°) (i.e., the transformation (196),(197) of (x, )) 
manifests in the new coordinates x° as a dilatation of the line element dr*dz, = K7? dna: 


dada! = p*dxr"dz, (218) 
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All this is true in the full space Vg. On the cone nna = 0 we have A = À — Kn“, = 0, 
dA = 0 so that dx*dx, = dx"dz,, and we reproduce the relations (204) which is a dilatation 
of the 4-dimensional line element. It can be interpreted either passively or actively. In 
general, the pseudo rotations in Vg, that is, the transformations of the 15-parameter group 
SO(4,2) when expressed in terms of coordinates x“, assume on the cone n'na = 0 the form 
of the ordinary conformal transformations. They all can be given the active interpretation 
[27, 28]. 

We started from the new paradigm that physical phenomena actually occur not in 
spacetime, but in a larger space, the so called Clifford space or C-space which is a manifold 
associated with the Clifford algebra generated by the basis vectors y, of spacetime. An 
arbitrary element of Cliffod algebra can be expanded in terms of the objects E4, A = 
1,2,...,2?, which include, when D = 4, the scalar unit 1, vectors y,,, bivectors yA Yn, 
pseudovectors Iy„ and the pseudoscalar unit J = y5. C-space contains 6-dimensional 
subspace Vg spanned? by 1, ¥,,, and 75. The metric of Vg has the signature (+ — ———+). 
It is well known that the rotations in Vg, when taken on the conformal cone 7°" = 0, are 
isomorphic to the non linear transformations of the conformal group in spacetime. Thus 
we have found out that C-space contains —as a subspace— the 6-dimensional space Ve 
in which the conformal group acts linearly. From the physical point of view this is an 
important and, as far as we know, a novel finding, although it might look mathematically 
trivial. So far it has not been clear what could be a physical interpretation of the 6 
dimensional conformal space. Now we see that it is just a subspace of Clifford space. The 
two extra dimensions, parametrized by « and À, are not the ordinary extra dimensions; 
they are coordinates of Clifford space C4 of the 4-dimensional Minkowski spacetime V4. 

We take C-space seriously as an arena in which physics takes place. The theory is 
a very natural, although not trivial, extension of the special relativity in spacetime. In 
special relativity the transformations that preserve the quadratic form are given an active 
interpretation: they relate the objects or the systems of reference in relative translational 
motion. Analogously also the transformations that preserve the quadratic form (186) or 
(188) in C-space should be given an active interpretation. We have found that among 
such transformations (rotations in C-space) there exist the transformations of the group 
SO(4,2). Those transformations also should be given an active interpretation as the 
transformations that relate different physical objects or reference frames. Since in the 
ordinary relativity we do not impose any constraint on the coordinates of a freely moving 
object so we should not impose any constraint in C-space, or in the subspace Vg. However, 
by using the projective coordinate transformation (205), without any constraint such as 
N Na = 0, we arrived at the relation (217) for the line elements. If in the coordinates n° 
the line element is constant, then in the coordinates x° the line element is changing by a 
scale factor x which, in general, depends on the evolution parameter 7. The line element 
need not be one associated between two events along a point particle’s worldline: it can 





°Tt is a well known observation that the generators La» of SO(4,2) can be realized in terms of 1, ¥,,, and 
y5. Lorentz generators are Muy = thy, +], dilatations are generated by D = Les = —35, translations 
by P, = Ls„+ Leu = $%u(1—75) and the special conformal transformations by Ls — Lep = Yp (1+i75). 
This essentially means that the generators are Lab = —tlea, ep] with ea = (Yu, Y5, 1), where care must be 
taken to replace commutators [1,5] and [1,y,] with 275 and 27, 
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be between two arbitrary (space-like or time-like) events within an extended object. We 
may consider the line element (= distance squared) between two infinitesimally separated 
events within an extended object such that both events have the same coordinate label 
A so that dA = 0. Then the 6-dimensional line element dz“dz” guy — da dA becomes 
the 4-dimensional line element dx“dz” g,,, and, because of (217) it changes with r when 
k does change. This means that the object changes its size, it is moving dilatationally 
[27, 28]. We have thus arrived at a very far reaching observation that the relativity in C- 
space implies scale changes of physical objects as a result of free motion, without presence 
of any forces or such fields as assumed in Weyl theory. This was advocated long time 
ago [27, 28], but without recurse to C-space. However, if we consider the full Clifford 
space C and not only the Minkowski spacetime section through C, then we arrive at a 
more general dilatational motion [17] related to the polyvector coordinates x”, x#”° and 
x°'?3 = & (also denoted s) as reviewed in section 3. 


7.3 C-space Maxwell Electrodynamics 


Finally, in this section we will review and complement the proposal of ref.[75] to general- 
ize Maxwell Electrodynamics to C-spaces, namely, construct the Clifford algebra-valued 
extension of the Abelian field strength F = dA associated with ordinary vectors A,. Us- 
ing Clifford algebraic methods we shall describe how to generalize Maxwell’s theory of 
Electrodynamics asociated with ordinary point-charges to a generalized Maxwell theory 
in Clifford spaces involving extended charges and p-forms of arbitrary rank, not unlike 
the couplings of p-branes to antisymmetric tensor fields. 

Based on the standard definition of the Abelian field strength F = dA we shall use 
the same definition in terms of polyvector-valued quantities and differential operators in 
C-space 


A = AyEN = $14 Ayy + Aw AY + ee (219) 


The first component in the expansion ¢ is a scalar field; A, is the standard Maxwell 
field A,,, the third component A,» is a rank two antisymmetric tensor field....and the last 
component of the expansion is a pseudo-scalar. The fact that a scalar and pseudo-scalar 
field appear very naturally in the expansion of the C-space polyvector valued field Ay 
suggests that one could attempt to identify the latter fields with a dilaton-like and axion- 
like field, respectively.Once again= , in order to match units in the expansion (219), 
it requires the introduction of suitable powers of a length scale parameter, the Planck 
scalewhich is conveniently set to unity. 

The differential operator is the generalized Dirac operator 


d= EM Oy = 105 + "On, FY" AV ny + ++) (220) 


the polyvector-valued indices M, N.... range from 1,2.....2? since a Clifford algebra in 
D-dim has 2” basis elements. The generalized Maxwell field strength in C-space is 


1 
F = dA = EY ðųy(E” Ay) = EM EN Ou An = V EN }ðmAn+ 
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1 1 1 

zE”, EN Ou An = 5 Fun tE™, EN} + FMn] [ee (221) 
where one has decomposed the Field strength components into a symmetric plus antisym- 
metric piece by simply writing the Clifford geometric product of two polyvectors E“ EN 
as the sum of an anticommutator plus a commutator piece respectively, 


1 
Fin) = 5 (Om An + On Am). (222) 


1 
Fiun = 5(OMAn — xAm). (223) 


Let the C-space Maxwell action (up to a numerical factor) be given in terms of the 
antisymmetric part of the field strength: 


1[A] = I [DX] Fim Fe, (224) 


where [DX] is a C-space measure comprised of all the (holographic) coordinates degrees 
of freedom 
[DX] = (do)(dxz?dz!...)(dx"dz®”...)....(dx”-P). (225) 


Action (224) is invariant under the gauge transformations 
Au = Am + OmA (226) 


The matter-field minimal coupling (interaction term) is: 
J AydX™ = i [DX]JyA™, (227) 


where one has reabsorbed the coupling constant, the C-space analog of the electric charge, 
within the expression for the A field itself. Notice that this term (227) has the same form 
as the coupling of p-branes (whose world volume is p + 1-dimensional) to antisymmetric 
tensor fields of rank p + 1. 

The open line integral in C-space of the matter-field interaction term in the action is 
taken from the polyparticle’s proper time interval S ranging from —oo to +00 and can be 
recast via the Stokes law solely in terms of the antisymmetric part of the field strength. 
This requires closing off the integration countour by a semi-circle that starts at S = +00, 
goes all the way to C-space infinity, and comes back to the point S = —oo. The field 
strength vanishes along the points of the semi-circle at infinity, and for this reason the 
net contribution to the contour integral is given by the open-line integral. Therefore, by 
rewriting the f AydX™ via the Stokes law relation, it yields 


J Audax" = f Fras = | Fie XM ax = 


T dS FinyX™ (dX /dS). (228) 
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where in order to go from the second term to the third term in the above equation we have 
integrated by parts and then used the Bianchi identity for the antisymmetric component 
Fimn): 

The integration by parts permits us to go from a C-space domain integral, represented 
by the Clifford-value hypersurface SMN, to = a C-space boundary-line integral 


J dSMN = A, (XMaX™ — XYdX™). (229) 


The pure matter terms in the action are given by the analog of the proper time integral 
spanned by the motion of a particle in spacetime: 


|d XM dXm 
dS = dS 2 
ef «| “do as (230) 


where « is a parameter whose dimensions are (mass)?t! and S is the polyparticle proper 
time in C-space. 
The Lorentz force relation in C-space is directly obtained from a variation of 


i dS Fi, X™ (dX /d8). (231) 


r fas z k f yaX™dXm. (232) 


with respect tothe X™ variables: 


and 


a Xv dX 
= efun. 233 
age en ag ee) 
where we have re-introduced the C-space charge e back into the Lorentz force equation in 
C-space. A variation of the terms in the action w.r.t the Am field furnishes the following 


equation of motion for the A fields: 





Oy lS IN; (234) 


By taking derivatives on both sides of the last equation with respect to the XV coordinate, 
one obtains due to the symmmetry condition of 0,;0y versus the antisymmetry of FMN] 
that 
OnOy F™™ = 0 = Oy J” =0. (235) 

which is precisely the continuity equation for the current. 

The continuity equation is essential to ensure that the matter-field coupling term of 
the action f AydX™ = {[[DX]|J™ Ay, is also gauge invariant, which can be readily verified 
after an integration by parts and setting the boundary terms to zero: 


5 ‘| [DX]J Ay = j [DX] J@ayA = — J [DX] (3u JA = 0. (236) 


Gauge invariance also ensures the conservation of the energy-momentum (via Noether’s 
theorem) defined in tems of the Lagrangian density variation. We refer to [75] for further 
details. 
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The gauge invariant C-space Maxwell action as given in eq. (224) is in fact only a 
part of a more general action given by the expression 


[A] = [[DX] Pte P= [ [DX] < PVP >scatar (237) 


This action can also be written in terms of components, up to dimension-dependent 
numerical coefficients, as [75] : 


I[A] = [Px (Fun F + Fiun Fe!) (238) 


For rigor, one should introduce the numerical coefficients in front of the F terms, notic- 
ing that the symmetric combination should have a different dimension-dependent co- 
efficient than the anti-symmetric combination since the former involves contractions of 
{EM EN\*{Ey, Ey} and the latter contractions of [E”, E’]*[Ew, En] . 

The latter action is strictly speaking not gauge invariant, since it contains not only the 
antisymmetric but also the symmetric part of F. It is invariant under a restricted gauge 
symmetry transformations. It is invariant ( up to total derivatives) under infinitesimal 
gauge transformations provided the symmetric part of F is divergence-free Oy FYM = 0 
[75] . This divergence-free condition has the same effects as if one were fixing a gauge 
leaving a residual symmetry of restricted gauge transformations such that the gauge 
symmetry parameter obeys the Laplace-like equation mA = 0. Such residual ( re- 
stricted ) symmetries are precisely those that leave invariant the divergence-free condition 
on the symmetric part of F. Residual, restricted symmetries occur, for example, in the 
light-cone gauge of p-brane actions leaving a residual symmetry of volwme-preserving 
diffs. They also occur in string theory when the conformal gauge is chosen leaving a 
residual symmetry under conformal reparametrizations; i.e. the so-called Virasoro alge- 
bras whose symmetry transformations are given by holomorphic and anti-holomorphic 
reparametrizations of the string world-sheet. 

This Laplace-like condition on the gauge parameter is also the one required such that 
the action in [75] is invariant under finite (restricted) gauge transformations since under 
such (restricted) finite transformations the Lagrangian changes by second-order terms of 
the form (OyOnA)?, which are total derivatives if, and only if, the gauge parameter is 
restricted to obey the analog of Laplace equation 040” A = 0 

Therefore the action of eq- ( 233 ) is invariant under a restricted gauge transformation 
which bears a resemblance to volume-preserving diffeomorphisms of the p-branes action in 
the light-cone gauge. A lesson that we have from these considerations is that the C-space 
Maxwell action written in the form (237) automatically contains a gauge fixing term. 
Analogous result for ordinary Maxwell field is known from Hestenes work [1], although 
formulated in a slightly different way, namely by direclty considering the field equations 
without emplying the action. 

It remains to be seen if this construction of C-space generalized Maxwell Electrody- 
namics of p-forms can be generalized to the Nonabelian case when we replace ordinary 
derivatives by gauge-covariant ones: 


F=dA>F=DA=(dA+ AeA). (239) 
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For example, one could define the graded-symmetric product Em è Ey based on the 
graded commutator of Superalgebras: 


[A, B] = AB — (—1)548 BA. (240) 


S4, Sp is the grade of A and B respectively. For bosons the grade is even and for fermions 
is odd. In this fashion the graded commutator captures both the anti-commutator of two 
fermions and the commutator of two bosons in one stroke. One may extend this graded 
bracket definition to the graded structure present in Clifford algebras, and define 


Em e Ew = Ey En os (1) Ey Ey. (241) 


Sm, Syn is the grade of Em and Ey respectively. Even or odd depending on the grade of 
the basis elements. 

One may generalize Maxwell’s theory to Born-Infeld nonlinear Electrodynamics in C- 
spacesbased on this extension of Maxwell Electrodynamics in C-spaces and to couple a 
C-space version of a Yang-Mills theory to C-space gravity, a higher derivative gravity with 
torsion, this will be left for a future publication. Clifford algebras have been used in the 
past [62] to study the Born-Infeld model in ordinary spacetime and to write a nonlinear 
version of the Dirac equation. The natural incorporation of monopoles in Maxwell’s theory 
was investigated by [89] and a recent critical analysis of ” unified ” theories of gravity 
with electromagnetism has been presented by [90]. Most recently [22] has studied the 
covariance of Maxwell’s theory from a Clifford algebraic point of view. 


8 Concluding Remarks 


We have presented a brief review of some of the most important features of the Extended 
Relativity theory in Clifford-spaces (C-spaces). The ” coordinates” X are noncommuting 
Clifford-valued quantities which incoporate the lines, areas, volumes,....degrees of freedom 
associated with the collective particle, string, membrane,... dynamics underlying the 
center-of-mass motion and holographic projections of the p-loops onto the embedding 
target spacetime backgrounds. C-space Relativity incoporates the idea of an invariant 
length, which upon quantization, should lead to the notion of minimal Planck scale [23]. 
Other relevant features are those of maximal acceleration [52], [49] ; the invariance of 
Planck-areas under acceleration boosts; the resolution of ordering ambiguities in QFT; 
supersymmetry ; holography [119]; the emergence of higher derivative gravity with torsion 
sand the inclusion of variable dimensions/signatures that allows to study the dynamics of 
all (closed) p-branes, for all values of p, in one single unified footing, by starting with the 
C-space brane action constructed in this work. 

The Conformal group construction presented in 7 , as a natural subgroup of the 
Clifford group in four-dimenions, needs to be generalized to other dimensions, in particular 
to two dimensions where the Conformal group is infinite-dimensional. Kinani [130] has 
shown that the Virasoro algebra can be obtained from generalized Clifford algebras. The 
construction of area-preserving diffs algebras, like wœ and su(oo), from Clifford algebras 
remains an open problem. Area-preserving diffs algebras are very important in the study 
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of membranes and gravity since Higher-dim Gravity in m + n-dim has been shown a 
while ago to be equivalent to a lower m-dim Yang-Mills-like gauge theory of diffs of an 
internal n-dim space [120] and that amounts to another explanation of the holographic 
principle behind the AdS/CFT duality conjecture [121]. We have shown how C-space 
Relativity involves scale changes in the sizes of physical objects, in the absence of forces 
and Weyl’gauge field of dilations. The introduction of scale-motion degrees of freedom 
has recently been implemented in the wavelet-based regularization procedure of QFT by 
[87]. The connection to Penrose’s Twistors program is another interesting project worthy 
of investigation. 

The quantization and construction of QFTs in C-spaces remains a very daunting 
task since it may involve the construction of QM in Noncommutative spacetimes [136], 
braided Hopf quantum Clifford algebras [86], hypercomplex extensions of QM like quater- 
nionic and octonionic QM [99], [97], [98], exceptional group extensions of the Standard 
Model [85],hyper-matrices and hyper-determinants [88], multi-symplectic mechanics, the 
de Donde-Weyl] formulations of QFT [82], to cite a few, for example. The quantization 
program in C-spaces should share similar results as those in Loop Quantum Gravity [111], 
in particular the minimal Planck areas of the expectation values of the area-operator. 

Spacetime at the Planck scale may be discrete, fractal, fuzzy, noncommutative... The 
original Scale Relativity theory in fractal spacetime [23] needs to be extended futher 
to incoporate the notion of fractal ”manifolds”. A scale-fractal calculus and a fractal- 
analysis construction that are esential in building the notion of a fractal ” manifold” has 
been initiated in the past years by [129]. It remains yet to be proven that a scale- 
fractal calculus in fractal spacetimes is another realization of a Connes Noncommutative 
Geometry. Fractal strings/branes and their spectrum have been studied by [104] that 
may require generalized Statistics beyond the Boltzmann-Gibbs, Bose-Einstein and Fermi- 
Dirac, investigated by [105], [103], among others. 

Non-Archimedean geometry has been recognized long ago as the natural one operat- 
ing at the minimal Planck scale and requires the use p-adic numbers instead of ordinary 
numbers [101]. By implementing the small/large scale, ultraviolet /infrared duality prin- 
ciple associated with QFTs in Noncommutative spaces, see [125] for a review, one would 
expect an upper maximum scale [23] and a maximum temperature [21] to be operating 
in Nature. Non-Archimedean Cosmologies based on an upper scale has been investigated 
by [94]. 

An upper/lower scale can be accomodated simultaneously and very naturally in the 
q-Gravity theory of [114], [69] based on bicovariant quantum group extensions of the 
Poincare, Conformal group, where the q deformation parameter could be equated to the 
quantity e^}, such that both A = 0 and L = ov, yield the same classical q = 1 limit. For 
a review of q-deformations of Clifford algebras and their generalizations see [86], [128]. 

It was advocated long ago by Wheeler and others, that information theory [106], set 
theory and number theory, may be the ultimate physical theory. The important role of 
Clifford algebras in information theory have been known for some time [95]. Wheeler’s 
spacetime foam at the Planck scale may be the background source generation of Noise in 
the Parisi-Wu stochastic qunatization [47] that is very relevant in Number theory [100]. 
The pre-geometry cellular-networks approach of [107] and the quantum-topos views based 
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on gravitational quantum causal sets, noncommutative topology and category theory 
[109], [110], [124] deserves a futher study within the C-space Relativity framework, since 
the latter theory also invokes a Category point of view to the notion of dimensions. 
C-space is a pandimensional continuum [14], [8]. Dimensions are topological invariants 
and, since the dimensions of the extended objects change in C-space, topology-change is 
another ingredient that needs to be addressed in C-space Relativity and which may shed 
some light into the physical foundations of string/M theory [118]. It has been speculated 
that the universal symmetries of string theory [108] may be linked to Borcherds Vertex 
operator algebras (the Monstruous moonshine) that underline the deep interplay between 
Conformal Field Theories and Number theory. A lot remains to be done to bridge together 
these numerous branches of physics and mathematics. Many surprises may lie ahead of 
us. For a most recent discussion on the path towards a Clifford-Geometric Unified Field 
theory of all forces see [138], [140]. The notion of a Generalized Supersymmetry in Clifford 
Superspaces as extensions of M, F theory algebras was recently advanced in [139] 
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Abstract 


We explore Yang’s Noncommutative space-time algebra (involving two 
length scales) within the context of QM defined in Noncommutative space- 
times and the holographic area-coordinates algebra in Clifford spaces. 
Casimir invariant wave equations corresponding to Noncommutative coor- 
dinates and momenta in d-dimensions can be recast in terms of ordinary 
QM wave equations in d + 2-dimensions. It is conjectured that QM over 
Noncommutative spacetimes (Noncommutative QM) may be described by 
ordinary QM in higher dimensions. Novel Moyal- Yang-Fedosov-Kontsevich 
star products deformations of the Noncommutative Poisson Brackets are 
employed to construct star product deformations of scalar field theo- 
ries. Finally, generalizations of the Dirac-Konstant and Klein-Gordon- 
like equations relevant to the physics of D-branes and Matrix Models are 
presented. 


1 Introduction 


Yang’s noncommutative space time algebra [?] is a generalization of the Snyder 
algebra [?] (where now both coordinates and momenta are not commuting) that 
has received more attention recently, see for example [?] and references therein. 
In particular, Noncommutative p-brane actions, for even p+ 1 = 2n-dimensional 
world-volumes, were written explicitly [?] in terms of the novel Moyal-Yang ( 
Fedosov-Kontsevich ) star product deformations [?], [?] of the Noncommutative 
Nambu Poisson Brackets (NCNPB) that are associated with the noncommuting 
world-volume coordinates q^, p^ for A = 1,2,3,...n. The latter noncommut- 
ing coordinates obey the noncommutative Yang algebra with an ultraviolet Lp 
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(Planck) scale and infrared (R ) scale cutoff. It was shown why the novel p- 
brane actions in the ”classical” limit hess = hLp/R — 0 still acquire nontrivial 
noncommutative corrections that differ from ordinary p-brane actions . Super 
p-branes actions in the light-cone gauge are also amenable to Moyal-Yang star 
product deformations as well due to the fact that p-branes moving in flat space- 
time backgrounds, in the light-cone gauge, can be recast as gauge theories of 
volume-preserving diffeomorphisms. The most general construction of noncom- 
mutative super p-branes actions based on non (anti) commuting superspaces 
and quantum group methods remains an open problem. 

The purpose of this work is to explore further the consequences of Yang’s 
Noncommutative spacetime algebra within the context of QM in Noncommuta- 
tive spacetimes and the holographic area-coordinates algebra in Clifford spaces 
[?]. In section 2 we study the interplay among Yang’s Noncommutative space- 
time algebra and the former area-coordinates algebra in Clifford spaces . In 
section 3 we show how Casimir invariant wave equations corresponding to 
Noncommutative coordinates and momenta in D-dimensions, can be recast in 
terms of ordinary QM wave equations in D + 2-dimensions. In particular, we 
shall present explicit solutions of the D’Alambertian operator in the bulk of AdS 
spaces and explain its correspondence with the Casimir invariant wave equations 
associated with the Yang’s Noncommutative spacetime algebra at the projec- 
tive boundary of the conformally compactified AdS spacetime. We conjecture 
that QM over Noncommutative spacetimes ( Noncommutative QM ) may be 
described by ordinary QM in higher dimensions. 

In section 4 we recur to the novel Moyal-Yang (Fedosov-Kontsevich) star 
products [?], [?] deformations of the Noncommutative Poisson Brackets to con- 
struct Moyal-Yang star product deformations of scalar field theories. The role 
of star products in the construction of p-branes actions from the large N limit 
of SU(N) Yang-Mills can be found in [?] and in the Self-Dual Gravity/ SU (o0) 
Self Dual Yang-Mills relation in [?], [?], [?].[?]. Finally, in the conclusion 5 , we 
present the generalizations of the Dirac-Konstant equations (and their ” square” 
Klein-Gordon type equations ) that are relevant to the incorporation of fermions 
and the physics of D-branes and Matrix Models . 


2 Noncommutative Yang’s Spacetime Algebra 
in terms of Area-Coordinates in Clifford Spaces 


The main result of this section is that there is a subalgebra of the C-space 
operator-valued coordinates [?] which is isomorphic to the Noncommutative 
Yang’s spacetime algebra [?], [?] . This, in conjunction to the discrete spec- 
trum of angular momentum, leads to the discrete area quantization in multiples 
of Planck areas. Namely, the 4D Yang’s Noncommutative space-time algebra 
[?] (written in terms of 8D phase-space coordinates) is isomorphic to the 15- 
dimensional subalgebra of the C-space operator-valued coordinates associated 
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with the holographic areas of C-space. This connection between Yang’s algebra 
and the 6D Clifford algebra is possible because the 8D phase-space coordinates 
x", p” ( associated to a 4D spacetime ) have a one-to-one correspondence to the 
X#5; H6 holographic area-coordinates of the C-space (corresponding to the 6D 
Clifford algebra). Furhermore, Tanaka [?] has shown that the Yang’s algebra 
[?] ( with 15 generators ) is related to the 4D conformal algebra (15 generators) 
which in turn is isomorphic to a subalgebra of the 4D Clifford algebra because 
it is known that the 15 generators of the 4D conformal algebra SO(4, 2) can be 
explicitly realized in terms of the 4D Clifford algebra as shown in [?] . 

The correspondence between the holographic area coordinates X4? — A? 
and the angular momentum variables when A, B = 1,2, 3,.....6 yields an isomor- 
phism between the holographic area coordinates algebra in Clifford spaces [?] 
and the noncommutative Yang’s spacetime algebra in D = 4. The scale A is the 
ultraviolet lower Planck scale. We begin by writing the exchange algebra be- 
tween the position and momentum coordinates encapsulated by the commutator 


54B 


A A > MR 
[XHE, X56] = iA? n X eo Cae APESS] = iA? n Ge. (2.1) 
from which we can deduce that : 
(pt, D] = in ge. (2.2) 
$ AR 
hence, after using the definition M = (A/R)£56, where R is the infrared upper 


scale, one has the exchange algebra commutator of p” and N of the Yang’s 
spacetime algebra given by 


ip" N] = in oa (2.3) 
From the commutator 
[2+5 856] = [XMS X65) = in AR" o [2H A2556] = naa Epe, 
(2.4) 
we can deduce that 
jê”, 556] = Egr, (2.5) 


and after using the definition M = (A/R)¥5® one has the exchange algebra 
commutator of z” and N of the Yang’s spacetime algebra 


; 554° 
[aN] = inp. (2.6) 


The other relevant holographic area-coordinates commutators in C-space are 
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XH XY] = iP APR oo [BM 3] = iP PPD. 2.7 
n 


that yield the noncommuting coordinates algebra after having used the repre- 
sentation of the C-space operator holographic area-coordinates 


R 1 2 
iX!” œ in’ Me” =i) D i56 eo er? (2.8) 


where we appropriately introduced the Planck scale A as one should to match 
units. From the correspondence 


h Al 


pt = a marae Xue, (2.9) 
one can obtain nonvanishing momentum commutator 
z > 3 h? 
[X18 XS] = inf XP X oœ [pt p] = — in a (2.10) 


The signatures for AdS; space are n55 = +1; °° = —1 and for the Euclideanized 
AdS; space are °° = +1 and n®° = +1. Yang’s space-time algebra corresponds 
to the latter case. Finally, the modified Heisenberg algebra can be read from 
the following C-space commutators : 


Dees eee = int” Ge Gaal 53 


[2", "| = intà = in” N. (2.11) 


Eqs-(2.1-2.11) are the defining relations of Yang’s Noncommutative 4D space- 
time algebra [?] involving the 8D phase-space variables. These commutators 
obey the Jacobi identities. There are other commutation relations like [M"”, x°], 
.... that we did not write down. These are just the well known rotations ( boosts 
) of the coordinates and momenta. 

When A — 0 and R — œ one recovers the ordinary commutative spacetime 
algebra. The Snyder algebra [?] is recovered by setting R — co while leaving À 
intact. To recover the ordinary Weyl-Heisenberg algebra is more subtle. Tanaka 
[?] has shown the the spectrum of the operator N = (A/R)»°° is discrete given 
by n(A/R) . This is not suprising since the angular momentum generator M56 
associated with the Fuclideanized AdSs space is a rotation in the now compact 
x° — zê directions. This is not the case in Ad.S; space since 7®® = —1 and this 
timelike direction is no longer compact. Rotations involving timelike directions 
are equivalent to noncompact boosts with a continuous spectrum. 

In order to recover the standard Weyl-Heisenberg algebra from Yang’s Non- 
commutative spacetime algebra, and the standard uncertainty relations AxAp > 
ħ with the ordinary h term , rather than the nh term, one needs to take the 
limit n — oo limit in such a way that the net combination of nà — 1. This can 
be attained when one takes the double scaling limit of the quantities as follows 


à>0. Row. AR> L?. 
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. À A nX 
limn—oo ng ="\p = 1. (2.12) 


From eq-(2.12) one learns then that : 





nX? = dAR= P. (2.13) 


The spectrum n corresponds to the quantization of the angular momentum 
operator in the zë — zê direction (after embedding the 5D hyperboloid of throat 
size R onto 6D ) . Tanaka [?] has shown why there is a discrete spectra for 
the spatial coordinates and spatial momenta in Yang’s spacetime algebra that 
yields a minimum length A ( ultraviolet cutoff in energy ) and a minimum 
momentum p = h/R ( maximal length R , infrared cutoff ) . The energy and 
temporal coordinates had a continous spectrum. 

The physical interpretation of the double-scaling limit of eq-( 2.12 ) is that 
the the area L? = AR becomes now quantized in units of the Planck area A? 
as L? = nà? . Thus the quantization of the area ( via the double scaling limit 
) L? = AR = n}? is a result of the discrete angular momentum spectrum in 
the zë — zê directions of the Yang’s Noncommutative spacetime algebra when 
it is realized by ( angular momentum ) differential operators acting on the 
Euclideanized AdSs space ( two branches of a 5D hyperboloid embedded in 
6D ). A general interplay between quantum of areas and quantum of angular 
momentum, for arbitrary values of spin, in terms of the square root of the 
Casimir A ~ \?,/j(j +1), has been obtained a while ago in Loop Quantum 
Gravity by using spin-networks techniques and highly technical area-operator 
regularization procedures [?] . 

The advantage of this work is that we have arrived at similar ( not identical 
) area-quantization conclusions in terms of minimal Planck areas and a discrete 
angular momentum spectrum n via the double scaling limit based on Clifford 
algebraic methods (C-space holographic area-coordinates). This is not surpris- 
ing since the norm-squared of the holographic Area operator has a correspon- 
dence with the quadratic Casimir ©4p¥4? of the conformal algebra SO(4, 2) 
( SO(5, 1) in the Euclideanized AdSs case ). This quadratic Casimir must not 
be confused with the SU(2) Casimir J? with eigenvalues j(j + 1) . Hence, the 
correspondence given by eqs-(2.3-2.8) gives A? = \4D4pu4". 

In [?] we have shown why AdS, gravity with a topological term; i.e. an 
Einstein-Hilbert action with a cosmological constant plus Gauss-Bonnet terms 
can be obtained from the vacuum state of a BF-Chern-Simons-Higgs theory 
without introducing by hand the zero torsion condition imposed in the McDowell- 
Mansouri-Chamsedine-West construction. One of the most salient features of 
[?] was that a geometric mean relationship was found among the cosmological 
constant A, , the Planck area à? and the AdS, throat size squared R? given by 
(A.)~+ = (A)?(R?). Upon setting the throat size to be of the order of the Hubble 
scale Ry and A = Lp (Planck scale), one recovers the observed value of the cos- 
mological constant Lp Ry = Lp (Lp/Ry)? ~ 10710 M$. A similar geometric 
mean relation is also obeyed by the condition AR = L? (= nA?) in the double 
scaling limit of Yang’s algebra which suggests to identify the cosmological con- 
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stant as A, = L74 . This geometric mean condition remains to be investigated 
further. In particular, we presented the preliminary steps how to construct a 
Noncommutative Gravity via the Vasiliev-Moyal star products deformations of 
the SO(4, 2) algebra used in the study of higher conformal massless spin theories 
in AdS spaces by taking the inverse-throat size 1/R as a deformation parameter 
of the SO(4,2) algebra. A Moyal deformation of ordinary Gravity via SU(co) 
gauge theories was advanced in [?] . 


3 Noncommutative QM in Yang’s Spacetime from 
ordinary QM in Higher Dimensions 


In order to write wave equations in non-commuting spacetimes we start with 
a Hamiltonian written in dimensionless variables involving the terms of the 
relativistic oscillator ( let us say oscillations of the center of mass ) and the rigid 
rotor/top terms ( rotations about the center of mass ) : 


H= (afm) a at (sev), (3.1) 





with the fundamental difference that the coordinates x” and momenta p” obey 
the non-commutative Yang’s space time algebra. For this reason one cannot 
naively replace p” any longer by the differential operator —ih0/Ox" nor write the 
x” generators as (1/h)(x"Oz, — x” Oz,,). The correct coordinate realization of 
Yang’s noncommutative spacetime algebra requires, for example, embedding the 
4-dim space into 6-dim and expressing the coordinates and momenta operators 
as follows : 


1 1 
G/F) © D" = iz (XHOx, — X*Ox,). ie BM = is (X"Ax, — X°Ox,). 





E e iZ (X#Ox, — X” ðx,) N= 55 o it (xax, — X*dx,). (3.2) 


this allows to express H in terms of the standard angular momentum op- 
erators in 6-dim. The X4 = X",X5,X® coordinates ( = 1,2,3,4) and 
PA = P”, P®, P® momentum variables obey the standard commutation rela- 
tions of ordinary QM in 6-dim 


[X4, XP] =0. [P4,P?]}=0. [X4, PP] =ihn**. (3.3) 


so that the momentum admits the standard realization as P4 = —ih0/OX 4 
Therefore, concluding, the Hamiltonian H in eq-( 3-1) associated with the 

non-commuting coordinates x” and momenta p” in d — 1-dimensions can be 

written in terms of the standard angular momentum operators in (d — 1) + 2 = 
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d+1-dim as H = C3 — N?, where C agrees precisely with the quadratic Casimir 
operator of the SO(d — 1,2) algebra in the spin s = 0 case, 


Cy = Saph4® = (X40 — Xp04)(X40? — X04). (3.4) 


One remarkable feature is that C2 also agrees with the D’Alambertian operator 
for the Anti de Sitter Space AdSq of unit radius ( throat size ) (D,.D") Aasa as 
it was shown by [?]. 

The proof requires to show that the D’Alambertian operator for the d+ 1- 
dim embedding space ( expressed in terms of the X“ coordinates ) is related to 
the D’Alambertian operator in AdSqg space of unit radius expressed in terms of 
the z!, z?,....., 2% bulk intrinsic coordinates as : 

2 dð 1 


(D D” )parı = JE AT t Z (D, D”)Aas = 


o o 
Co = P (D, D")rar + [ (4-1) + p= ] p> = (Dp D") Aasa (3.5) 
p` Op 








This result is just the hyperbolic-space generalization of the standard decom- 
position of the Laplace operator in spherical coordinates in terms of the ra- 
dial derivatives plus a term containing the square of the orbital angular mo- 
mentum operator L?/r?. In the case of nontrivial spin, the Casimir Cy = 
Daph4? + S4pS4° has additional terms stemming from the spin operator. 

The quantity ®(z1, z?,....., 2%) |boundary restricted to the d — 1-dim projec- 
tive boundary of the conformally compactified AdSq space ( of unit throat size, 
whose topology is S¢~? x S! ) is the sought-after solution to the Casimir in- 
variant wave equation associated with the non-commutative x” coordinates and 
momenta p of the Yang’s algebra ( u = 1,2,....,d— 1 ). Pertaining to the 
boundary of the conformally compactified AdSq space, there are two radii R1, R2 
associated with S¢~? and St, respectively, and which must not be confused with 
the two scales R, Lp appearing in eq-(3-1). One can choose the units such that 
the present value of the Hubble scale ( taking the Hubble scale as the infrared 
cutoff ) is R = 1. In these units the Planck scale Lp will be of the order of 
Lp ~ 107®. In essence, there has been a trade-off of two scales Lp, R with the 
two radii Ry, Ro. 

Once can parametrize the coordinates of AdSq = AdSp+2 by writing [?] 


Xo = R cosh(p)cos(r). Xp41 = R cosh(p)sin(r). Xi = R sinh(p)Q;. (3.6a) 
The metric of AdSg = AdS,+2 space in these coordinates is : 
ds? = R?|—(coshp)dr? + dp? + (sinh? p)d9?]. (3.60) 


where 0 < p and 0 < T < 27 are the global coordinates. The topology of 
this hyperboloid is St x R?+!. To study the causal structure of AdS it is 
convenient to unwrap the circle S! ( closed-timelike coordinate T ) to obtain 
the universal covering of the hyperboloid without closed-timelike curves and 
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take —co < +r < +00. Upon introducing the new coordinate 0 < 6 < 7/2 
related to p by tan(@) = sinh(p), the metric in (3-6b) becomes 


2 
ds? = yar + d0? + (sinh? p)dQ?]. (3.7) 
It is a conformally-rescaled version of the metric of the Einstein static universe. 
Namely, AdSq = AdSp+2 can be conformally mapped into one-half of the Ein- 
stein static universe, since the coordinate 0 takes values 0 < 0 < 7/2 rather 
than 0 < 6 < m. The boundary of the conformally compactified AdSp+2 space 
has the topology of S? x S! ( identical to the conformal compactification of the 
p+ 1-dim Minkowski space ). Therefore, the equator at 0 = 7/2 is a boundary 
of the space with the topology of SP. Q, is the solid angle coordinates corre- 
sponding to S? and 7 is the coordinate which parametrizes S1. For a detailed 
discussion of AdS spaces and the AdS/CFT duality see [?] . 
The D’Alambertian in AdSq space ( of radius R, later we shall set R = 1 ) 
is : 


1 
D,D” = a On ( Mg g” OL ) = 


1 1 


cos?0 
t 0 Pp eas 
(R tano)P Sea) Le R? tan?0 


R2 





[ = 92+ Je (3.8) 
where £? is the Laplacian operator in the p-dim sphere S? whose eigenvalues 
are (1+ p-—1). 

The scalar field can be decomposed as ® = e*”7 Y;(Q,,) G(@) and the wave 








equation 
(D D” — m?)® = 0. (3.9) 

leads to : 

l(l+p-—1) 
29 2 | 2 P FY _ my? RZ =U. .1 
| cos“0 (wi +06 + fonh ET aa ) FT, R“ | G(0) = 0. (3.10) 
whose solution is 

G(0) = (sin0)! (cos0)ò+ >F; (a,b, c; sind). (3.11) 


The hypergeometric function is defined 


(a) 4 (d) x zn. 





2Fı (a,b,c, 2) = X (o)gh! z| <1. (3.12) 
OuSr ee ae Oey nk. BST 2 
(3.13) 
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where 


1 1 1 
a=3(l+à+-wR). b= SU +Az +wR). cHl+ Z(pt1)>0. (3-14a) 














At = 5@+1)+ 5 VOF IE + Am (3.14b) 


The analytical continuation of the hypergeometric function for |z| > 1 is : 





Plebe) =p | oa ae Sty = (815) 


with Real(c) > 0 and Real(b) > 0. The boundary value when 0 = 7/2 gives 
r(e) (ec —a— b) 


lim, 1- F(a,b,c;z)= —- 3.16 
Mz (a c z) T(c—a)I'(c— b) ( ) 

Let us study the behaviour of the solution G(@) in the massless case 
m=0. à- -=0. Ap=ptl. (3.17) 


Solutions with Ay = p+ 1 yield a trivial value of G(0) = 0 at the boundary 0 = 
T/2 since cos(7/2)?+! = 0. Solutions with A_ = 0 lead to cos(0)ò- = cos(0)? = 
1 prior to taking the limit 0 = 7/2. The expression cos(1/2)*- = 0° = is ill 
defined. Upon using L’ Hopital rule it yields 0. Thus, the limit 6 = 7/2 must 
be taken afterwards the limit A_ = 0: 


limern/e | cos(9)*-] = limo+x/2 [cos(0)°] = limer/2 [1] = 1. (3.18) 


In this fashion the value of G(@) is well defined and nonzero at the boundary 
when A_ = 0 and leads to the value of the wavefunction at the boundary of the 
conformally compactified AdSy ( for d = p+ 2 with radius R ) 


PU + (p+ 1)/2)0((p + 1)/2) 
P(wR+ (l+p+1)/2)P(—wR+ (l+ p+ 0/2) 
3.194 





iw R 
boundary E aai Yi(Qp) 


upon setting the radius of AdSq space to unity it gives 


PU + (p+ 1/2) Cp + 1)/2) 
w+(l+p+1)/2)T(—w + (L+ p+ 1)/2) 





®poundary = evr Yi(Qp) T( : (3.190) 


Hence, boundary in eq-(3-19b) is the solution to the Casimir invariant wave 
equation in the massless m = 0 case : 





Goals) a 


ID Za + PP tne] @ = 0. (3.20) 


And: 
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[ (PH)? 4 (24) 4 (DY)? 1 = [C -N?] b=- (when R=1) 





Gin * Zp 
(3.21) 

since NV = &°° is the rotation generator along the St component of AdS space. It 
acts as 0/Or only on the e’”*7 piece of ®. Concluding : (21, z?,....., 2“) boundary; 


restricted to the d — 1-dim projective boundary of the conformally compactified 
AdSq space ( of unit radius and topology S47? x S1 ) given by eq-(3-19), is the 
sought-after solution to the wave equations (3-20, 3-21) associated with the non- 
commutative x” coordinates and momenta p” of the Yang’s algebra and where 
the indices u range over the dimensions of the boundary u = 1,2,...,d—1. 
This suggests that QM over Yang’s Noncommutative Spacetimes could be well 
defined in terms of ordinary QM in higher dimensions ! This idea deserves 
further investigations. For example, it was argued by [?] that the quantized 
Nonabelian gauge theory in d dimensions can be obtained as the infrared limit 
of the corresponding classical gauge theory in d + 1-dim. 


4 Star Products and Noncommutative QM 


The ordinary Moyal star-product of two functions in phase space f(x, p), g(x, p) 
is: 


(f *9)(2,p) = > > Jl Le (s,t)(O; ‘On f(x, p)) (3,3g “gle, p)) — (4-1) 


S t=0 


where C(s, t) is the binomial coefficient s!/t!(s — t)!. In the i — 0 limit the star 
product f x g reduces to the ordinary pointwise product fg of functions. The 
Moyal product of two functions of the 2n-dim phase space coordinates (qi, pi) 
with i = 1,2...n is: 


(f *g)(x,p) -557 a DE C(s, t) (857+, f(x, p) (3,3g glx, p)) (4-2) 


s = 


The noncommutative, associative Moyal bracket is defined: 


(slus = Ug- g* f). (4.3) 


The task now is to construct novel Moyal-Yang star products based on the 
noncommutative spacetime Yang’s algebra. A novel star product deformations 
of (super) p-brane actions based on the noncommutative spacetime Yang’s alge- 
bra where the deformation parameter is ħeff = hLp/R , for nonzero values of 
ħ, was obtained in [?] The modified (noncommutative) Poisson bracket is now 
given by 
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{F (a™,p™) , G (a ,p™) fa = (OgmF) {a 4"} (OgnG) + 

(OpmF) {p™,p"} (OG) + (Og F) {q",p"} (OG) + (OpmF) {p™, a" } ore 
4.4 

where the entries {q”,q”} 4 0, {p™,p”} #0, and {p™,q”} = —{q",p™} can 

be read from the commutators described in section 2 by simply defining the 

deformation parameter hess = A(Lp/R). One can generalize Yang’s original 

4-dim algebra to noncommutative 2n-dim world-volumes and/or spacetimes by 

working with the 2n + 2-dim angular-momentum algebra SO(d,2) = SO(p + 

1,2) = SO(2n, 2). 

The Noncommutative Poisson brackets ( NCPB ) are defined by 


L? 


1 
(q™, q”) = {1", q" }NCPB UMn. ¢ —0 herp [a q"] h (4.5a) 
Q(p™, p”) = {p" p" }NoPB = lima.;;-0 =P” p"] = — Fa (4.5b) 
Ue f f L 
(q »P ) = —Q(p >q ) = {q »P }NCPB = lima.s;—0 ih a! »P ] — 
(4.5c) 


where 5” above is the ” classical” hess = (ALp/R) > 0 limit ( R > œ, Lp > 
0, RLp = L?, h £0 ) of the quantity U™ = -(X™P" — X"P™), after em- 
bedding the d— 1 dimensional spacetime ( boundary of AdSq ) into an ordinary 
(d — 1) + 2-dimensional one. In the R > ov,...... limit, the AdSq space ( the 
hyperboloid ) degenerates into a flat Minkowski spacetime and the coordinates 
q™,p”, in that infrared limit, coincide with the coordinates X™, P”. Conclud- 
ing, in the ”classical” limit ( R — oo,....., flat limit ) one has 


1 n mMm 1 MaN nim 
mim = ATP- X P )> za p” — qg" p™). (4.5d) 


and then one recovers in that limit the ordinary definition of the angular mo- 
mentum in terms of commuting coordinates q’s and commuting momenta p’s. 

Denoting the coordinates (g™,p™) by Z™ and when the Poisson structure 
Q™” is given in terms of constant numerical coefficients, the Moyal star product 
is defined in terms of the deformation parameter her = hLp/R as 


(F*G )(z) = exp | (hess) V OGY A) ] Fla) Glz2)laaaaz- (4.6) 
where the derivatives 0\"? act only on the F(z) term and a act only on 
the G(z2) term. In our case the generalized Poisson structure Q™” is given in 
terms of variable coefficients, it is a function of the coordinates, then 00” Æ 0, 
since the Yang’s algebra is basically an angular momentum algebra, therefore 
the suitable Moyal-Yang star product given by Kontsevich [?] will contain the 
appropriate corrections OQ™” to the ordinary Moyal star product 
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Denoting by m = 0/0z™ = (0/0q™; /0/Op™) the Moyal-Yang-Kontsevich 
star product, let us say, of the Hamiltonian H (q, p) with the density distribution 
in phase space p(q,p) (not necessarily positive definite) , H (q, p) * p(q, p) is 


mime nin2 


th yp) 
Ho + thers qn (Om HO p) a a Qin. manz (a? H) (82 p) $ 


ihe ZAD 
Í st) [ Qn (On, 0?" ) (Om Ong Hôn P — Ome Hôm, nap) ] tOir) (4.7) 


where the explicit components of Q™” are given by eqs-(4-5a-4-5d). The Kont- 
sevich star product is associative up to second order [?] (f x g)* h = f *(g* 
h) + O( fe p>). 

The most general expression of the Kontsevich star product in Poisson man- 
ifolds is quite elaborate and shall not be given here. Star products in curved 
phase spaces have been constructed by Fedosov [?] . Despite these technical 
subtlelties it did not affect the final expressions for the ”classical” Noncommu- 
tative p-brane actions as shown in [?] when one takes the Reff — 0 ” classical” 
limit. In that limit there are still nontrivial noncommutative corrections to 
the ordinary p-brane actions. 

In the Weyl-Wigner-Gronewold-Moyal quantization scheme in phase spaces 
one writes 

H(z, p) * p(x, p) = p(x, p) * H(x,p) = Ep(z,p). (4.8) 
where the Wigner density function in phase space associated with the Hilbert 
space state |W > is 


1 h ; 
plop h) = 5 | du We- P) wns Z) eror (4.9) 
plus their higher dimensional generalizations. It remains to be studied if this 
Weyl-Wigner-Gronewold-Moyal quantization scheme is appropriate to study 
QM over Noncommutative Yang’s spacetimes when we use the above Moyal- 
Yang-Kontsevich star products. A recent study of the Yang’s Noncommutative 
algebra and discrete Hilbert (Buniy-Hsu-Zee) spaces was undertaken by Tanaka 


[?]. 


Let us write down the Moyal-Yang-Konstevich star deformations of the Field 
theory Lagrangian corresponding to the scalar field 6 = ®(X4®) which de- 
pends on the holographic-area coordinates X4 [?]. The reason one should not 
try to construct the star product of #(x™) * P(x”) based on the Moyal-Yang- 
Kontsevich product, is because the latter star product given by eq-(4-7) will 
introduce explicit momentum terms in the r.h.s of P(x”) x P(x), stemming 
from the expression X™” = 2p” — x”p™ of eq-(4-5d), and thus it invalidates 
writing ¢ = (2) in the first place. If the ©” were numerical constants, like 
©™” | then one could write the ®(2”) x ®(x™) in a straightforward fashion as 
it is done in the literature. 

The reason behind choosing 6 = &(X“¥) is more clear after one invokes the 
area-coordinates and angular momentum correspondence discussed in detail in 
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section 2 . It allows to properly define the star products. A typical Lagrangian 
is of the form 


2 
mgp 


L= -— ọ x 8an O(X47) + (XA) x @(X4P) + 


T 9(x48) x P(X4B) x... xn B(XAF), (4.10) 


and leads to the equations of motion 


—( 8/ð X4? ) (8/Ə X^ OO) +m? OO) + 
g” B(X4AB) x B(X4F) x... xn-1 P(X4P) = 0. (4.11) 
when the multi-symplectic Q4°2°? form is coordinate-independent, the star 
product is 


(d xB) (ZB) = exp | (iA 048°? Ayas Oyaz ) |] O(X4) d(Y 4P)|x-y-z 


= exp | ( X^POP Əyar Oyas ) | 0(X4") (Y47)|x_y-7 (4.12) 


where 48° is derived from the structure constants of the holographic area- 


coordinate algebra in C-spaces [?] 


[XAB XOD] = yABCD = 572, (AD X BC _ pACXBD 4 BC yAD_pBDX AC). 

(4.13) 
there are nontrivial derivative terms acting on ©4?°? in the definition of the 
star product ( ®*«® ) (ZMN) as we have seen in the definition of the Kontsevich 
star product H (x, p) * p(x,p) in eq-(4-7) . The expansion parameter in the star 
product is the Planck scale squared à = L7,. The star product has the same 
functional form as (4-7) with the only difference that now we are taking deriva- 
tives w.r.t the area-coordinates X“? instead of derivatives w.r.t the variables 
x,p, hence to order O(L4), the star product is 


x B= p+ DAPCP (A,pOdcp%)+ 


1 
3 Sy Hee y42BC2D> (33B, A,B) (3, D CDP) + 
1 
3l A, Oop, Eee A,B, Az B® 3c, Da P -Bı > Bə ) |. (4.14) 


Notice that the powers of iL} are encoded in the definition of S4?°”. The star 
product is noncommutative but is also nonassociative at the order O(L$) and 
beyond. The Jacobi identities would be anomalous at that order and beyond. 
The derivatives acting on U4?°? are 


(Bo, p, BA 922P2) = iL (qP =n op) + 
tip Oe Sa Oey he (4.15) 
where éB = 6668 —5468 and the higher derivatives like 04, 3, c, p, X47202 
will be zero. 
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5 On the Generalized Dirac-Konstant Equation 
in Clifford Spaces 


To conclude this work we will discuss the wave equations relevant to fermions. 
The ”square” of the Dirac-Konstant equation 


(#1) ¥ = AW. (5.1) 
yields 
(yer lye] yy Spr) =- Xy => 
MT (PT TA...) + (gen 1 -nTn L)] Spy Bpr Y= AT. 
(5.2) 


where we omitted numerical factors. The generalized Dirac equation in Clifford 
spaces is given by [?] 





O o O o 
u [ux] [ui H2- Ha] = 
ilgt uk Hy Aner PENA +y anias a ) Y = AY. (5.3) 
where g, 2", £.” ,..... are the generalized coordinates associated with the Clifford 
polyvector in C-space 
X= ol yay Ir Rpa bse N A (5.4) 


after the length scale expansion parameter is set to unity. The generalized 
Dirac-Konstant equations in Clifford-spaces are obtained after introducing the 
generalized angular momentum operators [?] 


Dİ [eave Hn] [viv2...vn]] — 


X1 itea peaa oA O Ra E 
Xbeava--va] U(O/OX tus po sacs lir )) (5.5) 


>D ql [ui H2. Hn] [eave ae Vn] | Savio sey aes So (5.6) 


n 


and where we sum over all polyvector-valued indices (antisymmetric tensors 
of arbitrary rank) . Upon squaring eq-(5-5), one obtains the Clifford space 
extensions of the D0-brane field equations found in [?] which are of the form 


[X48 (8/8Xcp)—X©?(8/OX az) | | Xap(0/OX°?)—Xep(d/dX4)] YV =0. 
(5.6) 
where A, B = 1,2,...,6. It is warranted to study all these equations in future 
work and their relation to the physics of D-branes and Matrix Models [?]. Yang’s 
Noncommutative algebra should be extended to superspaces, meaning non-anti- 
commuting Grassmanian coordinates and noncommuting bosonic coordinates. 
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Abstract 


It is shown how the exact Nonperturbative Renormalization Group flow of the running 
Newtonian coupling G(r) in Quantum Einstein Gravity is consistent with the existence 
of an ultra-violet cutoff R(r = 0) = 2G Mo in the most general Schwarzschild solutions. 
After setting gu = 1—2GyM,/R(r) = 1—2G(r)M(r)/r, and due to the condition G(r = 
0) = 0 and M(r = 0) ~ 1/2Gn Mo, we prove why there is no horizon, since galr = 0) = 0, 
and there is a delta function scalar curvature singularity at r = 0. Similar results follow in 
generalized Anti de Sitter-Schwarzschild metrics with a running cosmological parameter 
A(r) and Newtonian coupling G(r). The ultra-violet cutoff in this latter case is no longer 
given by 2Gy Mo, but instead is given by a real-valued positive root R, of a cubic equation 
associated with the condition gz(R(r = 0)) = gu(R.) = 0. A running Newtonian coupling 
G(r) can also be accommodated naturally in a Jordan-Brans-Dicke scalar-tensor theory 
of Gravity via a trivial conformal transformation of the Schwarzschild metric. However, 
the running Newtonian coupling G(r) = (167?)~' corresponding to the scalar field 
® does not satisfy the asymptotic freedom condition G(r = 0) = 0 associated with 
the ultra-violet non-Gaussian fixed point of Nonperturbative Quantum Einstein Gravity. 
Nevertheless, our results exhibit an interesting ultra-violet/infrared duality behaviour of 
G(r) that warrants further investigation. Some final remarks are added pertaining naked 
singularities in higher derivative gravity, Finsler geometry, metrics in phase spaces and the 
connection between an ultra-violet cutoff in Noncommutative spacetimes and the general 
Schwarzschild solutions. 
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1 Renormalization Group Flow and Schwarzschild 
solution 


1.1 Introduction 


We begin by writing down the class of static spherically symmetric (SSS) solutions of 
Einstein’s equations [1] studied by [5], [8], [7], [6] among others, and most recently [12] 
given by a infinite family of solutions parametrized by a family of admissible radial 
functions R(r) 


(ds)? = goo (dt)? — grr (AR)? — R? (dQ)? = 


goo (dt)? — grr (cy (dr)? — R? (dQ)? = goo (dt)? — grr (dr)? — (R(r))? (d9)? (1-14) 


where the solid angle infinitesimal element is 





(dQ)? = sin? (o) (d0)? + (d¢)?. (1.1b) 
and 
= (1 — 2 Gn Mo, ie 1 
maS o a TO R 
E 2 Gyn Mo dR(r) 





Grr = grr (dR/dr} = (1 RC) p Tr Fe (1.1c) 
Notice that the static spherically symmetric (SSS) vacuum solutions of Einstein’s 
equations, with and without a cosmological constant, do not determine the form of the 
radial function R(r) [12], [10]. There are two classes of solutions; ( i ) those solutions 
whose radial functions obey the condition R(r = 0) = 0, like the Hilbert textbook black 
hole solution R(r) = r with a horizon at r = 2Gy Mo; and ( ii ) those horizonless solutions 
with an ultraviolet cutoff R(r = 0) = 2G) Mo. In particular, for radial functions like 

R(r) =r+2GyMy; R(r) = [r? + (2GyM)3]"; Rr) = ee (1.2) 
found by Brillouin [3] , Schwarzschild [2] and Fiziev-Manev [7] respectively obeying the 
conditions that R(r = 0) = 2GyM, and when r >> 2GyM, => R(r) >r. 

It is very important to emphasize that despite the fact that one can always relabel 
the variable r for R in such a way that the metric in eq-(1.1) has exactly the 
same functional form as the standard Hilbert textbook solution [4] (black-holes so- 
lutions with a horizon at r = 2GyM,) this does not mean that the Hilbert textbook 
metric is diffeomorphic to the metric in eq-(1.1). The reason is that the values of r 
range from 0 to oo while the values of R range from 2GyjM, to co. The physical ex- 
planation why there is an ultra-violet cutoff at R = 2G) Mo was provided long ago by 
Abrams [5], and rather than imposing this ultraviolet ( UV ) cutoff R = 2G M, by fiat 
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(by decree, by hand) there is a deep physical reason for doing so; namely it has been 
argued that the Hilbert textbook solution R(r) = r does not properly represent the static 
gravitational field of a point mass centered at the origin r = 0 [5], [7], [8], [6] because the 
Hilbert textbook solution is not static in the region 0 < r < 2Gy Mo after performing the 
Fronsdal-Kruskal-Szekeres analytical continuation in terms of the new u,v coordinates. 

In section 3 we will explain the physical meaning of this UV cutoff R(r = 0) = 2Gn Mo 
resulting from the noncommutativity of the spacetime coordinates. Since the point r = 0 
is fuzzy and delocalized, it has an area. Another interpretation as to why the proper 
area of the point mass at r = 0 is not zero ( while the volume is zero ) may be due to 
the stringy nature of a ” point” and can be understood if one formulates the problem in 
phase space, in particular within the framework of the Finsler geometry associated with 
the co-tangent bundle of spacetime. Thus a nonzero area of the point mass at r = 0 
stems from the additional momentum degrees of freedom in phase space after imposing 
the mass-shell condition p,p“ = M°. 

There are many physical differences among the Hilbert textbook solution that has 
a horizon at r = 2GyM, and the original 1916 Schwarzchild’s horizonless solution [2]. 
The Schwarzschild 1916 solution is not a naive radial reparametrization of the Hilbert 
solution because the radial function chosen by Schwarzschild R? = |r|? + (2G Mo)? can 
never zero. The absolute value |r| properly accounts for the field of a point mass source 
located at r = 0. Thus, the lower bound of R is given by 2GyM,, and R cannot be zero 
for a nonvanishing point mass source. 

The Fronsdal-Kruskal-Szekeres analytical continuation of the Hilbert textbook solution 
for r < 2GyM, yields a spacelike singularity at r = 0 and the roles of t and r are 
interchanged when one crosses r = 2GyM,; so the interior region r < 2Gy)M, is no 
longer static. The Schwarzchild solution is static for all values of r and in particular for 
r < 2GyM, ; there is no horizon at r = 2G'y M, and there is a timelike naked singularity 
at r = 0, the true location of the point mass source. Notice that when r >> 2GyM, the 
Schwarzchild solution reduces to the Hilbert solution and one has the correct Newtonian 
limit. 

Colombeau [11] developed the rigorous mathematical treatment of tensor-valued dis- 
tributions in General Relativity, new generalized functions (nonlinear distributional ge- 
ometry) and multiplication of distributions in nonlinear theories like General Relativity 
since the the standard Schwarz theory of linear distributions is invalid in nonlinear the- 
ories. This treatment is essential in order to understand the physical singularity at the 
point-mass location r = 0. In [10] we studied the many subtleties behind the introduction 
of a true point-mass source at r = 0 ( that couples to the vacuum field ) and the physical 
consequences of the delta function singularity (of the scalar curvature) at the location of 
the point mass source r = 0. Those solutions were obtained from the vacuum SSS solu- 
tions simply by replacing r for |r|. For instance, the Laplacian in spherical coordinates 
in flat space of 1/|r| is equal to —(1/r?)d(r), but the Laplacian of 1/r is zero. Thus, 
to account for the presence of a true mass-point source at r = 0 one must use solutions 
depending on the modulus |r| instead of r. 

One can have an infinite number of metrics parametrized by a family of arbitrary 
radial functions R(r) with the desired behaviour at r = 0 and r = oo, whose values for 
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the scalar curvature (parametrized by a family of arbitrary radial functions R(r)) are 

given by [10] 

2 2 Gyn Mo ô(r) 
R? (dR/dr) 


Since the scalar curvature R (1.3a) is a coordinate invariant quantity, this result in 
eq-(1.3a) that depends explicitly on the family of radial functions R(r) corroborates once 
more that one cannot view the role of the radial function R(r) as a naive change of radial 
coordinates from r to R. Hence, one must view the radial function squared R?(r) as just 
one of the metric tensor-field components ggg(r) = R?(r); ie. R(r)? is a function of 
the radial coordinate r that has a lower cutoff given by ggg(r = 0) = (2GnM,)?. One 
must not confuse R with r and even after relabeling r for R, the metric in eq-(1.1) is 
not diffeomorphic to the Hilbert textbook solution due to the cutoff R = 2G) Mo. If one 
chooses the radial functions to obey the condition R(r = 0) = 0 and R(r > œ) ~ r 
then only in this case these metrics are diffeomorphic to the Hilbert textbook black hole 
solution. 

The relevant invariant physical quantity independent of the any arbitrary choice of 
R(r) is the Einstein-Hilbert action, whether it obeys the condition R(r = 0) = 0 or 
R(r = 0) = 2GyM,. In particular, the Euclideanized action after a compactification of 
the temporal interval yields an invariant quantity which is precisely equal to the ” black 
hole” entropy in Planck area units. The invariant area is the proper area at r = 0 
given by 47 R(r = 0)? = 4r(2Gn Mo)? . We shall see that the source of entropy is due 
entirely to the scalar curvature delta function singularity at the location of the point 
mass source given by R = —[2GyM,/R?(dR/dr)|o(r) [10] after using the 4-dim measure 
4r R? (\grr|/?dR) (|gu|'/2dt) = 4r R? dR dt in the Euclidean Einstein-Hilbert action. 

Therefore, the Einstein-Hilbert action associated with the scalar curvature delta func- 
tion in eq-(1.3a) when the four-dim measure is 


R= ; in units of c= 1. (1.3a) 








dr = 4r R dR dt. (1.3b) 
is 
1 2M d(r) 
Se ee 4r R? E E eg ey E 
Pera i et A esa any 
1 2GnMo ; 
e i (3 a(r) ) (47r? dr at), (1.3c) 


Notice that the action (1.3c) is truly invariant and independent of any arbitrary choice 
of the radial function R(r) , whether or not it is the Hilbert textbook choice R(r) = r, or 
any other choice for R(r). The Euclideanized action (1.3c) becomes, after reinserting the 
Newtonian coupling G = Lijancp in order to have the proper units, 

An (Gy M,)? 4r (2GyM,)? Area 


S(Euclid = = = : 1. 
l — ae Gy 4 Lbtanck 4 Lbtanck l á 


when the Euclidean time coordinate interval 2mtp is defined in terms of the Hawking 
temperature Ty and Boltzman constant kg as 2mtg = (1/keTy) = 81nGynMo. It is 
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interesting that the Euclidean action (1.3c) is the same as the ” black hole” entropy (1.3d) 
in Planck area units. The source of entropy is due entirely to the scalar curvature delta 
function singularity at the location of the point mass source. Furthermore, this result 
that the Euclidean action is equal to the entropy in Planck units can be generalized to 
higher dimensions upon recurring to Schwarzschild-like metrics in higher dimensions. 

The fact that a point-mass can have a non-zero proper area 4rR(r = 0)? = 
4n(2GyM,)?, but no volume, due to the metric and curvature singularity at r = 0 seems 
to indicate a stringy nature underlying the very notion of a point-mass itself. The string 
world-sheet has a non-zero area but zero volume. Aspinwall [13] has studied how a string 
(an extended object) can probe space-time points due to the breakdown of our ordinary 
concepts of Topology at small scales. In [12] it was shown how the Bars-Witten stringy 
1 + 1-dim black-hole metric [14] can be embedded into the 4-dim conformally re-scaled 
metrics displayed in eq-(1.1), if and only if, the radial function R(r) was given implicitly 
by the following relationship involving R and r ( the left hand side has the same functional 
form as the radial tortoise coordinate) : 





dR R—-2GnM, ; r 
= 2GnM, ————) = 2GyM, a, 
1 —2GyM,/R R + 2GwM, In ( 2M, ) Gy Mo In | sinh Gy M, | 
(1.4a) 
one can verify that there is an ultra-violet cutoff at r = 0 
R(r=0) = 2GyM,; Rr=>œ) > Rar. (1.46) 


which precisely has the same behaviour at r = 0 and œ as the radial functions displayed 
in this section. The fact that the stringy black-hole 1 + 1-dim solution can be embedded 
into the conformally rescaled solutions of this section, for a very specific functional form 
of the radial function R(r), with the same ” boundary” conditions at r = 0 and r = co 
as the radial functions displayed in this section, is very appealing. Similar conclusions 
apply to horizonless solutions in higher dimensions D > 4 [12] with a cutoff R(r = 0) = 
[167G'pM,/(D — 2)Qp_2|'/?~* where the point-mass has a nonzero D — 2-dimensional 
measure and a zero D — 1-dim ”volume”. The point-mass in this case is p — branelike in 
nature with p+ 1 = D — 2. For example, in D = 5 one has a membrane-like behaviour 
of a point mass. In D = 6 one has a 3-brane-like behaviour of a point mass, etc.... The 
D = 4 case is special since it corresponds to the string. 


1.2 Renormalization Group Flow and Horizonless Solutions 


The purpose of this section is to explain the meaning of the ultra-violet cutoff R(r = 
0) = 2GyM, within the context of the exact Nonperturbative Renormalization Group 
flow of the Newtonian coupling G = G(r) in Quantum Einstein Gravity [16] where a non- 
Gaussian ultra-violet fixed point was found G(r = 0) = 0. The presence of an ultra-violet 
cutoff R = 2Gy)M, originates from the mere presence of matter and permits to relate 
the metric component gu = 1 — 2GyM,/R(r) to gz = 1 — 2G(r)M(r)/r, in such a way 
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that the the small distance behaviour of G(r) eliminates the presence of a horizon at 
r = 2Gn Mo : we will see why the metric component g evaluated at the location of the 
point mass source r = 0 is gu(r = 0) = 0, due to G(r = 0) = 0, M(r = 0) = finite but 
it does not eliminate the delta function singularity of the scalar curvature at r = 0. This 
result is compatible with the ultra-violet cutoff of the radial function R(r = 0) = 2GyM. 
Gy is the value of the Newtonian coupling in the deep infrared and M = Me is the Kepler 
mass as seen by an observer at asymptotic infinity. 
The momentum dependence of G(k”) was found by Reuter et al [16] to be 


Gn 
2 
——— 1. 
ONS Tama i ee 
The momentum-scale relationship is defined 
B v2 
ke =f = f 1. 
(D , B= constant (1.50) 


in terms of the proper radial distance D(R) 

















R R dR 
D R = 4/ dR = == 
E td d Ise y1-(2 Gy M,/R) 
R _ {| R-2GnMo 
VR(R-2Gy Mo) + 2 Gn Mo mUl | i Gn, J. (1.6) 


where the lower (ultra-violett cutoff ) is R(r = 0) = 2GyM,. The proper distance 
corresponding to r = 0 is D(R(r = 0)) = D(R = 2GyM,) = 0 as it should since the 
proper distance from r = 0 is zero when one is located at r = 0. 
Hence, 
2 
AE = ee a E (1.7) 
l+a Gn k? D(R)? + af? Gyn 
such that G(R(r = 0)) = G(R = 2GyM,) = 0 consistent with the findings [16] since 
D(R(r = 0)) = D(R = 2GyM,) = 0. 

An important remark is in order. There is a fundamental dif ference between the 
work of Reuter et al [16] and ours . The metric components studied by [16] were of the 
form, gu = 1—2G(r)M.,/r, .... and are not solutions of Einstein’s field equations. Whereas 
in our case, the metric components (1.1) gy = 1 — 2G(r)M(r)/r = 1-—2GyM,/R(r),.... 
are solutions of Einstein’ equations displayed in eq-(1.1). This is one of the most salient 
features in working with the most general metric (1.1) involving the radial functions R(r) 
instead of forcing R(r) =r. 

Hence, given that R = R(r), by imposing the following conditions valid for all values 
of r 











(1.8) 
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(42) 1 
2 








a= bese) ~ (ESL) i 
from eqs-(1.7, 1.8, 1.9) one infers that 
a“ =1 => R(r) = r+2GynMo. (1.10) 
which is the Brillouin choice for the radial function as well as the relation 
Gi) =e (D GO = ay) = 
ee Ss (1.11 





R D(R)? 
that allows us to determine the form of the M(r) once the radial function R(r) = r + 
2G'yM, is plugged into D(R) given by eq-(1.6). The constant found by Reuter et al [16] 
is a6? = 118/157 and the proper distance D(R) is given by eq-(1.6). 

When r = 0 a careful analysis reveals 


M(r — 0) — (constant) (1.12) 


2 Gn M 
therefore, the running mass parameter at r = 0, M(r = 0) ~ 1/R(r = 0) = 1/(2GyM,) 
is finite instead of being infinite. The running mass at r = 0 has a cutoff given by 
the inverse of the ultra-violet cutoff R(r = 0) = 2Gn Mo ( up to a numerical constant 
). When r = 0 one has in eqs-(1.7, 1.11) that G(r = 0) = 0. When r — œo one has 
M(r — œ) — M, as expected, where M, is the Kepler mass observed by an observer at 
asymptotic infinity ( deep infrared ) and G(r — œ) > Gy. 

The running flow M(r) was never studied by [16]. Our ansatz in eqs-(1.8, 1.9) is an 
heuristic one ( a conjecture ). In the special case when M(r = 0) = M, one gets the 
interesting result for the value of M, given by M, ~ Mpjanck which is the same, up to 
a trivial numerical factor, to the Planck mass remnant in the final state of the Hawking 
black hole evaporation process found by [16] after a Renormalization Group improvement 
of the Vaidya metric was performed. 

Concluding, R = r + 2Gn M, is the sought after relation between r and R, out of an 
infinite number of possible functions R(r) obeying the SSS vacuum solutions of Einstein’s 
equations. We may notice that r = r(R) = D(R) given by eq-(1.6) is the appropriate 
choice for the radial function if, and only if, the spatial area coincides with the proper 
area 47R(r)? . The spatial area A(r) is determined in terms of the infinitesimal spatial 
volume dV (r) as follows : 


(dR/dr) 
/1- 2GnMo/R(r) 








dV(r) = A(r)dr = A(r) =4nR(r)? (1.13a) 


When A(r) = 47 R? then 
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(dR/dr) 
1 -2GyM,/R 





= 1. (1.135) 





since the integration of eq-(1.12) was performed in eq-(1.6), one can infer then that r = 
r(R) = D(R) is the choice in this case for the functional relationship between R and r; 
in particular A(r = 0) = 47(2GyM,)?, which is not true in general when the proper area 
is not equal to the spatial area. The volume is zero at r = 0. 

To finalize this subsection, when the radial function R = r+2Gy M, has been specified 
by the RG flow solutions [16] , the scalar curvature is 








2Gy Me o(r) 2 Gn Mo o(r) 
R= - = 1.14 
F? (dR/dr) (r + 2GyM,)? = 
and has a delta function singularity at r = 0 of the form 
2 Gn M, 6(r = 0) d(r = 0) 
= SF 1.146 
(2G Mo)? 2GnM, ( ) 


compared to the stronger singular behaviour of the Hilbert textbook solution at r = 0 
when R=r 





: 2 GN M, ô(r) 2 Gn M, ôlr) 
R(Hilbert) D R? (dRjdr) = Ss a => 
2 Mo T 
krean a 0): (1.14c) 


The reason the singularity of (1.14b) is softer than in (1.14c) is because when there is 
an ultra-violet cutoff of the radial function R(r = 0) = 2GyM, (due to the presence 
of matter) the proper area 47(2GyM,)? is finite at r = 0 and so is the surface mass 
density. However, since the volume is zero at the location r = 0 of the point-mass, the 
volume mass density is in finite and one cannot eliminate the singularity at r = 0 given 
by R = —d(r = 0)/(2GnM,) . 


1.3 Anti de Sitter-Schwarzschild Metrics and running Cosmo- 
logical Constant 


We begin with the generalized de Sitter and Anti de Sitter metrics that will help us 
understand the nature of the infrared cutoff required to solve the cosmological constant 
problem. In [10] we proved why the most general static form of the ( Anti ) de Sitter- 
Schwarzschild solutions are given in terms of an arbitrary radial function by 


2GvM, Ne 
R(r) 3 


2GvM, Ao 
R(r) 3 








R(r)? )~* (dR(r)/dr)?. 
(1.15) 


goo = (1- R(r) ), Grr =—(1 


The angular part is given as usual in terms of the solid angle by —(R(r))?(dQ)?. 
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A, is the cosmological constant. The A, < 0 case corresponds to Anti de Sitter- 
Schwarzschild solution and A, > 0 corresponds to the de Sitter-Schwarzschild solution. 
The physical interpretation of these solutions is that they correspond to ”black holes” 
in curved backgrounds that are not asymptotically flat. For very small values of R one 
recovers the ordinary Schwarzschild solution. For very large values of R one recovers 
asymptotically the ( Anti ) de Sitter backgrounds of constant scalar curvature. 

Since the radial function R(r) can be arbitrary, one particular expression for the 
radial function R(r) , out of an infinite number of arbitrary expresions, in the de Sitter- 
Schwarzschild (A, > 0) case one may choose [10] 


1 1 Ao 
= : 1.16 
R = (2Gn Mo) F 3 ( ) 
When A, = 0 one recovers R = r + (2GyM,) that has a similar behaviour at r = 0 and 
r = œ as the original Schwarzschild solution of 1916 given by R3 = r? + (2Gn Mo)’; i.e. 
R(r = 0) = 2Gn Mo and R(r > oo) ~ r respectively. When Mo = 0 one recovers the 
pure de Sitter case and the radial function becomes 








= | 
Be ae (1.17) 
In this case, one encounters the reciprocal situation ( the ”dual” picture ) of the 
Schwarzschild solutions : ( i ) when r tends to zero ( instead of r = oo ) the radial 
function behaves R(r — 0) — r ; in particular R(r = 0) = 0 and (ii) when r = œo ( 
instead of r = 0 ) the value of R(r = co) = RHorizon = ra and one reaches the location 
of the horizon given by the condition goo|R(r = co)| = 0. 
A reasonable and plausible argument as to why the cosmological constant is not zero 
and why it is so tiny was given by [10] : In the pure de Sitter case, the condition 


No 
Goo(r = co) =0 => 1— > Rr = 00) =0 (1.18) 
has a real valued solution 
3 
R(r = œ) = VE = RHorizon = Infrared cutoff. (1.19) 


and the correct order of magnitude of the observed cosmological constant can be derived 
from eq-(1.19) by equating R(r = 00) = Ryorizon = Hubble Horizon radius as seen today 
since the Hubble radius is constant in the very late time pure inflationary de Sitter phase 
of the evolution of the universe when the Hubble parameter is constant H,. The metric in 
eq-(1.15) is the static form of the generalized de Sitter ( Anti de Sitter ) metric associated 
with a constant Hubble parameter. 

Therefore, by setting the Hubble radius to be of the order of 10° Lpjancg and by 
setting G = Linc. ( B = c = 1 units) in 





ST G Poacuum =A, = = = 
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Be a. a: By th ae 

Pvacuum = Qa L> Re > 8r LS (R; 

we obtain a result which agrees with the experimental observations when RHubble ~ 
10% L Pranck. 

Notice the importance of using the radial function R = R(r) in eq-(1.17). Had one used 
R = r in eq-(1.17) one would have obtained a zero value for the cosmological constant 
when r = œ . Thus, the presence of the radial function R(r) is essential to understand 
why the cosmological constant is not zero and why it is so tiny . 

The idea now is to relate the metric components in the Anti de Sitter-Schwarzcshild 
case involving the running G(r), M(r), A(r) parameters with the metric components 
of (1.15) involving the unique and sough-after radial function R(r) and the constants 
Gyn, Mo, Ao (as seen by an asymptotic observer in the deep infrared region). The equa- 
tions which determine the forms of M (r) and R(r) are given by 





)? ~ 107 (Mpianek), x (1.20) 














a-e ryt) = 1- EOM IO e) aa 
(I= oe E y R(r)? )* (dR(r)/dr} = (1- ce 2 ki r” JA (1.22) 


then from eqs-(1.21, 1.22) one infers that 


d 
fT S1 SR) = r+ R (1.23) 


where the constant of integration R, is now the root of the cubic equation, and not the 
value 2Gn Mo, given by 


Soa Mi... A ; Jenie Keres 
= Rr=0 = 1— l Re = =0. 1.24 
nec a ee R, a eg. 








such that gu(R(r = 0)) = gu(R.) = 0. The real positive root of the cubic equation (found 
after multiplying (1.24) by R, 4 0) is 








| Pe 








3G M, | {See Lap 


[Ao] 


_  8GyM, | (8GyM)? 1 
P AF 


PETIRI mT TAP 

(1.25) 

Because Anti de Sitter space has A4as < 0, we have already aken into account the negative 

sign in the expression in eq-(1.25) by writing A4aqs = —|A.| and we must disregard the 
two complex roots (a pair of complex conjugates). 

The values of R range from 0 < R, < R < oo and correspond to the values of 

r ranging from 0 < r < oo. This is very reasonable since R has an ultra-violet cutoff 

given by the root of the cubic R, > 0. If R was allowed to attain the values of zero the 

metric component g would blow up. r can in fact attain the zero value, but not the 
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radial function R(r) = r+ R,. The metric component gpr in (1.15) blows up at r = 0, 
location of the singularity. 

Notice that one cannot take the limits Aj — 0 in eq-(1.25) after having found the 
roots of the cubic equation because that limit is singular. One must take the limit |A,| — 0 
of eq-(1.24) before and afterwards find the root of g4(R.) = 0 given by R, = 2GyM, 











(when |A,| = 0). 
After having found the root R, of the cubic equation, from eq-(1.21) one infers 
2GyM, , Ao 2 _ 2G(r)M(r) | Ar) 2 
F Ey)" = : 1.2 
ake 3 (r+ R,) a aes (1.26) 
which yields M(r) 
r 2GnM, Ao > A(r) og 
M = ER = = . 1.27 
) = 5am e TEORY- SP r] (1.27) 


where now the proper distance D(R) associated with the metric (1.15) is given the elliptic 
integral whose lower limit of integration is now given by the cubic root R, (instead of 
2G nM.) > 


R R dR 
D(R)= f yīmdR = f TE 








= Elliptic Integral. (1.28a) 
nol R2 





such 
D(R(r = 0)) = D(R = R,) =0. (1.28b) 








The running coupling is the one given by [16] 


Cx Gy DRJ 
p=: — = . 1.2 








where D(R) is given by the elliptic integral and the running cosmological parameter is 
[16] 





PGK 4 bGy 6 
= ei = i : 1. 
where the momentum-scale relation is k? = (6?/D(R)?) . 


As expected, in eq-(1.27) we have the correct limits : M(r — oo) > Mo, since when 
r— œ, R(r)—> r, |A(r)| > |A| and G(r) > Gy. M(r = 0) ~ 1/R, is finite also because 
r/G(r) and A(r)r? are finite as r — 0. 

In the case of de Sitter-Schwarzschild metric , A, > 0, one has a negative real root 
and a positive double root [10] Rə = R3 > 0, Ry < 0; however, there is no horizon since 
gu does not change signs as once crosses the double-root location ; there is problem with 
the Rı < 0 solutions and there is a pole of gu at R = 0 . For this reason we have focused 
on the Anti de Sitter-Schwarzschild metric in this subsection. 
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2 Jordan-Brans-Dicke Gravity 


We wish now to relate the metric of eq-(1.1) that solves the vacuum Einstein field equations 
for r > 0 written in terms of Gy, Mo, R(r) with a metric written in terms of G(r), M(r),r 
that does not solve the vacuum field equations but instead the field equations in the 
presence of a scalar field ® associated with the Jordan-Brans-Dicke theory of gravity. 
Such metric is given by 


(ds)? = gu(r) (dt)? — gre(r) (dr)? — pr)? dQ)’. (2.1) 


A conformal transformation a = e* gu relating the two metrics can be attained by 
starting with the Brans-Dicke-Jordan scalar-tensor action 


J d'z JJ LOR + 6(V,®) (V“S) ]. (2.2) 


and which can be transformed into a pure gravity action by means of a conformal trans- 
formation 


Gy =e Os Jy = e g. (2.3) 








VERG] Sya LR -6(V,V" A) —6 VAVA] (2.4) 
By setting 
p? Gn 
IN a E 
e^ = p G(r) (2.5) 
one can rewrite : 
1 / / g 
7 Rig!) = YE [ER -6 è (V,V" d) ] (2.6) 


V9 OV." ©) = V, (V3 BV" ©) — VG (V,3) (V8). (2.7) 


since total derivative term drops from the action one has the equalities 
f čsv [BI R + 6(V,®) (V“®) = f| driya R -68 (V,V” ®)] = 


EE dx Vg Rg) (2.8) 


therefore, one can solve the Einstein vacuum field equations for the metric g/,,, ( for r > 0 
) and perform a conformal transformation g, = e* gu to obtain the metric that solves 
the field equations corresponding to the Jordan-Brans-Dicke action. 
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The running Newtonian coupling G(r) is now defined explicitly in terms of the scalar 


field as follows 
2 1 2 1 





= ——; P= ; 2.9 
16G) ° 16rGw (pia) 
and the dimensionless scaling factor e° is given by the ratio : 
G ©? 
2A N 
= —* =L, 2. 
G(r) © (e 


such that the equalities among the three lines of eq-(2.5) are satisfied. 

The scalar field ® that determines the functional form of G(r) must solve the general- 
ized Klein-Gordon equation obtained from a variation of the action (2.5) w.r.t the scalar 
field 


1 
(V,.V" —-R) =0, forr>0. 2.10 
‘ 6 


and the latter equation is equivalent to the equation R’(g') = 0 since the scalar curvature 
R, for r > 0, is fixed by eq-(2.6) after setting R’(g’) = 0 because the metric g, is a 
solution of the Einstein vacuum field equations for r > 0. When R’(g’) = 0, for r > 0, 
yields the scalar curvature 


R(g) = > (v,.v" Ð). (2.11) 


which is precisely equivalent to the generalized Klein-Gordon equation (2.10). This means 
that the scalar ® field does not have dynamical degrees of freedom since it is identified 
with the conformal factor eè = ®/®,. Therefore one can safely equate the scalar field ©? 
with (1/167G(r)) giving 


6 1 
G(r) V9 
where the metric components g,,, necessary to evaluate the Laplace-Beltrami operator are 


obtained directly via the conformal scaling of the metric that solves the vacuum static 
spherical solutions of Einstein’s equations of the previous section : 





a, ( G9" ð, VG) ). (2.12) 





een e 
gu =e (1 RO) J: (2.13) 
grr = e” — E Irr = grr (dR/dr}. (2.14) 
R 
gap OOO RP = plr, go SRG aie (Od. (2.15) 
Vg = © R(r)? (dR/dr) sin(¢). (2.16) 
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Since e~” = G(r)/Gy and G(r = 0) = 0 then the radial rho function obeys the condition 
plr =0)=0. 
The new proper distance D(R) is now given by 


—À 


E e ee i: (G(R)/Gy)? 
DR) = f ia T E ip on o o dR (2.17) 














and differs from the expressions of eq-(1.6) because of the conformal factor. 
However, there is a caveat if we now try to use the running flow of the Newtonian 
coupling of the previous section [16] 











-Gn DRF | (a6? Gy) G(R) 
Dam e Gy 7 PR = a ea (2.18) 


because the RG flow equations must dif fer now due to the presence of the scalar field 
®. To prove why one cannot use the running flow equation (2.18) for G used in section 
1.2, 1.3, let us differentiate both sides of the expression for D(R) in eq-(2.18) and upon 
equating the result with the integrand of eq-(2.17) leads to the dif ferential equation 
obeyed by G(R) : 


dD(R) _ aß? G2, dG(R) _ —_ (G(R)/Gy)"” (2.19) 
IR 2 (Gn— G(R)? Eea AR yi- RGwMo/R) 




















subject to the boundary conditions G(R(r = 0)) = G(R = 2Gn Mo) = 0 and G(r > œ) = 
G(R — œ) — Gy. The differential equation (2.19) is the equation that determines the 
functional form of G(R). Notice that functional form of G(R) which obeys the above 
differential equation is not the same as the result obtained for G(R) in eq-(1.7) of the 
previous section because the proper distance D(R) given by the integral of eq-(2.17) 
dif fers from the integral of eq-(1.6). The constant found by Reuter et al [16] is a8? = 
118/157. 
One can integrate eq-(2.19) giving the functional relationship between G and R : 














wr G2 T = f” dR 7 
we Cee 2GvMo J1 — (2GyM,/R) 
Vas? G2, 2 2 arctanh | ,/1 —(G/Gw) | 





FR (Gy — G) 7 (Gy)3? ] — I[G.] = 


R R=2GyM, 
/R(R-2Gy M,) + 2Gy My in| oq Fa F 7 |. (2.20) 
o N+VYo 


where G, = G(R = 2GyM,). 
One can immediately deduce that the first integral diverges when G = Gy which is 
compatible with the condition G(R — co) = Gy. But there is a problem in enforcing the 
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behaviour of G(r = 0) = 0; one cannot impose the condition G, = G(R = 2GyM,) = 0 
because the G integral also diverges when G = G, = 0! ( the integral is —oo ). 
Therefore, one must have the condition Go = G(R = 2Gn Mo) # 0. The value of Go 
obeying Gy > Go = G(r =0) > 0 can be determined from solving the transcendental 
equation derived from the condition 


IG] 





_ ae Ge 2 2 arctanh | 4/1 —(G./Gy) | = 0. (221) 


om (Gua) — (Gy)3/2 


The result I[G,] = 0 is now compatible with the behaviour of the R integral which is zero 
when R(r = 0) = 2Gy Mo. To sum up: one cannot satisfy the condition G(R(r = 0)) = 0 
required by eqs-(1.7, 2.18) found by [16]. 

The same conclusions apply ( one is forced to impose G, > 0 ) if we had taken a minus 
sign in front of the square root in the R integral which leads to G(r => 00) =0(Rwr 
when r — oo), as opposed to the desired behaviour G(r — 00) — Gy It is interesting 
that this result G(r — oo) = 0, when the minus sign in front of the square root is chosen, 
is ”dual” to the behaviour found in the RG flow solutions by [16] where at r = 0 (instead 
of r = œ ) one encounters G(R(r = 0)) = G(R = 2GyM,) = 0 ( asymptotic freedom). 

Concluding, the fact that G integral (2.20) diverges at G = 0 is a signal that one 
cannot use the running flow equation (2.18) for G in the presence of the Jordan-Brans- 
Dicke scalar ®. One would have to solve the modified RG equations that will involve the 
beta functions for the Ẹ field in addition to the metric gu. A similar divergence problem 
was encountered by [17]. One can bypass this divergence problem by imposing G(r = 0) = 
G(R = 2Gy Mo) = Gs > 0 where G, is given by a solution of the trascendental equation. 
By taking the minus sign in front of the square root we found an ultraviolet/infrared 
” duality” behaviour of the couplings, at r = 0 and R ~ r — ov, which warrants further 
investigation. 








3 Concluding Remarks : On Noncommutative and 
Finsler Geometries 


We conclude by discussing some speculative remarks. It is well known (see references in 
[17]) that by replacing Gy — G(k?) = Gn(1 + Guk?) leads to 1/k* modifications of 
the propagator 


G(k?) Gy 1 1 


k2 0k? (14+ Gyk?) OMe ee M2 l, 


lanck 











GNM pianek =1. (3.1) 


that correspond to quadratic curvatures R? of perturbative quantum gravity. The 
Lanczos-Lovelock theories of Gravity involving higher powers of the curvature have the at- 
tractive feature that the equations of motion are no more than second order in derivatives 
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of the metric and contain no ghosts. The authors [18] have found black hole solutions, 
topological defects, and naked singularities as well, in pure Lanczos-Lovelock Gravity with 
only one Euler density term. The fact that naked singularities were found by [18] deserve 
further investigation within the context of modified propagators induced by a running 
Newtonian coupling. 

Another interesting field of study is Noncommuttaive Geometry, Fuzzy spaces, Fractal 
geometries, etc... The standard noncommutative algebra ( there are far more fundamental 
algebras like Yang’s algebra in noncommutative phase spaces ) is of the form 


ee = i0”. [p,p] =0 (Ero = in” (3.2) 
where ņ”” is a flat space metric and the structure constants (c-numbers ) 04” = —O”# 


are c-numbers that commute with x, p and that have dimensions of length?; the O” are 
proportional to the L lancek: A change of coordinates 


1 1 / 
r! =r" + PS pp -PA =p% (3.3) 


leads to an algebra with commuting coordinates and momenta 


[e4,2")=0. pr Ten pe TEn (3.4) 
Due to the mixing of coordinates and momentum in the new commuting variables 
x',p' one can envisage coordinate and momentum dependent metrics in phase space, 
in particular Finsler geometries, and whose average over the momentum coordinates 
< Tyw(%,P) >p = Qw(x) yield the effective spacetime metric. This momentum av- 
eraging procedure is very similar to the averaging of the momentum-scale dependent 
metrics employed in the Renormalization Group flow of the effective average action by 
[16]. Morever, the momentum dependence of the new coordinates x’ leads to a momentum 
dependent radial coordinate r’ = 4/x" x! involving commuting x” coordinates 





fy Sle ene 1 
yr’ = je + a Pp) (Zi + gir pr). (3.5) 


Similar attempts to study the Noncommutative effects on black holes by modifying r — r’ 

have been made by many other authors , [29], [30] however, to our knowledge its relation 

to phase spaces and Finsler geometries has not been explored. The impending question 

is to find another interpretation of the radial function R(r) and the physical meaning of 

the cutoff R(r = 0) = 2G M, in terms of the momentum dependent radial coordinate r’. 
When x’ = 0 = r = 0 and (3.5) becomes 


1 - 
r = LJO p, On (3.6) 


The expression inside the square root can be written in terms of p,p” = MŽ, in the static 
case when |p] = pt = 0, i = 1,2,3, after the following steps. Firstly, due to the static 
condition pê = 0, po = E = M, one has 








O? Oir po p = O Our po pP — O” Oy pip = O” Our PoP, (3.7) 
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this last expression may be recast as 
O Our PoP = Apr p = à MÈ. (3.8) 
if, and only if, the 4 x 4 antisymmetric matrix O”” obeys the eigenvalue condition : 
O? Our Pp = À pr (3.9) 


In the static case p, = (Mo, 0,0,0), the eigenvalue condition yields the following 4 condi- 
tions 








o” O0 Po = À Po; o” Oi Po Pi 0, 1 1, 2,3. (3.10) 


that will restrict the values of the 6 components of the 4 x 4 antisymmetric matrix 0”; 
i.e. the 6 components are not independent. 

Therefore, in the static case p? = p = 0, upon imposing the eigenvalue condition 
and after adjusting the value of the constant A = 16 Lijancy = 16 G%;, gives then the 
ultra-violet cutoff 


1 
i(r=0) = YO" p, On p = 212M, = 2Gy Mo (3.11) 


consistent with R(r = 0) = 2G) Mo with the only subtlety that that r = y ztz; involves 
now noncommuting coordinates x". 
When r # 0, the terms 


OF Do £y t Oy Ep = OP pp tp + OF £u Pr = 


O py ty Ot pp = OP tipy ing) FOE typy = 20r po (3-12) 


due to the antisymmetric property of O“?, one has O”? Nap = 0. 

The quantity 0”? x; p, involving the angular momentum operator, x; pp— T, pi does not 
preserve the spherically symmetry unless one imposes a condition (constraint) in phase 
space like 


O” 2: pp ~ Lhang Mo w(r) r? = Gu M, w(r) r? (3.13) 


where w(r) is a scale-dependent frequency. Concluding, in the most general case one has 





r'=r'(r) = yr? + 20% 2, pp + (2GynMo)?. (3-14) 


Since eq-(3.14) involves the phase space variabes z, p the question is to see whether or 
not phase space metrics solutions of the form guu (£, p) = guu (£t + O”°pp) solve the field 
equations corresponding to Moyal-Fedosov star product deformations of Noncommuta- 
tive Finsler Gravity associated with the contangent bundle [20]. For a recent status of 
Noncommutative Riemannian gravity see [21] and references therein. However, we must 
believe that it is Finslerian geometry the appropriate one to study and the proper arena 
to quantize gravity. When r = 0 one recovers the cutoff r'(r = 0) = 2GnM,. There- 
fore this procedure to relate the effects of the Noncommutativity of coordinates with the 
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ultra-violet cutoff R(r = 0) = 2GyM, is quite promising . We shall leave it for future 
work. 


Let us summarize the main conclusions of this work : 


1. The original Schwarzschild’s 1916 solution has no horizons and is static for all 
values of r with a timelike naked singularity at r = 0. The radial function R = 
[r3 + (2G'yM,)°]!/" has an UV cutoff in R(r = 0) = 2GyM,. 


2. The ”black hole” entropy expression is the same as the Euclideanized Einstein- 
Hilbert action corresponding to the scalar curvature delta function singularity due 
to the presence of a mass point at the origin r = 0. Such delta function scalar 
curvature singularity can account for the ”black hole” entropy. For this reason a 
microscopic theory of a point-mass is needed to understand key aspects of Quantum 
Gravity. A point-mass may be stringy in Nature since due to the ultra-violet cutoff 
R(r = 0) = 2GyM,, a point-mass source at r = 0 has non-zero area but zero 
volume; a string world-sheet has non-zero area and zero volume. 


3. In section 1.2 we showed how the exact Nonperturbative Renormalization Group 
flow of the running Newtonian coupling G(r) in Quantum Einstein Gravity [16] 
was consistent with the existence of an ultra-violet cutoff R(r = 0) = 2GyM, 
of the Schwarzschild solutions in eq-(1.1), after setting gu = 1 — 2GyM,/R(r) = 
1 — 2G(r)M(r)/r,..... We proved that due to the condition G(r = 0) = 0 and 
M(r = 0) ~ 1/2Gn Mo, there was no horizon since it is at the location r = 0 that 
gulr = 0) =. 


4. Similar results followed in the case of Anti de Sitter-Schwarzschild metrics in section 
1.3 with a running cosmological parameter A(r) and Newtonian coupling G(r). 
The ultra-violet cutoff in this case was no longer given by 2Gy)M, but instead by 
a real-valued positive root R, of the cubic equation associated with the condition 
gul R(r = 0)) = gu(R.) = 0. There was a singularity at r = 0. 


5. Generalized de Sitter metrics led to an infrared cuttoff R(r = 00) = RHubble = 
(3/A,)'/? in the very late time de Sitter inflationary phase of the evolution of the 
universe ( when the Hubble parameter is constant ) and provided a plausible argu- 
ment why the cosmological constant is not zero and why it is so tiny [10]. 


6. In section 2 we studied how a running Newtonian coupling G(r) could also be 
accommodated naturally in a Jordan-Brans-Dicke scalar-tensor theory of Gravity via 
a trivial conformal transformation of the Schwarzschild metric solution. However, 
the running Newtonian coupling G(r) = (16767)~! corresponding to the scalar field 
® could not satisfy the asymptotic freedom condition G(r = 0) = 0 found by [16]. 
Nevertheless, our results in section 2 exhibited an interesting ultra-violet/infrared 
duality behaviour of G(r) that warrants further investigation. A combinatorial 
geometry and dual nature of gravity was proposed by [19] using Matroid theory. 
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To finalize we should stress the search for the foundational (quantum equivalence) 
principle of Quantum Gravity which is related to the true origin of inertia (mass/energy). 
Mach’s principle is an intriguing concept with several formulations and applications [22], 
[24], [25], [26], [27], [23]. A proper and precise implementation of Mach’s principle, beyond 
the equivalence’s principle of General Relativity, in modern physics is still lacking, to our 
knowledge. Furthermore, it is very likely that our naive notions of Topology break down at 
small scales [13] and for this reason we must redefine our notion of a ” point” such that this 
novel ” fuzzy” topology is compatible with the stringy geometry. For the role of Fractals 
in the construction of a Scale Relativity theory based on scale resolutions of ” points” and 
the minimal Planck scale see [15]. A Phase Space Extended Relativity theory involving 
an ultra-violet ( minimal scale ) and infrared cutoff ( maximum scale ) in Clifford spaces 
has been advanced by [27] based on Max Born [28] Reciprocal principle of Relativity in 
Phase spaces where there is a limiting speed and limiting force (acceleration). 
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Appendix A 


Consider the conformal map 


Tw = Gini (A.1) 


Here, the indices u,v run from 0,1,...,d — 1. The Christoffel symbols become 


Pag) = The(g) + doa, (A.2) 
where 
Dhe = ÔR A,B +85 A;a —Gagr”. (A.3) 


Using (A.2) one finds that the Riemann tensor can be written as 


Rop) = Rial) + Valua — Verba t Ebara — Droh (4.4) 


oa vp 40 B—va 





where Va denotes covariant derivative in terms of Tee(9)- By straightforward computa- 
tion, using (A.3) we find 


Riv a(9') E Reap) al {63 Var, —OEV pA =J V ar" F Jra V gA” } | 
Ad 
+{(d4A,¢ =f Aja JA —(ôÉguB g fh Jva)À,o A7 i: (guar,B —GuBAra JA}. 


From (A.5) we get the Ricci tensor 
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vog) = Rualg) — {(d = 2)V pà +9eV pA") 


(A.6) 
+(d 7 2){A,8 wv —9u6r, AH}, 
which in turn gives us the scalar curvature 
R! = eR — 2(d — 1)V à” — (d — 2)(d — 1)d,, A” }. (A.T) 


Therefore we get 


V-o R = yg ”™{R — 2(d — 1)V,A* — (d-2)(d- 1d, AM}. (AB) 


Since V,./—g = 0, (A.8) can also be written as 
JAGR! = FFR — Vy ED) Egle] 


+(d— 2)(d —1),/—ge?),,, A. 
We observe that the second term is a total derivative and therefore can be dropped. So, 
we have 





(A.9) 


fg R! = /—ge(R + (d — 2)(d —1)d,, A”). (A.10) 
For d = 4 the expression (A.10) is reduced to 
V—g'R! = J—ge?*(R + 6A, A”). (A.11) 


Some times it becomes convenient to write e = ®. In this case, we have A,,,= ®'®,,,. 
Consequently, we see that (A.11) can also be written as 


V-g'R' = YZE’ R + 64, ,, P”) (A.13) 
or 
J—g'R! = VZR + 6V, V"). (A.14) 


since V,® = ® ,,. 
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ABSTRACT. Despite the use of Bohr radius formula to predict celestial 
quantization has led to numerous verified observations, the cosmological 
origin of this macroquantization remains an open question. In this article 


various plausible approaches are discussed. Further observation to verify or 
refute this proposition is recommended, in particular for exoplanets. 


RESUME: En dépit de l'utilisation de la formule de rayon de Bohr de 
prévoir la quantification céleste a mené aux nombreuses observations véri- 
fiées, l'origine cosmologique de ce macroquantization est une question en 
suspens. En cet article de diverses approches plausibles sont discutées. 
Promouvez l'observation pour vérifier ou réfuter cette proposition est re- 
commandée, en particulier pour des exoplanets. 


1 Introduction 


It is known that the use of Bohr radius formula [1] to predict celestial 
quantization has led to numerous verified observations [2][3]. This approach 
was based on Bohr-Sommerfeld quantization rules [4][5]. Some implications 
of this quantum-like approach include exoplanets prediction, which has 
become a rapidly developing subject in recent years [6][7]. While this kind 
of approach is not widely accepted yet, this could be related to a recent sug- 
gestion to reconsider Sommerfeld’s conjectures in Quantum Mechanics [8]. 

While this notion of macroquantization seems making sense at least in the 
formation era of such celestial objects, i.e. “all structures in the Universe, 
from superclusters to planets, had a quantum mechanical origin in its 
earliest moments” [9], a question arises as to how to describe the physical 
origin of wave mechanics of such large-scale structures [5]. 


URL: http://www.ensmp.ft/aflb/AFLB-3 1 1/aflb311m370.pdf 
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A plausible definition of the problem of quantization has been given by 
Grigorescu [10]: “select an infinite, discrete number of quantum possible 
real motions, from the continuous manifold of all mechanically possible 
motions.” While this quantization method has been generally acceptable to 
describe physical objects at molecular scale, there is not much agreement 
why shall we also invoke the same notion to describe macrophenomena, 
such as celestial orbits. Nonetheless, there are plenty efforts in the literature 
in attempt to predict planetary orbits in terms of wave mechanics, including 
a generalisation of Keplerian classical orbits [11]. 

In this article we discuss some plausible approaches available in the 
literature to describe such macroquantization in astrophysics, in particular to 
predict celestial motion: 

a. Bohr-Sommerfeld’s conjecture; 

b. Macroquantum condensate, superfluid vortices; 

c. Cosmic turbulence and logarithmic-type interaction; 
d. Topological geometrodynamics (TGD) approach. 

While these arguments could be expected to make the notion of macro- 
quantization a bit reasonable, it is beyond the scope of this article to con- 
clude which of the above arguments is the most consistent with the observed 
data. There is perhaps some linkage between all of these plausible argu- 
ments. It is therefore recommended to conduct further research to measure 
the reliability of these arguments, which seems to be worthwhile in our at- 
tempt to construct more precise cosmological theories. 


2  Bohr-Sommerfeld’s quantization rules 


In an attempt to describe atomic orbits of electron, Bohr proposed a con- 
jecture of quantization of orbits using analogy with planetary motion. From 
this viewpoint, the notion of macroquantization could be considered as re- 
turning Bohr’s argument back to the celestial orbits. In the meantime it is not 
so obvious from literature why Bohr himself was so convinced with this idea 
of planetary quantization [12], despite such a conviction could be brought 
back to Titius-Bode law, which suggests that celestial orbits can be de- 
scribed using simple series. In fact, Tittus-Bode were also not the first one 
who proposed this kind of simple series [13], Gregory-Bonnet started it in 
1702. 

In order to obtain planetary orbit prediction from this hypothesis we could 
begin with the Bohr-Sommerfeld’s conjecture of quantization of angular 
momentum. As we know, for the wavefunction to be well defined and 
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unique, the momenta must satisfy Bohr-Sommerfeld’s quantization condi- 
tion [14]: 


$ pdx = 27.nh (1) 
r 


for any closed classical orbit I. For the free particle of unit mass on the unit 
sphere the left-hand side is 

T 

fva tT=0 T=22.0 (2) 

0 
where T=27/@ is the period of the orbit. Hence the quantization rule 
amounts to quantization of the rotation frequency (the angular momen- 
tum): @ = nh. Then we can write the force balance relation of Newton’s 
equation of motion: 


GMm/r? = mv? Ir (3) 
Using Bohr-Sommerfeld’s hypothesis of quantization of angular momen- 
tum (2), a new constant g was introduced: 
myr =ng/270 (4) 
Just like in the elementary Bohr theory (before Schrödinger), this pair of 
equations yields a known simple solution for the orbit radius for any quan- 
tum number of the form: 


r=n’.g? (47 .GM m°) (5) 
or 
sry: 2 
r=n .GM I/v; (6) 
where r, n, G, M, Vv, represents orbit radii (semimajor axes), quantum num- 


ber (n=1,2,3,...), Newton gravitation constant, and mass of the nucleus of 
orbit, and specific velocity, respectively. In this equation (6), we denote 


v, = (27/ g).GMm (7) 

The value of m is an adjustable parameter (similar to g). 

Nottale [1] extends further this Bohr-Sommerfeld quantization conjecture 
to a gravitational-Schrédinger equation by arguing that the equation of mo- 
tion for celestial bodies could be expressed in terms of a scale-relativistic 
Euler-Newton equation. For a Kepler potential and in the time independent 
case, this equation reads (in Ref [1c] p. 380): 


2D°AW +(E/m+GM /r).¥ =0 (8) 


Solving this equation, he obtained that planetary orbits are quantized 
according to the law: 
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a, = GMn’ / v (9) 
where a,,G,M,n,v, each represents orbit radius for given n, Newton gravita- 
tion constant, mass of the Sun, quantum number, and specific velocity 
(v,=144 km/sec for Solar system and also exoplanet systems), respectively. 
These equations (8)-(9) form the basis of Nottale’s Scale Relativity predic- 
tion of planetary orbits [1]; and equation (9) corresponds exactly with equa- 
tion (6) because both were derived using the same Bohr-Sommerfeld’s quan- 
tization conjecture. Another known type of observed quantization in astron- 
omy is Tifft s 72 km/sec quantization [13]. 


3 Macroquantum condensate, superfluid vortices 


Provided the above Bohr-Sommerfeld description of macroquantization 
corresponds to the facts, then we could ask further what kind of physical 
object could cause such orbital quantization. Thereafter we could come to 
the macroquantum condensate argument. In this regard, astrophysical objects 
could be seen as results of vacuum condensation [15][16]. For instance Ily- 
anok & Timoshenko [17] took a further step by hypothesizing that the uni- 
verse resembles a large Bose Einstein condensate, so that the distribution of 
all celestial bodies must also be quantized. This conjecture may originate 
from the fact that according to BCS theory, superconductivity can exhibit 
macroquantum phenomena [18]. There is also a known suggestion that the 
vacua consist of hypercrystalline: classical spacetime coordinate and fields 
are parameters of coherent states [19]. 

It is perhaps interesting to remark here that Ilyanok & Timoshenko do not 
invoke argument of non-differentiability of spacetime, as Nottale did [1]. In 
a macroquantum condensate context, this approach appears reasonable be- 
cause Bose-Einstein condensate with Hausdorff dimension Dy~2 could ex- 
hibit fractality [20], implying that non-differentiability of spacetime conjec- 
ture is not required. The same fractality property has been observed in vari- 
ous phenomena in astrophysics [21], which in turn may also correspond to 
an explanation of the origin of multifractal spectrum as described by Gorski 
[22]. In this regard, Antoniadis et al. have discussed CMBR temperature 
(2.73° K) from the viewpoint of conformal invariance [23], which argument 
then could be related to Winterberg’s hypothesis of superfluid Planckian 
phonon-roton aether [24]. 

Based on previous known analogy and recent research suggesting that 
there is neat linkage between gravitation and condensed matter physics 
[25][26], we could also hypothesize that planetary quantization is related to 
quantized vortex. In principle, this hypothesis starts with observation that in 
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quantum fluid systems like superfluidity, it is known that such vortexes are 
subject to quantization condition of integer multiples of 27, or 


fy,.al = 2z.nh/m,. Furthermore, such quantized vortexes are distributed 


in equal distance, which phenomenon is known as vorticity [4]. In large 
superfluid system, usually we use Landau two-fluid model, with normal and 
superfluid component. The normal fluid component always possesses some 
non-vanishing amount of viscosity and mutual friction. Similar approach 
with this proposed model has been considered in the context of neutron stars 
[27], and this quantized vortex model could also be related to Wolter’s vor- 
tex [28]. 


4 Cosmic turbulence and logarithmic type interaction 


Another plausible approach to explain the origin of quantization in as- 
tronomy is using turbulence framework. Turbulence is observed in various 
astrophysical phenomena [21], and it is known that such turbulence could 
exhibit a kind of self-organization, including quantization. 

Despite such known relations, explanation of how turbulence could ex- 
hibit orbital quantization is not yet clear. If and only if we can describe such 
a flow using Navier-Stokes equation [29], then we can use R.M. Kiehn’s 
suggestion that there is exact mapping from Schrödinger equation to Navier- 
Stokes equation, using the notion of quantum vorticity [30]. But for fluid 
which cannot be described using Navier-Stokes equation, such exact map- 
ping would not be applicable anymore. In fact, according to Kiehn the Kol- 
mogorov theory of turbulence is based on assumption that the turbulent state 
consists of “vortices” of all “scales” with random intensities, but it is not 
based on Navier-Stokes equation explicitly, in fact “the creation of the tur- 
bulent state must involve discontinuous solutions of Navier-Stokes equa- 
tions.” [31] However, there is article suggesting that under certain condi- 
tions, solutions of 3D Navier-Stokes equation could exhibit characteristic 
known as Kolmogorov length [32]. In this kind of hydrodynamics approach, 
macroquantization could be obtained from solution of diffusion equation 
[33]. 

In order to make this reasoning of turbulence in astrophysics more consistent 
with the known analogy between superfluidity and cosmology phenomena [26], 
we could also consider turbulence effect in quantum liquid. Therefore it seems 
reasonable to consider superfluid turbulence hypothesis, as proposed for instance 
by Kaivarainen [34]. There are also known relations such as discrete scale in- 
variant turbulence [35], superstatistics for turbulence [36], and conformal turbu- 
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lence. Furthermore, such a turbulence hypothesis could lead to logarithmic inter- 
action similar to Kolmogorov-type interaction across all scales [28]. 

Another way to put such statistical considerations into quantum mechani- 
cal framework is perhaps using Boltzmann kinetic gas approach. It is known 
that quantum mechanics era began during Halle conference in 1891, when 
Boltzmann made a remark: “I see no reason why energy shouldn’t also be 
regarded as divided atomically.” Due to this reason Planck subsequently 
called the quantity 2h after Boltzmann — ‘Boltzmann constant.’ Using the 
same logic, Mishinov et al. [37] have derived Newton equation from TDGL: 


m*d,V,(t)=e*.E—m*V,(t)/t, (10) 
This TDGL (time-dependent Ginzburg-Landau) equation is an adequate 


tool to represent the low-frequency fluctuations near T., and it can be con- 
sidered as more universal than GPE (Gross-Pitaevskii equation). 


5 TGD viewpoint on the origin of macroquantization in astrophysics 
and celestial motion 


Topological geometrodynamics (TGD) viewpoint on this macro- 
quantization subject [38] was based on recognition that this effect could be 
considered as simple substitution of Planck constant: 


hh, =GMm/v, (11) 


provided we assert that A =c =1. The motivation is the earlier proposal 
inspired by TGD [39] that the Planck constant is dynamical and quantized. 


As before v,=144.7+0.7 km/sec, giving v,/c = 4.82x10 “km/sec . This 


value is rather near to the peak orbital velocity of stars in galactic halos. As a 
sidenote, this is not the only plausible approach to make extension from 
geometrodynamics to Planck scale, and vice versa [41]. 

A distinction of TGD viewpoint [42] from Nottale’s fractal hydrodynam- 
ics approach is that many-sheeted spacetime suggests that astrophysical 
systems are not only quantum systems at larger space-time sheets but corre- 
spond to a gigantic value of gravitational Planck constant. The Bohr’s rules 
for the visible matter reflect the quantum dynamics of the dark matter at 
larger space-time sheets. Furthermore, TGD predicts the value of the pa- 
rameter V, appearing in equation (9) and explains its harmonic and subhar- 
monics. There is also a plausible linkage between hydrodynamics approach 
and Kahler structure to describe the Schrödinger equation [43]. 
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5.1. Consistency with TGD based model of galactic dark matter 
The first step is to see whether the TGD based model for dark matter is 
consistent with the gravitational Schrédinger equation. The following argu- 
ment was based on Bohr quantization rules [41]. 
a. The gravitational potential energy V(r) for a mass distribution 
M(r)=xTr (T denotes string tension) is given by: 


V(r)= Gm|" M(r)dr/r* =GmxTlog(r/R,) 0D 


Here R, corresponds to a large radius so that the potential is negative, 
as it should in the region where binding energy is negative. 
b. The Newton equation for circular orbit: 


mv’ /r =GmxT/r (13) 
which gives 
v=xGT (14) 
c. Bohr quantization condition for angular momentum by equation (11) 
reads as 
myr = nh 4, (15) 
and gives: 
r, = nh ,, (mv) = ny, (16) 
r = GM /(,) (17) 


where v is rather near to vo. 
d. Bound state energies are given by 


E, =mv /2-— xT log(r,/ R,)+ xT log(n) (18) 

The energies depend only weakly on the radius of the orbit. 
e. The centrifugal potential /(/ + 1)/r7 in the Schrödinger equation is 
negligible as compared to the potential term at large distances so that 


one expects that degeneracies of orbits with small values of / do not 
depend on the radius. 


5.2. TGD based model of planetary system 


The magnetic flux quanta (shells and flux tubes) are the carriers of the 
quantum coherent dark matter and behave effectively like quantum rigid 
bodies. This leads to a simple model for the generation of planetary system 
via a breaking of rotational symmetry. For inner planets this process leads 
from spherical shells with a full rotational symmetry to flux tubes with re- 
duced rotational symmetry inside with planet are eventually formed. Earth 
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and outer planets were formed by a splitting of a flattened flux tube in the 
common orbital plane to 5 flux tubes corresponding to Earth and outer plan- 
ets except Pluto, which indeed has orbital parameters differing dramatically 
from those of other planets. The replacement of v, by its subharmonic v,/5 
for these Jovian planets corresponds topologically to the splitting of a mag- 
netic flux tube to five separate tubes. 

Flux tubes and spherical cells containing quantum dark matter are pre- 
dicted to be still there. The amazing finding is that the quantum time scales 
associated with Bohr orbits seem to correspond to important biological time 
scales. For instance, the time scale 


Pok oo (19) 


associated with n=1 orbit is precisely 24 hours. This apparently supports the 
prediction of TGD based theory of living matter in with quantum coherent 
dark matter plays a fundamental role [40]. 

The inclinations of planetary orbits could be a test problem for the hy- 
pothesis outlined above. The prediction is not merely statistical like the 
predictions given by Nottale and others [1d][le]. The minimal value of in- 
clination for a given principal quantum number n follows from semiclassical 
view about angular momentum quantization for maximal value of z- 
component of angular momentum m=j=n [38]: 


cos(¢@) =n/./n(n+1) (20) 


where @is the angle between angular momentum and quantization axis and 
thus also between orbital plane and (x,y)-plane. This angle defines the tilt 
angle between the orbital plane and (x,y)-plane. For n=3,4,5 (Mercury, 
Earth, Venus) this equation gives Ø = 30.0°,26.6°,24.0° respectively. 
Only the relative tilt angle can be compared with the experimental data. 
Taking Earth’s orbital plane as reference will give ‘inclination’ angle, i.e. 6 
degrees for Mercury, and 2.6 degrees for Venus. The observed values are 7.0 
and 3.4 degrees, respectively, which are in good agreement with prediction. 
Bohr-Sommerfeld rules allow also estimating eccentricities and the predic- 


tion is [38]: 
e =2.(v1—m?/n?)/A+V1l-m’/n’) (21) 


The eccentricities are predicted to be very large for m<n unless n is very 
large and the only possible interpretation is that planets correspond in the lowest 
order approximation to m=n and e=0 whereas comets with large eccentricities 
could correspond to m<n orbits. In particular, for m<n comets in Oort Clouds 
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(n<700) the prediction is e>0.32. This could be a good test problem for further 
astronomical observation. 


Concluding remarks 


In this article, some plausible approaches to describe the origin of macro- 
quantization in astrophysics and also celestial motion are discussed. While 
all of these arguments are interesting, it seems that further research is re- 
quired to verify which arguments are the most plausible, corresponding to 
the observed astrophysics data. 

After all, the present article is not intended to rule out the existing meth- 
ods in the literature to predict quantization of celestial motion, but instead to 
argue that perhaps this macroquantization effect in various astronomy phe- 
nomena requires a new kind of theory to describe its origin. 


Acknowledgement 

Special thanks go to Prof. M. Pitkänen for insightful discussions in par- 
ticular on his TGD theory, and also for reading the draft version and suggest- 
ing improvement. The writer also expresses his sincere thanks to Profs. C. 
Castro, R.M. Kiehn, A. Rubćić, and E. Scholz for discussions and various 
suggestions during development of ideas presented herein. Kindful transla- 
tion of the abstract by Prof. Ezzat G. Bakhoum is gratefully appreciated. 


References 


[1] Nottale, L., G. Schumacher, & E.T. Levefre, Astron. Astrophys. 361, 379-387 
(2000); [1b] Nottale, L., “Non-differentiable space-time and scale relativity,” 
in Proc. Inter. Colloquium Géométrie au XXè siècle, Paris, 24-29 Sept. 2001, 
Ed. D. Flament; [1c] Nottale, L., Astron. Astrophys. 327, 867-889 (1997); [1d] 
Nottale, L., Chaos, Solitons and Fractals 7, 877-938 (1996) in particular 
equation (156); [le] Galopeau, P.H.M., et al., Geophysical Research Abstract 5, 
11864 (2003); [1f] Da Rocha, D., & L. Nottale, arXiv:astro-ph/03 10036, astro- 
ph/0310031, preprint at http://www.daec.obspm.ft/users/nottale 

[2] Rubéié, A., & J. Rubéié, “The quantization of solar-like gravitational systems,” 
Fizika B 7 Vol. 1, 1-13 (1998). 

[3] Agnese, A.G., & R. Festa, Proc. Workshop on Modern Modified Theories of 
Gravitation and Cosmology 1997, preprint at arXiv:astro-ph/9807186 (1998). 
Also Agnese, A.G., astro-ph/9910534; Neto, M., et al., arXiv:astro-ph/0205379. 


210 
Quantization in Astrophysics ... 


[4] Chechelnitsky, A., “Hot points of the Wave Universe concept,” in JINR, 
Dubna, Aug. 22-26, 2000; preprint at arXiv:physics/0102036 (2001); [4b] 
Chechelnitsky., A., “Epoch of quantization and Wave Universe,” (1995) 
http://web.ccr.jussieu.fr. 

[5] Coles, P., arXiv:astro-ph/0209576 (2002); [5b] Chavanis, P., arXiv:astro- 
ph/9912087 (1999). 

[6] Armitage, P.J., et al, Mon.Not.R. Astron. Society, (2002); preprint at 
arXiv:astro-ph/0204001. 

[7] Lineweaver, C. et al., Scientific Frontiers in Research on Extrasolar Planets, 
ASP Conf. Series Vol. 28, Deming et al. (eds), (2003) preprint at arXiv:astro- 
ph/0209382. 

[8] Oudet, X., “The quantum state and the doublets,” Annales de la Fondation 
Louis de Broglie Vol. 25 No.1, 24p (2000). 

[9] Sakharov, A.S., & H. Hofer, “Development of the universe and new 
cosmology,” CERN-TH/2003-101, arXiv:astro-ph/0309026 (2003). 

[10] Grigorescu, M., “Physical framework of quantization problem,” 
arXiv:physics/0306079 (2003). 

[11] Daboul, J., & M.M. Nieto, “Exact E=0 solutions for general power law 
potentials. I. Classical orbits,” arXiv:hep-th/9408057 (1994). 

[12] Kleppner, D., & R. Jackiw, Science Vol. 289, No. 5481, Issue of 11 (Aug 
2000), pp. 893-898. 

[13] Trimble, V., “Astrophysics faces the Millennium part III: The ratios of small 
whole numbers. Misadventures in astronomical quantization,” (2000). 

[14] Van Holten, J., arXiv:gr-qc/0107041 (2001). 

[15] Chapline, G., arXiv:hep-th/9812129 (1998). 

[16] Chapline, G., et al., arXiv:gr-qc/0012904 (2001), gr-qce/0407033. 

[17] Ilyanok, A., & I.A. Timoshenko, “Quantization of masses in the solar system,” 
arXiv: astro-ph/0201057(2002). Also  astro-ph/9912537 (1999), astro- 
ph/0111182, astro-ph/0111183. 

[18] Schrieffer, J.R., “Macroscopic quantum phenomena from pairing in 
superconductors,” Lecture, December 1 i" (1972). 

[19] Finkelstein, D.R., et al., “Hypercrystalline vacua,” arXiv:quant-ph/9608024 
(1996). 

[20] Kolomeisky, E.B., et al., arXiv:cond-mat/0002282 (2000). 

[21] Combes, F., arXiv:astro-ph/9906477 (1999). Also Chappell, D., & J. Scallo, 
astro-ph/9707102; Baryshev, Y.V., astro-ph/9912074. 

[22] Gorski, A.Z., arXiv:chao-dyn/9804034 (1998). 


211 
Quantization in Astrophysics ... 


[23] Antoniadis, I., P. Mazur, & E. Mottola, “Conformal invariance and Cosmic 
Background Radiation,” Phys.Rev.Lett. 79 (1997) 14-17; preprint at arXiv: 
astro-ph/9611208. Also E. Scholz, arXiv:astro-ph/0403446. 

[24] Winterberg, F., “Planck mass rotons as cold dark matter and quintessence,” 
presented at the 9" Canadian Conf. on General Relativity and Relativistic 
Astrophysics, Edmonton, May 24-26" (2001); also in Z. Naturforschung 57a 
(2002) 202-204. 

[25] Zurek, W., “Cosmological experiments in superfluids and superconductors,” in 
Proc. Euroconference Formation and Interaction of Topological Defects, A. 
Davis & R. Brandenberger (eds.) Plenum (1995); preprint at arXiv:cond- 
mat/9502119. [25b] Barcelo, C., et al., “Analogue gravity from Bose-Einstein 
condensate,” Class. Quantum Grav. 18, 1137-1156 (2001). [25c] D.L. 
Kovrizhin & L.A. Maksimov, arXiv:cond-mat/0109236. 

[26] Volovik, G., “Superfluid analogies of cosmological phenomena,” arXiv:gr- 
qc/0005091 (2000); [26b] Volovik, G., “Links between gravity and dynamics of 
quantum liquids,” in Proc. Inter. Conf: “Cosmology, Relativistic Astrophysics, 
Cosmoparticle Physics” (COSMION-99), preprint at arXiv:gr-qc/0004049; 
[26c] Volovik, G., arXiv:gr-qc/0104046; [26d] Nozieres, P., & D. Pines, The 
theory of quantum liquids: Superfluid Bose Liquid. Wesley Publ. Co. Inc., 116- 
124 (1990). 

[27] Sedrakian, A., et al., arXiv:astro-ph/9801188 (1998). 

[28] Rosu, H., arXiv:quant-ph/9506015 (1995). 

[29] Gibson, C., “Turbulent mixing, diffusion and gravity in the formation of 
cosmological structures,” Proc. FEDSM99, July 18-23, 1999, San Fransisco 
(1999). Also Gibson, C., & R. Schild, preprint for The Astronomical Journal, 
arXiv:astro-ph/0304483 (2003). 

[30] Kiehn, R.M., “An interpretation of wave-function as a measure of vorticity,” 
http://www22.pair.com/csde/pdf/cologne.pdf (1989). 

[31] Kiehn, R.M., “Topology and turbulence,” arXiv:physics/0102003 (2001). 

[32] Grassi, V., et al., arXiv:math-ph/9912008 (1999). 

[33] Castro, C., J. Mahecha, & B. Rodriguez, arXiv:quant-ph/0202026v1 (2002). 

[34] Kaivarainen, A., “Hierarchic models of turbulence, superfluidity and 
superconductivity,” arXiv:physics/0003 108 (2000). Also in 
http://www.karelia.ru/~alexk 

[35] Sornette, D., “Discrete scale invariance in turbulence?” Proc. 7” European 
Turbulence Conf. (ETC-7), June 1998, Kluwer, U. Frisch (ed.), preprint at 
arXiv:cond-mat/9802121 (1998). 

[36] Beck, C., arXiv:physics/0303061(2003). 

[37] Mishonov, T.M., et al., “Kinetics and Boltzmann kinetic equation for 
fluctuation Cooper pairs,” arXiv:cond-mat/0302046 (2003). 


212 
Quantization in Astrophysics ... 


[38] Pitkänen, M., http://www.physics.helsinki.fi/~matpitka/articles/nottale.pdf 

[39] Pitkänen, M., "Equivalence of Loop Diagrams with Tree Diagrams and 
Cancellation of Infinities in Quantum TGD" of "Topological 
Geometrodynamics", www.physics.helsinki.fi/~matpitka/tgd.html#bialgebra 

[40] Pitkänen, M., "Time, Space-Time, and Consciousness", 
http://www. physics. helsinki.fi/~matpitka/cbookILhtml#time 

[41] Spaans, M., arXiv:gr-qc/9612027 (1996). Also M. Blasone, P. Jizba, G. 
Vitiello, arXiv:math-ph/0402034 (2004). 

[42] Pitkänen, M., “Topological Geometrodynamics I, II,” Chaos, Solitons, Fractals 
13, no. 6 (2002) 1205, 1217. 

[43] Reginatto, M., arXiv:quant-ph/9909065 (1999). 


First version: Oct 8" 2004, 1“ revision: Oct 13" 2004, 2" revision: Jan 
18" 2005. 


213 
Quantization in Astrophysics ... 


The Cantorian Superfluid 
Vortex Hypothesis 
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The present article suggests a preliminary version of Cantorian 
superfluid vortex hypothesis as a plausible model of non- 
linear cosmology. Using the proposed model we explain the 
physical origin of quantum-like approach to describe planetary 
orbits as proposed in the recent literature. The meaning of the 
Cantorian superfluid vortex hypothesis is discussed, 
particularly in the context of offering a plausible mechanism 
of gravitation-related phenomena from boson condensation. 
Some advantages and unsolved questions are discussed. 


Keywords: superfluid aether, Bose-Einstein condensate, phion, 
multiple vortices, gravitational instability. 


Introduction 


In recent years, there has been a growing interest in the quantum 
approach to describing orbits of celestial bodies. While this approach 
has not been widely accepted, the motivating idea of this approach 
was Bohr-Sommerfeld’s hypothesis of quantization of angular 
momentum, and therefore it shows some resemblance to the 
Schrödinger wave equation (Chavanis 1999, Nottale 1996, Neto et al. 
2002). The application of wave mechanics to large-scale structures 
(Coles 2002) has led to impressive results in terms of prediction of 
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planetary semimajor axes, especially orbits of exoplanets (Nottale et 
al. 1997, 2000). However, a question arises as to how to describe the 
physical origin of wave mechanics of such large-scale structures. This 
leads to the Volovik-Winterberg hypothesis of the superfluid phonon- 
roton as a quantum vacuum aether (Volovik 2001, Winterberg 2002a, 
2002b). 

To extend the superfluid aether hypothesis further in order to 
explain nonlinear phenomena in cosmology, we propose a new 
Cantorian Superfluid Vortex (CSV) hypothesis. The present article 
discusses some questions related to this hypothesis, including: 

a. What is the meaning of Cantorian Superfluid Vortex? 

b. Why do we require this model? 

c. How can we represent various high-temperature phenomena 

in cosmology using low-temperature superfluid physics? 

d. What are its advantages and implications compared to present 

theories? 

e. What are the unsolved questions and possible future research? 
We begin with question b, in particular with reference to reconciling 
Quantum Mechanics and GTR. Further discussion of the proposed 
hypothesis will be reserved for a forthcoming article. 


QM, GTR, QED, Sachs 


For almost eight decades theoretical physicists have toiled to 
reconcile Quantum Mechanics and Einstein’s (General) Theory of 
Relativity, beginning with Dirac, and continuing with leading 
scientists up to this time. As a result, several different approaches 
are taken by theoretical physicists today, including such theories 
as: 
e QED & QFT: these can be considered as two of the best 
experimentally confirmed theories up to this day. For an 
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introduction, see for example Weinberg (1993, 1997) and 
Siegel (1999). 

e Sachs’s theory: in principle Sachs has attempted to bring the 
four-dimensional geometrical world into QM. ' 

e Other refinements of GTR such as Weyl’s (conformal 
gravity) solution, etc. 

e Various versions of string theories: supergravity, superstring, 
supersymmetry, brane universe, etc. 

e One lesser known approach is the diametrical opposite of 
Sachs’s approach: it claims that quantum (wave) mechanics 
theory is sufficient to explain the phenomena corresponding 
to GTR (Coles 2002). 

A major obstacle here is how to reconcile the four-dimensional 
geometrisation of GTR with common three-dimensional QM. As is 
well known, GTR was constructed as a geometrification of physical 
reality: GTR’s attempt to describe gravity is purely geometric and 
macroscopic. As such, there are some known limitations in GTR,” 
including: 

a. Classical general relativity by itself is unable to 
predict the sign of the gravitational force (attraction 
rather than repulsion). Consoli (2000) also noted: 
“Einstein had to start from the peculiar properties of 
Newtonian gravity to get the basic idea of 
transforming the classical effects of this type of 
interaction into a metric structure.” In other words, it 
seems that GTR is not the complete theory Einstein 
was looking for. 

b. There is no mechanism for gravitational forces: the 
‘graviton’ has never been observed. 
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c. There is no convincing mechanism to describe the 
interaction between matter, inertia, and space (Mach 
principle is merely postulated). 

d. There is no description of the medium of space. 
Although Einstein apparently considered a perfect 
fluid to describe this medium in his Leiden lecture in 
1921 (Einstein 1921), he never attempted to theorize 
this medium formally—perhaps for good reason.” 

e. It is quite difficult to imagine how matter can affect 
the spacetime curvature and vice versa as postulated 
by GTR (for instance H. Arp). 

f. Using GTR it is also quite difficult to explain the so- 
called ‘hidden matter’ which is supposed to exist in 
order to get average density of matter in the universe 
that required for flat universe, Q=1 (Chapline 1998). 
Alternatively some theorists have shown we can 
reconcile this issue using Navier-Stokes model 
(Gibson 1999). 

g. The spacetime curvature hypothesis cannot explain 
phenomena in the micro world of Quantum 
Mechanics. In contrast, by the Ehrenfest theorem, 
Quantum Mechanics reduces to classical physics if we 
use classical parameters consistently (see also Signell 
2002). 

However, we should recognize that the strong point of GTR is to 
generalize the Maxwell equations to the gravity field and to introduce 
the equivalence principle, as observed by recent experiments. 
Therefore according to Consoli (2000): “all classical experimental 
tests of general relativity would be fulfilled in any theory 
incorporating the Equivalence Principle.” We should also note that 
Einstein was quite right in pointing out the incompleteness of QM (as 
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described by the Copenhagen school). Therefore, we would expect to 
find a reformulation of QM, which is capable of describing known 
phenomena in support of GTR, such as the bending of light rays, 
clock delay due to the gravitational field and also the precession of the 
perihelion of planet Mercury. Attempts to generalise (QM) wave 
mechanics to describe the motion and distribution of celestial objects 
have been made, for instance by Coles (2002), Neto et al. (2002), 
Nottale et al. (1997, 2000) and Zakir (1999). 

Therefore, we may conclude the following: to reconcile GTR 
(phenomena) and QM, we have to begin by finding the mechanism of 
gravitation and its interaction with the medium of space. This leads us 
to the scalar field hypothesis as discussed below. 


Whittaker, scalar field, phion condensate 


The scalar field hypothesis as a description of gravitation is not a 
recent idea at all. Whittaker, a leading physicist and mathematician in 
his time, originated the idea of a (longitudinal) scalar field while 
studying the nature of partial differential equations.* To quote 
Whittaker: 


...the gravitational force in each constituent field will be 
perpendicular to the wave-front: the waves will be 
longitudinal... this undulatory theory of gravity would 
require gravity should be propagated with a finite 
velocity, which however need not be the same as of light, 
and may be enormously greater. 


Whittaker’s student, Dirac, upon reading Whittaker’s idea, then 
came up with his idea of the ‘electron sea’, though this was later 
found to be at odds with observation. Therefore the scalar field must 
be closely linked to the medium of space (aether, or its modern 
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version ‘quantum vacuum fluctuation’; see Chapline 1998, Rothwarf 
1998). In Whittaker’s formulation, one of the features of this scalar 
field is that its speed is much higher than the speed of light c. This 
hypothesis is recently supported by Van Flandern’s theory on the 
‘speed of gravity’.° 

Now if we accept that a scalar field can describe the mechanism of 
gravitation, the question then arises: what is the physical nature of this 
scalar field. Some physicists have argued that gravitation is actually a 
long-wavelength excitation of a scalar condensate inducing 
spontaneous symmetry breaking (Consoli 2000, 2002). This scalar 
field is represented by the ‘phion condensate’. In this sense, the Mach 
principle represents an inextricable linkage between inertia and 
gravity due to the common origin of the phenomena: condensation of 
the scalar field.° 

We now come to the core hypothesis of CSV theory: the ‘phion 
condensate’ can be modeled by zero temperature superfluid physics 
(Consoli 2000). Therefore, we treat the ‘superfluid’ as the quantum 
vacuum aether medium (as proposed by Winterberg 2002a, 2002b). 
In this way, we are no longer considering superfluidity merely as a 
useful analogy to describe various phenomena of cosmology 
(Volovik 2000b, 2001), but instead as a real fluid medium in 
accordance with Gibson’s model (Gibson 1999).’ In this regard, it 
becomes very convenient to consider the Navier-Stokes equations 
(Zalaletdinov 2002). Furthermore to represent a real superfluid model 
in cosmology, we propose a new term: ‘superfluid cosmology.’ This 
conjecture implies that there should be various nonlinear phenomena 
in cosmology which are thus far inexplicable using the 
‘geometrification’ approach, including the ‘hidden matter’ problem. 
In other words, if we use a real fluid model for nonlinear cosmology, 
we do not have to invoke some kind of exotic matter to explain the 
nature of ‘hidden matter’. 
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Now, with regard to GTR experiments, we also consider Consoli’s 
(2000) idea that “all classical experimental tests of general relativity 
would be fulfilled in any theory incorporating the Equivalence 
Principle.” Therefore, because the CSV hypothesis was in principle 
also based on the same phion condensate mechanism, we can predict 
the same effects as were predicted by Consoli (2000). 

Furthermore, the real Cantorian superfluid model also implies that 
it is possible to conduct a set of laboratory experiments to replicate 
real cosmological objects (Volovik 2001, Zurek 1995), provided we 
take into consideration proper scale modeling (similitude) theories. 


What is the Cantorian superfluid vortex? 


Once we agree with the above proposition on the role of phion 
condensate in describing the gravitational interaction, we are now 
ready to consider the meaning of the Cantorian Superfluid Vortex 
(CSV) hypothesis. Term ‘Cantorian’® here represents the sransfinite 
set introduced by Georg Cantor. As we know, the transfinite set 
introduces the mapping of a set onto itself, better known as a ‘self- 
similar’ pattern. This pattern is observed in various natural 
phenomena, including vortex phenomena. The notion of Cantorian 
vortices can be defined in simple terms as the tendency of multiple 
vortices to be present in a real fluid medium, including superfluidity. 
(See Nozieres & Pines 1990, Quist 2002, Volovik 2000a, 2000b, 
2000c.)’ Therefore, with regards to superfluid cosmology, in principle 
the Cantorian Superfluid Vortex hypothesis suggests that there is a 
tendency in nature as follows: 


Lemma I: “There are mini vortices within bigger vortices 
ad infinitum.” 

A flow pattern where the streamlines are concentric circles is 
known as a circular vortex. If the fluid particles rotate around the 
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vortex centre, the vortex is called rotational. It also follows that the 
vortex moves with the fluid. It is also known that real fluid flow is 
never irrotational, though the mean pattern of turbulent flow 
outside the boundary layer resembles the pattern of irrotational 
flow. In rotational flow of real fluids, vorticity can develop as an 
effect of viscosity. The term ‘vorticity’ is defined as the number of 
circulations in a certain area, and it equals the circulation around 
an elemental surface divided by the area of the surface (assuming 
the vortex lattice exists). Since the vortex moves with the fluid, the 
vortex tube retains the same fluid elements. and these elements 
retain their vorticity. And provided other factors remain the same, 
vortices can neither be created nor destroyed in a non-viscous 
fluid. 

In quantum fluid systems like superfluidity, it is known that such 
vortices are subject to a quantization condition of integer multiples of 


2m, or fy,.dl =2n.nh/m,=nk,. Such quantized vortices are 


distributed at equal distance from one another, which is known as 
vorticity. Furthermore, in large superfluid systems usually we use 
Landau two-fluid model, with normal and superfluid components. 
The normal fluid component always possesses some nonvanishing 
amount of viscosity and mutual friction. 

This vortex formation phenomenon is well known in various 
turbulence-related fluid phenomena such as tornadoes and tropical 
hurricanes; and it can be represented by the Navier-Stokes equation 
(Zalaletdinov 2002). Therefore, mathematically we treat the ‘vortex’ 
as a stable solution (Kivshar et al. 1999) and a consequence of 
Navier-Stokes equation. Furthermore it is known there is exact 
mapping between the Schrödinger equation and Navier-Stokes 
equation (Kiehn 1989, 1999), therefore the Cantorian Superfluid 
Vortex hypothesis requires a second conjecture: 
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Lemma Il: “Vortices are considered stable solutions of 
the Navier-Stokes equations.” 

Since we know the Navier-Stokes equation leads us to nonlinear fluid 
phenomena in cosmology (Gibson 1999) and also superfluid vortices 
(Godfrey et al. 2001, Prix 2000), then the Cantorian Superfluid 
Vortex hypothesis also proposes: 


Lemma Ill: “Cantorian Superfluid Vortex theory is 
capable to represent various phenomena of nonlinear 
cosmology.” 

Nottale’s Scale Relativity Theory (Nottale 1996, 1997, 2001, 2002) 
leads us to some interesting implications including: 

I. The Euler-Newton equation can be generalized to represent 
various phenomena in cosmology across different scales. 
Because the Euler-Newton equation can be considered a 
subset (in the inviscid limit) of the Navier-Stokes equation, 
then the Navier-Stokes equation can also be considered 
applicable to any scale (scale covariant). 

II. Because Scale Relativity Theory can be used to derive the 
Dirac equation (Celerier & Nottale 2002), we also conclude 
that Scale Relativity Theory implies there is an ‘electron sea’ 
medium, in Dirac’s words, to represent interactions across 
different scales. 

Hence we may also conclude that: 
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Lemma IV: “The Cantorian Superfluid Vortex is a 
plausible medium to describe the motion of various 
celestial objects governed by the Navier-Stokes 
equation, and to represent a medium for interactions 
across various scales.” 

In other words, and considering the exact correspondence between 
the Schrödinger equation and the Navier-Stokes equation, the 
Cantorian Superfluid Vortex hypothesis also suggests: "° 


Lemma V: “Schrodinger equation can be treated as a 
real diffusion theory, capable of describing various 
celestial phenomena at various scales.” 

In this sense, despite some similarities in their consequences and 
cosmological implications, the Cantorian Superfluid Vortex model is 
quite different from Nottale’s Scale Relativity Theory, since it relies 
on a real fluid model right from the beginning.'' Using this model, we 
can expect to get a proper mechanism and medium for gravity 
interactions, which GTR is lacking. 

A question arises here concerning whether the proposed Cantorian 
Superfluid Vortex hypothesis is really different from Nottale’s Scale 
Relativity Theory. Therefore it is perhaps worth mentioning here 
Nottale’s own opinion (Nottale 1996): 


We stress once again the fact, diffusion here is only an 
interpretation. Our theory is not statistical in its essence, 
contrarily to quantum mechanics or to diffusion 
approaches. In scale relativity, the fractal space-time can 
be completely ‘determined’, while the undeterminism of 
trajectories is not set as a founding stone of the theory, 
but as a consequence of the nondifferentiability of space- 
time. In our theory, ‘God does not play dice’, ... 
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In summary, our point of view is quantum objects are 
neither ‘waves’ nor ‘particles’, ... while our experiments, 
being incomplete, put into evidence only the module. 
There is no ‘complementarity’ here, since the phase is 
never directly seen,.... There is therefore no mystery when 
one can jump instantaneously from observing the ‘wave’ 
behavior to observing the ‘particle’ behavior without 
physically disturbing the system, but only by changing the 
observing way. Both properties were present before the 
observation, even if only one of them was seen. 


In other words, we argue here that Nottale’s Scale Relativity Theory 
is insightful in its representation of a scale covariant theory of 
gravitation, but it is lacking an explanation of the medium of the 
gravitation interaction mostly due to th evagueness of the distinction 
between the real diffusion theory and the statistical interpretation of 
QM (in particular, Schrödinger equation). '* 

Furthermore, this could have been anticipated, because Nottale’s 
Scale Relativity Theory tends to neglect the significance of real 
medium modeling: it has some inherent limitations in predicting 
nonlinear phenomena in cosmology (Gibson 1999). 

In this regard, the Cantorian Superfluid Vortex hypothesis can be 
considered an extended version of Nottale’s scale relativity theory 
toward a real fluid model of nonlinear cosmology. In other words, the 
proposed Cantorian Superfluid Vortex theory considers Scale 
Relativity Theory merely a transformation theory, such as STR or the 
Ehrenfest theorem: its contribution is to show the generality and 
applicability of the Schrödinger equation for predicting phenomena at 
cosmological scales. However, in the present author’s opinion, 
Nottale’s Scale Relativity Theory lacks a convincing description of 
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why and what kind of medium and mechanism can represent these 
phenomena. 


What are its advantages over the present 
theories 


From the Cantorian Superfluid Vortex hypothesis we can expect 
certain advantages over existing theories, including: 


a. 


Describes the origin of outer planet distribution in a (planar) 
solar system, without invoking an ad hoc second quantum 
number as Nottale (1996) or Neto et al. (2002) did; 

Predicts the existence of a vortex center in galaxies (similar to 
the ‘eye’ in hurricane and tornadoes); 

Predicts new planets in the outer orbits beyond Pluto; 
Explains the same phenomena as predicted by GTR 
(precession of perihelion of Planet Mercury, efc.) similar to 
what has been suggested by Consoli (2000); 

Describes the physical nature of the quantum vacuum aether 
medium and also the mechanism of the gravitation interaction 
(Chapline 1998, Consoli 2000, 2002); 

Simplicity preserved by retaining the notion of three 
dimensional space and one dimension time; thus QM can be 
generalized to cosmological scales naturally (Coles 2002, 
Neto et al. 2002, Signell 2002, Zakir 1999, Zurek 1995); 
Explains why the universe is observed as flat Euclidean, not 
as curved spacetime as predicted by Einstein (flat spacetime 
has also been considered for instance by K. Akama and P.V. 
Moniz). This is because there is no such thing as curved 
spacetime, at least not in the proposed Cantorian Superfluid 
Vortex theory (see also Chapline 1998, Winterberg 2002a, 
2002b); 
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h. Solves some known paradoxes in QM. 


Unsolved questions and possible future 
research 


Despite the above advantages, there are unsolved questions that 
require further research, including: 

e Explain other nonlinear cosmological phenomena from 
superfluidity viewpoint, including nebulae, pulsars, neutron 
stars, gamma ray bursts, etc. (DeAquino 2002, 2002a, Gibson 
1999, Sedrakian & Cordes 1997); 

e Reconcile the proposed Cantorian Superfluid Vortex theory 
with various phenomena at quantum scale, as predicted by 
QED, etc. (Nottale 1996, 1997, 2001, 2002a, 2002b); 

e Provide a mathematical explanation of various known QM 
paradoxes; 

e Explain known electromagnetic theories of Maxwell, etc.; 

e Provide a measurable prediction of the smallest entity in 
nature. The proposed Cantorian Superfluid Vortex theory 
prefers ‘vorton’ instead of ‘photon’ as the smallest entity in 
nature. 

Other phenomena may have been overlooked here. The above list is 
merely an introductory ‘to-do list’. 

In the present article we have discussed some reasons for 
considering Cantorian superfluid vortices as the basis of cosmology 
modeling. While of course this approach has not been widely 
accepted yet, in the author’s opinion it could reconcile some known 
paradoxes both in quantum mechanics (e.g., duality of wave-particle), 
and also in cosmology (clustering, inhomogeneity, hidden matter). 
Further discussion of the proposed hypothesis will be reserved for a 
forthcoming article where some implications and open questions will 
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be discussed. Furthermore, in the near future we expect that there will 
be other theories based on a real fluid model, which are capable of 
predicting various cosmological phenomena in a more precise way. 


References 


1. 


11. 


12. 


Barcelo, C., S. Liberati, & M. Visser, “Analogue gravity from field theory 
normal modes,” Class. Quantum Grav. 18 (2000) 3595-3610. 


Barge, P., & J. Sommeria, “Did planet formation begin inside persistent 
gaseous vortices?” published in arXiv:astro-ph/9501050. Also in 
Astronomy & Astrophysics 19.8.2002 (1995), 

Castro, C., A. Granik, & M. El Naschie, “Scale relativity in Cantorian 
space,” arXiv:hep-th/0004152 (2000). 

Castro, C. & A. Granik, “Scale relativity in Cantorian space and average 


dimensions of our world,” Chaos, Solitons & Fractals, Vol. 12 No. 10 
(2001) 1793-1816; also arXiv:hep-th/0004152. 


Celerier, M.N. & L. Nottale, “A scale-relativistic derivation of the Dirac 
Equation,” Electromagnetic Phenomena, in press, special issue dedicated 
to the 75" anniversary of the discovery of the Dirac equation (Oct 2002). 
Published at http://www.daec.obspm.fr/users/nottale. Also in arXiv-hep- 
th/0210027. 


Chapline, G., “The vacuum energy in a condensate model of spacetime,” 
arXiv: hep-th/9812129 (1998). 

Chavanis, P., “Trapping of dust by coherent vortices in the solar nebula,” 
arXiv:astro-ph/99 12087 (1999). 

Christianto, V., “Scale effect in quantization of semimajor axes of solar- 

like systems” (Dec 2002) available at http://reachme.at/coolbit. 


Coles, P., “The wave mechanics of large-scale structure,” arXiv-astro- 
ph/0209576 (2002). 


. Consoli, M., “Gravitational forces from Bose-Einstein condensate,” 


arXiv-hep-ph/0002098 (2000). 

Consoli, M., “A connection between gravity and the Higgs field,” 
arXiv-hep-ph/0204106 (2002). 

De Aquino, F., “The gravitational mass at the superconducting state,” 
arXiv: physics/0201508 (2002). 


Quantization in Astrophysics ... 227 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 


21. 


22: 


23; 


24. 


25. 


De Aquino, “Some cosmological consequences of the correlation between 
the gravitational and inertial mass,” arXiv:physics/0205040 (2002a). 
Dereli, T., & R. Tucker, “On the detection of scalar field induced 
spacetime torsion,” arXiv: gr-qc/0104050 (2001). 

Einstein, A., Relativity: The Special and the General Theory. Random 
House, London (1952). 

Einstein, A., Sidelights on Relativity. Methuen and Co., London (1921). 
Gibson, C., “Turbulent mixing, diffusion and gravity in the formation of 
cosmological structures,” Proceedings of FEDSM99, July 18-23, 1999, San 
Fransisco (1999). 

Godfrey, S.P. et al., “A new interpretation of oscillating flow experiments 
in superfluid Helium II,” J. Low Temp. Physics, Vol. 125, Nos. 112 (Oct 
2001). 

Kiehn, R.M., “An interpretation of wave-function as a cohomological 
measure of quantum vorticity,” Florida, 
http://www22.pair.com/csdc/pdf/cologne.pdf (1989). 

Kiehn, R.M., “An extension of quantum theory to include Non-gradient 
Potentials and the production of vortices,” 
http://www22.pair.com/csdc/pdf/bohmplus.pdf (1999). 

Kivshar, Y., et al., “Dynamics of optical vortex solitons,” Optics 
Communications 152, Elsevier (1998) 198-206. 

Munera, H., “Michelson-Morley experiments revisited: systematic errors, 
consistency among different experiments, and compatibility with absolute 
space,” Apeiron Vol. 5 No. 1-2, Jan-Apr (1998). 

Neto, M., et al., “An alternative approach to describe planetary systems 
through a Schrodinger-type diffusion equation,” arXiv:astro-ph/0205379 
(Oct 2002). 

Nottale, L., “Scale Relativity and Fractal Space-Time: Application to 
Quantum Physics, Cosmology and Chaotic systems,” Chaos, Solitons and 
Fractals, 7, (1996) 877-938. Also published at 
http://www.daec.obspm.fr/users/nottale. See particularly p. 50-53. 
Nottale, L. et al., “Scale relativity and quantization of the Solar System,” 
Astron. Astrophys. 322, (1997) 1018. Also published at 
http:/www.daec.obspm.fr/users/nottale. 





Quantization in Astrophysics ... 228 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
34. 


35. 


36. 


37. 


38. 


39. 


Nottale, L., “Scale relativity and quantization of the universe I: Theoretical 
framework,” Astron. Astrophys. 327, (1997) 867-889. Also published at 
http://www.daec.obspm.fr/users/nottale. 

Nottale, L., Schumacher, G., & E.T. Levefre, “Scale-relativity and 
quantization of exoplanet orbital semi-major axes,” Astron. Astrophys. 361, 
(2000) 379-387. Also published at http://www.daec.obspm.fr/users/nottale. 
Nottale, L., “Non-differentiable space-time and scale relativity,” in 
“Géométrie au XXè siècle”, Proc. of International Colloquium, Paris, 24- 
29 Septembre 2001, Ed. D. Flament, in press (2002a) As published at 
http://www.daec.obspm. fr/users/nottale. 








Nottale, L., “Scale relativistic cosmology,” Chaos, Solitons and Fractals 
(2002b) As published at http://daec.obspm.fr/users/nottale. 

Nozieres, P., & D. Pines, The theory of quantum liquids: Superfluid Bose 
Liquid. Wesley Publ. Co. Inc., (1990) p. 116-124. 

Prix, R., “Covariant vortex in superconducting-superfluid-normal fluid 
mixtures with stiff equation of state,” arXic:gr-qc/0004076 (2000). 
Quist, M., “Vortex dynamics in the nonlinear Schrédinger equations,” 
arXiv-cond-mat/02 11424 (Nov. 2002). 


Roberts, M., “Vacuum energy,” arXiv:hep-th/0012062 (2001). 


Rosu, H.C., “Pedestrian notes on quantum mechanics,” arXiv:gr- 
qc/9411035 (1994). 


Rothwarf, A., “An aether model of the universe,” Phys. Essay 11 (1998) 
444-466. 


Sedrakian, A. & J. Cordes, “Generation of pulsar glitches: superfluid core 
model,” Proc. 18” Texas Symposium on Relativistic Astrophysics, eds. A. 
Olinto, J. Frieman & D. Schram, World Scientific Press, (1997), 
arXiv-astro-ph/9709277. 

Siegel, W., “Fields,” C.N. Yang Institute for Theoretical Physics. 
arXiv:hep-th/9912205 (Sep 2002). 

Signell, P., “Newton’s second law from quantum physics,” Project 
PHYSNET, http://www.physnet.org/home/modules/license.html (2002) 8p. 
Volovik, G., “Links between gravity and dynamics of quantum liquids,” 


Int. Conf. “Cosmology. Relativistic Astrophysics. Cosmoparticle Physics ” 
(COSMION-99) (2000a). As published at arXiv:gr-qc/0004049. 


Quantization in Astrophysics ... 229 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


Volovik, G., “Superfluid analogies of cosmological phenomena,” arXiv:gr- 
qc/0005091 (2000b). 

Volovik, G., “Vortices observed and to be observed,” arXiv:cond- 
mat/0005431 (2000c). 

Volovik, G., “Vacuum in quantum liquids and in general relativity,” 

arXiv: gr-qc/0104046 (2001). 

Weinberg, S., Dreams of final theory, Vintage, London. (1993) 180-182, 
214-215. 

Weinberg, S., “What is quantum field theory and what did we think it is?” 
arXiv:hep-th/9702027 (Feb 1997). 

Winterberg, F., “Maxwell’s Aether, the Planck Aether hypothesis, and 
Sommerfeld’s Fine Structure Constant.” http://www.cet.sunderland. 
ac.uk/webedit/allweb/news/Philosophy_of_Science/Maxwell's%20Aether, 
%20the%20Planck%20A ether%20Hypothesis%20and%20Sommerfeld's% 
20Finestructure%20Constant.doc (2002a) see also 
http://www.znaturforsch.com/56a/56a068 1 .pdf . 


Winterberg, F., “Planck mass rotons as cold dark matter and quintessence,” 
presented at the 9” Canadian Conf. on General Relativity and Relativistic 
Astrophysics, Edmonton, May 24-26 2001; also in Z. Naturforsch 57a, 
202-204 (2002b). 

Zakir, Z., “Gravitation as quantum diffusion,” arXiv: gr-qc/9906079 
(1999). 

Zalaletdinov, R., “Averaging out inhomogenous Newtonian cosmologies: 
Newtonian Cosmology and the Navier-Stokes-Poisson Equations,” 

arXiv: gr-qc/0212071 (Dec 2002). 


Zurek, W.H., “Cosmological experiments in superfluids and 
superconductors,” in Proc. Euroconference Formation and Interaction of 
Topological Defects, A.C. Davis & R.N. Brandenberger (eds.) Plenum 
(1995). Also in Los Alamos preprint LAUR 95-170, arXiv: cond- 
mat/9502119. 





Notes 


' See the articles by Mendel Sachs at http://www.compukol.com/mendel, also 
Annales Foundation Louis de Broglie vol. 27, 85 (2002). Also Chapter 11 in 
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Modern Nonlinear Optics Part I. Advances in Chemical Physics, Volume 119, 
Series editors: I. Prigogine et al., John Wiley & Sons, Inc. (2002). 

? For more discussion on this issue, we refer to C. Will’s report: ‘The 
confrontation between general relativity and experiments: 1998 update,’ 
McDonnell Center for the Space Sciences, Washington University. Recently 
there are also some articles discussing some features indicating incompleteness 
of GTR, for example arXiv. gr-qc/0102056, particularly related to the so-called 
Pioneer anomaly. 

> See Munera (1998), who provides calculation to show Michelson-Morley 
experiments actually never were null. Since Michelson-Morley experiments are 
often considered as the building block of relativity theory (STR), we know what 
this article suggests. 

* See Whittaker, E., On the partial differential equations in mathematical 
physics, Cambridge Univ., (1903). 

5 See articles by T. Van Flandern at http://www.metaresearch.org 

° Of course, there are several other interpretations of the nature of the scalar field 
besides the ‘phion condensate.’ See for instance Barcelo et al. (2000), Dereli & 
Tucker (2000), Roberts (2001), Siegel (2002). 

7 See also other articles by Gibson at arXiv.org:astro-ph/9904230, 9904237, 
9904260, 9904284, 9904283, 9904317, 0003147, 9911264, 9904362, 9904269, 
9904366, 9908335, 0002381. 

* Recently Castro, Granik, & El Naschie (2000) reintroduced this term to 
describe the exact dimension of our universe. 

? There is already literature describing vortices in some cosmology phenomena, 
for instance Barge & Sommeria (1995) and also Chavanis (1999). 

10 In this regards, see Coles (2002), Neto et al. (2002), Rosu (1994), Zakir 
(1999). 

1! For a discussion on the meaning of interpreting Schrödinger equation as real 
fluid phenomena, see also Rosu (1994). 

12 See also Neto et al. (2002), Rosu (1994), Zakir (1999). 

'S See for instance P.V. Moniz (arXiv:gr-qc/0011098) and K. Akama 
(arXiv-hep-th/0007001, hep-th/0001113). 
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A NOTE ON GEOMETRIC AND INFORMATION FUSION 
INTERPRETATION OF BELL’S THEOREM AND QUANTUM 
MEASUREMENT! 


F. SMARANDACHE? AND V. CHRISTIANTO? 


1. INTRODUCTION 


It is generally accepted that Bell’s theorem [1] is quite exact to describe the 
linear hidden-variable interpretation of quantum measurement, and hence ‘quantum 
reality.’ Therefore null result of this proposition implies that no hidden-variable 
theory could provide good explanation of ‘quantum reality.’ 

Nonetheless, after further thought we can find that Bell’s theorem is nothing 
more than another kind of abstraction of quantum observation based on a set of 
assumptions and propositions [7]. Therefore, one should be careful before making 
further generalization on the null result from experiments which are ‘supposed’ to 
verify Bell’s theorem. For example, the most blatant assumption of Bell’s theorem 
is that it takes into consideration only the classical statistical problem of chance 
of outcome A or outcome B, as result of adoption of Von Neumann’s definition of 
‘quantum logic’. Another critic will be discussed here, i.e. that Bell’s theorem is 
only a reformulation of statistical definition of correlation; therefore it is merely 
tautological. [5] 

Therefore in the present paper we will discuss a few plausible extension of Bell’s 
theorem: 


(a) Bayesian and Fuzzy Bayesian interpretation. 

(b) Information Fusion interpretation. In particular, we propose a modified 
version of Bell’s theorem, which takes into consideration this multival- 
ued outcome, in particular using the information fusion theory of Dezert- 
Smarandache [2, 3, 4]. We suppose that in quantum reality the outcome of 
P(AU B) and also P(AN B) shall also be taken into consideration. This is 
where DSmT theory could be found useful. [2] 

(c) Geometric interpretation, using a known theorem connecting geometry 
and imaginary plane. In turn, this leads us to 8-dimensional extended- 
Minkowski metric. 

(d) As an alternative to this geometric interpretation, we submit the viewpoint 
of photon fluid as medium for quantum interaction. This proposition leads 
us to Gross-Piteavskii equation which is commonly used to describe bose 
condensation phenomena. In turn we provide a route where Maxwell equa- 
tions and Schrodinger equation could be deduced from Gross-Pitaevskii 
equation by using known algebra involving bi-quaternion number. In our 


1. Note: The notion ‘hronir wave’ introduced here was inspired from Borges’ Tlon, Uqbar, 


Orbis Tertius. 
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opinion, this new proposition provides us a physical mechanism of quan- 
tum interaction, beyond conventional ‘quantum algebra’ which hides causal 
explanation. 

By discussing these various approaches, we use an expanded logic beyond ‘yes’ 
or ‘no’ type logic [3]. In other words, there could be new possibilities to describe 
quantum interaction: ‘both can be wrong’, or ‘both can be right’, as described in 
Table 1 below: 


TABLE 1. Going beyond classical logic view of QM 





Alternative Bell’s theorem Implications Special relativity 
QM is nonlocal Invalid Causality breaks | Is not always ap- 
down; Observer | plicable 

determines the 











outcome 
QM is local with | Valid Causality pre- | No interaction can 
hidden variable served; The | exceed the speed 
moon is there | of light 
even without 
observer. 
Both can be right | Valid, but there is | QM, special | Can be ex- 
a way to explain | relativity and | panded using 


QM without vio- | Maxwell electro- | 8-dimensional 
lating Special Rel- | magnetic theory | Minkowski metric 
ativity can be unified. | with imaginary 
New worldview | plane 

shall be used. 
Both can be wrong | Invalid, and so | New nonlocal | Is not always ap- 
Special Relativity | QM theory is | plicable 

is. We need a new | required, involv- 
theory ing quantum 
potential 























It could be expected that a combined interpretation represents multiple-facets of 
quantum reality. And hopefully it could bring better understanding on the phys- 
ical mechanism beneath quantum measurement, beyond simple algebraic notions. 
Further experiments are of course recommended in order to verify or refute this 
proposition. 


2. BELL’S THEOREM. BAYESIAN AND FUZZY BAYESIAN INTERPRETATION 


Despite widespread belief of its ability to describe hidden-variables of quantum 
reality [1], it shall be noted that Bell’s theorem starts with a set of assumptions 
inherent in its formulation. It is assumed that each pair of particles possesses a 
particular value of À, and we define quantity p(A) so that probability of a pair being 
produced between À and A+) is p(A)dA. It is also assumed that this is normalized 
so that: 


fewa ai (1) 
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Further analysis shows that the integral that measures the correlation between 
two spin components that are at an angle of (ô — ¢) with each other, is therefore 
equal to C’’(6 — ¢). We can therefore write: 


IC”) — C"(6)| — O"(6 — 6) <1 (2) 


which is known as Bell’s theorem, and it was supposed to represent any local hidden- 
variable theorem. But it shall be noted that actually this theorem cannot be tested 
completely because it assumes that all particle pairs have been detected. In other 
words, we find that a hidden assumption behind Bell’s theorem is that it uses 
classical probability assertion [12], which may or may be not applicable to describe 
Quantum Measurement. 

It is wothnoting here that the standard interpretation of Bell’s theorem includes 
the use of Bayesian posterior probability [13]: 


. SORES 
Pla| 2) = 5 (B)p(@ | BY 8) 


As we know Bayesian method is based on classical two-valued logic. In the 
meantime, it is known that the restriction of classical propositional calculus to a 
two-valued logic has created some interesting paradoxes. For example, the Barber 
of Seville has a rule that all and only those men who do not shave themselves are 
shaved by the barber. It turns out that the only way for this paradox to work is if 
the statement is both true and false simultaneously. [14]. This brings us to fuzzy 
Bayesian approach [14] as an extension of (3): 


P(M | si)p(s:) 


Pe = 


(4) 
Where [14, p. 339]: 


P(M | s1) = D> plar | 81)ua(ae)- (5) 
k=1 

Nonetheless, it should also be noted here that there is shortcoming of this 
Bayesian approach. As Kracklauer points out, Bell’s theorem is nothing but a 

reformulation of statistical definition of correlation [5]: 
(|ABI) — (A)(B) (6) 

(ANB?) 

When (A) or (B) equals to zero and (A?) (B?) = 1 then equation (6) reduces to 
Bell’s theorem. Therefore as such it could be considered as merely tautological [5]. 





Corr(A, B) = 


3. INFORMATION FUSION INTERPRETATION OF BELL’S THEOREM. DSMT 
MODIFICATION 


In the context of physical theory of information [8], Barrett has noted that 
“there ought to be a set theoretic language which applies directly to all quantum 
interactions.” This is because the idea of a bit is itself straight out of classical set 
theory, the definitive and unambiguous assignment of an element of the set {0,1}, 
and so the assignment of an information content of the photon itself is fraught with 
the same difficulties [8]. Similarly, the problem becomes more adverse because the 
fundamental basis of conventional statistical theories is the same classical set {0, 1}. 

Not only that, there is also criticism over the use of Bayesian approach, i.e.: [13] 
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(a) In real world, neither class probabilities nor class densities are precisely 
known; 

(b) This implies that one should adopt a parametric model for the class prob- 
abilities and class densities, and then use empirical data. 

(c) Therefore, in the context where multiple sensors can be used, information 
fusion approach could be a better alternative to Bayes approach. 


In other words, we should find an extension to standard proposition in statistical 
theory [8, p.388]: 


P(AB | ©) = P(A | BC)P(B|C) 
= P(B | AC)P(A|C) ) 
P(A| B)+ P(A| B) =1. (8) 


Such an extension is already known in the area of information fusion [2], known 
as Dempster-Shafer theory: 


m(A)+m(B)+m(AU B) =1. (9) 


Interestingly, Chapline [13] noted that neither Bayesian theory nor Dempster- 
Shafer could offer insight on how to minimize overall energy usage in the network. In 
the meantime, Dezert-Smarandache (DSmT) [2] introduced further improvement of 
Dempster-Shafer theory by taking into consideration chance to observe intersection 
between A and B: 


m(A)+m(B)+m(AU B)+m(AN B)=1. (10) 


Therefore, introducing this extension from equation (10) into equation (2), one 
finds a modified version of Bell’s theorem in the form: 


IC" ($) — C” (8) — C” (8 — p) + C” (8U p) +C”(8N p) <1 (11) 


which could be called as modified Bell’s theorem according to Dezert-Smarandache 
(DSmT) theory [2]. Its direct implications suggest that it could be useful to include 
more sensors in order to capture various possibilities beyond simple {0,1} result, 
which is typical in Bell’s theorem. 

Further generalization of DSmT theory (10) is known as Unification of Fusion 
Theories [15, 16, 17]: 


m(A) + m(B)+m(AU B)+m(An B)+ m(A)+ m(B)=1 (12) 





where A is the complement of A and B is the complement of B (if we consider the 
set theory). 

(But if we consider the logical theory then A is the negation of A and B is the 
negation of B. The set theory and logical theory in this example are equivalent, 
hence doesn’t matter which one we use from them.) In equation (12) above we have 
a complement/negation for A. We might define the A as the entangle of particle 
A. Hence we could expect to further extend Bell’s inequality considering UFT; 
nonetheless we leave this further generalization for the reader. 

Of course, new experimental design is recommended in order to verify and to 
find various implications of this new proposition. 
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4. AN ALTERNATIVE GEOMETRIC INTERPRETATION OF BELL-TYPE 
MEASUREMENT. GROSS-PITAEVSKII EQUATION AND THE ‘HRONIR WAVE’ 


Apart from the aforementioned Bayesian interpretation of Bell’s theorem, we 
can consider the problem from purely geometric viewpoint. As we know, there is 
linkage between geometry and algebra with imaginary plane [18]: 


t iy pe?. (13) 


Therefore one could expect to come up with geometrical explanation of quantum 
interaction, provided we could generalize the metric using imaginary plane: 


X +iX' = pe’®. (14) 

Interestingly, Amoroso and Rauscher [19] have proposed exactly the same idea, 
i.e. generalizing Minkowski metric to become 8-dimensional metric which can be 
represented as: 

ZH = XH +iXE = pe’. (15) 

A characteristic result of this 8-dimensional metric is that ‘space separation’ 
vanishes, and quantum-type interaction could happen in no time. 

Another viewpoint could be introduced in this regard, ie. that the wave na- 
ture of photon arises from ‘photon fluid’ medium, which serves to enable photon- 
photon interaction. It has been argued that this photon-fluid medium could be 
described using Gross-Pitaevskii equation [20]. In turns, we could expect to ‘de- 
rive’ Schrodinger wave equation from the Gross-Pitaevskii equation. 

It will be shown, that we could derive Schrodinger wave equation from Gross- 
Pitaevskii equation. Interestingly, a new term similar to equation (13) arises here, 
which then we propose to call it ‘hronir wave’. Therefore one could expect that this 
‘hronir wave’ plays the role of ‘invisible light’ as postulated by Maxwell long-time 
ago. 

Consider the well-known Gross-Pitaevskii equation in the context of superfluidity 
or superconductivity [21]: 


iħ— = AW + (V(x) — yY tY, (16) 





where p < 2N/(N — 2) if N > 3. In physical problems, the equation for p = 3 is 
known as Gross-Pitaevskii equation. This equation (16) has standing wave solution 
quite similar to Schrodinger equation, in the form: 

W(x, t) = eE . u(x). (17) 


Substituting equation (17) into equation (16) yields: 
h2 
——Au+ (V(x) — E)u = |u|? tu, (18) 
2m 


which is nothing but time-independent linear form of Schrodinger equation, except 

for term |u|?~+ [21]. In case the right-hand side of this equation is negligible, 

equation (18) reduces to standard Schrodinger equation. Using Maclaurin series 
expansion, we get for (17): 

Et/h)?  (—iEt/h)? 

(x,t) = (: iEt/h 4 ( L ) } = a =) -u(x). (19) 

Therefore we can say that standing wave solution of Gross-Pitaevskii equation 

(17) is similar to standing wave solution of Schrodinger equation (u), except for 
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nonlinear term which comes from Maclaurin series expansion (19). By neglecting 
third and other higher order terms of equation (19), one gets an approximation: 


U(x, t) = [1 — iEt/ħ] - u(x). (20) 


Note that this equation (20) is very near to hyperbolic form z = x + iy [18]. 
Therefore one could conclude that standing wave solution of Gross-Pitaevskii equa- 
tion is merely an extension from ordinary solution of Schrodinger equation into 
Cauchy (imaginary) plane. In other words, there shall be ‘hronir wave’ part 
of Schrodinger equation in order to describe Gross-Pitaevskii equation. We will 
use this result in the subsequent section, but first we consider how to derive bi- 
quaternion from Schrodinger equation. 

It is known that solutions of Riccati equation are logarithmic derivatives of 
solutions of Schrodinger equation, and vice versa [22]: 


u” + vu = 0. (21) 
Bi-quaternion of differentiable function of x = (#1, £2, £3) is defined as [22]: 
Dq = — div(q) + grad(q.) + rot(q). (22) 
By using alternative representation of Schrodinger equation [22]: 
[(-A+u]f =0, (23) 
where f is twice differentiable, and introducing quaternion equation: 
Dq+¢ = -u. (24) 


Then we could find q, where q is purely vectorial differentiable bi-quaternion 
valued function [22]. 

We note that solutions of (23) are related to (24) as follows [22]: 

** For any nonvanishing solution f of (23), its logarithmic derivative: 

Df 
f 

is a solution of equation (24), and vice versa. [22] 

Furthermore, we also note that for an arbitrary scalar twice differentiable func- 
tion f, the following equality is permitted [22]: 


[(-A+u]f = [D + M"|[D- M"If, (26) 


provided h is solution of equation (24). 
Therefore we can summarize that given a particular solution of Schrodinger 
equation (23), the general solution reduces to the first order equation [22, p.9]: 


[D+ M"|F =0, (27) 


where 
D 
ha DVE (28) 
E 
Interestingly, equation (27) is equivalent to Maxwell equations. [22] Now we 
can generalize our result from the preceding section, in the form of the following 


conjecture: 
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Conjecture 1. Given a particular solution of Schrodinger equation (23), then the 
approximate solution of Gross-Pitaevskit equation (16) reduces to the first order 
equation: 

[1 —iE£t/h][D + M"|F =0. (29) 


Therefore we can conclude here that there is neat linkage between Schrodinger 
equation, Maxwell equation, Riccati equation via biquaternion expression [22, 23, 
24]. And approximate solution of Gross-Pitaevskii equation is similar to solution 
of Schrodinger equation, except that it exhibits a new term called here ‘the hronir 
wave’ (29). 

Our proposition is that considering equation (29) has imaginary plane wave, 
therefore it could be expected to provided ‘physical mechanism’ of quantum in- 
teraction, in the same sense of equation (13). Further experiments are of course 
recommended in order to verify or refute this proposition. 


5. SOME ASTROPHYSICAL IMPLICATIONS OF GROSS-PITAEVSKII DESCRIPTION 


Interestingly, Moffat [25, p.9] has also used Gross-Pitaevskii in his ‘phion con- 
densate fluid’ to describe CMB spectrum. Therefore we could expect that this 
equation will also yield interesting results in cosmological scale. 

Furthermore, it is well-known that Gross-Pitaevskii equation could exhibit topo- 
logically non-trivial vortex solutions [26, 27], which can be expressed as quantized 
vortices: 


fe e dr = N,27ħ. (30) 


Therefore an implication of Gross-Pitaevskii equation [25] is that topologically 
quantized vortex could exhibit in astrophysical scale. In this context we submit 
the viewpoint that this proposition indeed has been observed in the form of Tifft’s 
quantization [28, 29]. The following description supports this assertion of topolog- 
ical quantized vortices in astrophysical scale. 

We start with standard definition of Hubble law [28]: 


_ od _ Hr 


` : (31) 


z 


Or 
c 
"= H’ (32) 
Now we suppose that the major parts of redshift data could be explained via 


Doppler shift effect, therefore [28]: 
= or £ 
À 


In order to interpret Tifft’s observation of quantized redshift corresponding to 
quantized velocity 36.6 km/sec and 72.2 km/sec, then we could write from equation 


va ju. fA 
* = 82 =8(>). (34) 


zZ 


= (33) 


Or from equation (32) we get: 
c 


ôr = HI (35) 
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In other words, we submit the viewpoint that Tifft’s observation of quantized 
redshift implies a quantized distance between galaxies [28], which could be expressed 
in the form: 

Tn = To + n(ôr). (35a) 

It is proposed here that this equation of quantized distance (35a) is resulted 
from topological quantized vortices (30), and agrees with Gross-Pitaevskii (quan- 
tum phion condensate) description of CMB spectrum [25]. Nonetheless, further 
observation is recommended in order to verify the above proposition. 


CONCLUDING REMARKS 


In the present paper we review a few extension of Bell ’s theorem which could take 
into consideration chance to observe outcome beyond classical statistical theory, in 
particular using the information fusion theory. A new geometrical interpretation of 
quantum interaction has been considered, using Gross-Pitaevskii equation. Inter- 
estingly, Moffat [25] also considered this equation in the context of cosmology. 

It is recommended to conduct further experiments in order to verify and also 
to explore various implications of this new proposition, including perhaps for the 
quantum computation theory [8, 13]. 
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Introduction 


In arecent paper by Moffat [1] it is shown that quantum phion condensate 
model with Gross-Pitaevskii equation yields an approximate fit to data cor- 
responding to CMB spectrum, and it also yields a modified Newtonian ac- 
celeration law which is in good agreement with galaxy rotation curve data. It 
seems therefore interesting to extend further this hypothesis to explain quan- 
tization of redshift, as shown by Tifft et al. [2][6][7]. We also argue in other 
paper that this redshift quantization could be explained as signature of topo- 
logical quantized vortices, which also agrees with Gross-Pitaevskiian de- 
scription [3][5]. 

Nonetheless, there is remaining question in this quantized vortices inter- 
pretation, i.e. how to provide explanation of ‘intrinsic redshift’ argument by 
Bell [6]. In the present paper, we argue that it sounds reasonable to interpret 
the intrinsic redshift data from the viewpoint of rotating Hall effect, i.e. 
rotational motion of clusters of galaxies exhibit quantum Hall effect which 
can be observed in the form of ‘intrinsic redshift’. While this hypothesis is 
very new, it could be expected that we can draw some prediction, including 
possibility to observe small ‘blue-shift’ effect generated by antivortex part of 
the Hall effect. [5a] 

Another possibility is to explain redshift quantization from the viewpoint 
of Weyl-Moyal quantization theory [25]. It is shown that Schrödinger equa- 
tion can be derived from Weyl approach [8], therefore quantization in this 
sense comes from ‘graph’-type quantization. In large scale phenomena like 
galaxy redshift quantization one could then ask whether there is possibility 
of ‘super-graph’ quantization. 

Further observation is of course recommended in order to verify or refute 
the propositions outlined herein. 


Interpreting quantized redshift from Hall effect. Cosmic String 


In a recent paper, Moffat [1, p.9] has used Gross-Pitaevskii in conjunction 
with his ‘phion condensate fluid’ model to describe CMB spectrum data. 
Therefore we could expect that this equation will also yield interesting re- 
sults in galaxies scale. See also [1b][1c][13] for other implications of low- 
energy phion fluid model. 

Interestingly, it could be shown, that we could derive (approximately) 
Schrödinger wave equation from Gross-Pitaevskii equation. Consider the 
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well-known Gross-Pitaevskii equation in the context of superfluidity or 
superconductivity [14]: 
2 
hE = ays (a) — vl), (1) 
ot 2m 
where p<2N/(N-2) if N>3. In physical problems, the equation for p=3 is 
known as Gross-Pitaevskii equation. This equation (1) has standing wave 
solution quite similar to solution of Schrödinger equation, in the form: 


P(x, t) =e" u(x) (2) 
Substituting equation (2) into equation (1) yields: 


h’ ži 
—— Au +(V(x)—- Eu = |u|’ u, (3) 
2m 
which is nothing but a time-independent linear form of Schrödinger equa- 


-1 
tion, except for term lul” [14]. If the right-hand side of this equation is 


negligible, equation (3) reduces to standard Schrödinger equation. 

Now it is worth noting here that from Nottale et al. we can derive a gravi- 
tational equivalent of Bohr radius from generalized Schrédinger equation. 
[4] Therefore we could also expect a slight deviation of this gravitational 
Bohr radius in we consider Gross-Pitaevskii equation instead of generalized 
Schrédinger equation. 

According to Moffat, the phion condensate model implies a modification 
of Newtonian acceleration law to become [1, p.11]: 


M exp(—LL,r 
ies e PEHA) 
r 





(1+ Lr) (4) 


eT 1+J=2 (5) 


Therefore we can conclude that the use of phion condensate model im- 
plies a modification of Newton gravitational constant, G, to become (5). 
Plugging in this new equation (5) into a Nottale’s gravitational Bohr radius 
equation [4] yields: 


Where 








r pee. 1+ Mi syp M (6) 
eee Aa 


where n is integer (1,2,3...) and: 


yeli Ze (6a) 


Therefore we conclude that --provided the higher order Yukawa term of 
equation (4) could be neglected-- one has a modified gravitational Bohr- 
radius in the form of (6). It can be shown (elsewhere) that using similar 
argument one could expect to explain a puzzling phenomenon of receding 
Moon at a constant rate of +1.5” per year. And from this observed fact one 
could get an estimate of this Y factor. It is more interesting to note here, that 
a number of coral reef data also seems to support the same idea of modifica- 
tion factor in equation (5), but discussion of this subject deserves another 
paper. 
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A somewhat similar idea has been put forward by Masreliez [18] using 
the metric: 


ds? =e" [dx + dy? +dz° ~(ic.dt)’ | (7) 
Another alternative of this metric has been proposed by Socoloff & Star- 
obinski [19] using multi-connected hypersurface metric: 


ds? = dx? +e" (dy? + dz’) (8) 


With boundaries: e™ = A. 

Therefore one can conclude that the use of phion condensate model has 
led us to a form of expanding metric, which has been discussed by a few 
authors. 

Furthermore, it is well-known that Gross-Pitaevskii equation could ex- 
hibit topologically non-trivial vortex solutions [4][5], which also corre- 
sponds to quantized vortices: 


f pxdr = N,2ah (9) 


Therefore an implication of Gross-Pitaevskii equation [1] is that topo- 
logically quantized vortex could exhibit in astrophysical scale. In this con- 
text we submit the viewpoint that this proposition indeed has been observed 
in the form of Tifft’s redshift quantization [2][6]: 


ype A 10 
H (10) 


In other words, we submit the viewpoint that Tifft’s observation of quan- 
tized redshift implies a quantized distance between galaxies [2][5], which 
could be expressed in the form: 

r, =r, +n(®) (1) 
where n is integer (1,2,3,...) similar to quantum number. Because it can be 
shown using standard definition of Hubble law that redshift quantization 
implies quantized distance between galaxies in the same cluster, then one 
could say that this equation of quantized distance (11) is a result of topologi- 
cal quantized vortices (9) in astrophysical scale [5]; and it agrees with 
Gross-Pitaevskii (quantum phion condensate) description of CMB spectrum 
[1]. It is perhaps more interesting if we note here, that from (10) then we 
also get an equivalent expression of (11): 


i = A +n &) (12) 
Or 
z, =z, +n(®&) (13) 
Or 
Z, =Z f + ne) (13a) 
Zo 


Nonetheless, there is a problem here, i.e. how to explain intrinsic redshift 
related to Tifft quantization as observed in Fundamental Plane clusters and 
also from various quasars data [6][6a]: 


Zo =Z; [N-0.1M;] (13b) 


Where z,=0.62 is assumed to be a fundamental redshift constant, and N 
(=1,2,3...), and M is function of N.[6a] Meanwhile, it is interesting to note 
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here similarity between equation (13b) and (13a). Here, the number M seems 
to play a role similar to second quantum number in quantum physics. [7] 

Now we will put forward an argument that intrinsic redshift quantization 
(13b) could come from rotating quantum Hall effect. [5a] 

It is argued by Fischer [5a] that “Hall quantization is of necessity deriv- 
able from a topological quantum number related to this (quantum) coher- 
ence.” He used total particle momentum [5a]: 

p=mv+mQxr+qA (14) 

The uniqueness condition of the collective phase represented in (9) then 
leads, if we take a path in the bulk of electron liquid, for which the integral 
of mv can be neglected, to the quantization of the sum of a Sagnac flux, and 
the magnetic flux [5a]: 


@ = gf Axdr + mhOxr dr = | | BxdS = N,2ah (15) 


This flux quantization rule corresponds to the fact that a vortex is funda- 
mentally characterised by the winding number N alone [5a]. In this regard 
the vortex could take the form of cosmic string [22]. Now it is clear from 
(15) that quantized vortices could be formed by different source of flux. 

After a few more reasonable assumptions one could obtain a generalised 
Faraday law, which in rotating frame will give in a non-dissipative Hall state 
the quantization of Hall conductivity [5a]. 

Therefore one could observe that it is quite natural to interpret the quan- 
tized distance between galaxies (11) as an implication of quantum Hall ef- 
fect in rotating frame (15). While this proposition requires further observa- 
tion, one could think of it in particular using known analogy between con- 
densed matter physics and cosmology phenomena. [10][22] If this proposi- 
tion corresponds to the facts, then one could think that redshift quantization 
is an imprint of generalized quantization in various scales from microphysics 
to macrophysics, just as Tifft once put it [2]: 

“The redshift has imprinted on it a pattern that appears to have its origin 
in microscopic quantum physics, yet it carries this imprint across cosmo- 
logical boundaries.” 

In the present paper, Tifft’s remark represents natural implication of topo- 
logical quantization, which could be formed at any scale [5]. We will ex- 
plore further this proposition in the subsequent section, using Weyl quantiza- 
tion. 

Furthermore, while this hypothesis is very new, it could be expected that 
we can draw some new prediction, for instance, like possibility to observe 
small ‘blue-shift’ effect generated by the Hall effect from antivortex- 
galaxies. [23] Of course, in order to observe such a ‘blue-shift’ one shall first 
exclude other anomalous effects of redshift phenomena [6]. 

One could expect that further observation in particular in the area of low- 
energy neutrino will shed some light on this issue.[20] In this regard, one 
could view that the Sun is merely a remnant of a neutron star in the past, 
therefore it could be expected that it also emits neutrino similar to neutron 
star [21]. 


An alternative interpretation of astrophysical quantization from Weyl 
quantization. Graph and quantization. 


An alternative way to interpret the above proposition concerning topo- 
logical quantum number and topological quantization [5a], is by using Weyl 
quantization. 
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In this regards, Castro [8, p.5] has shown recently that one could derive 
Schrédinger equation from Weyl geometry using continuity equation: 


op. l1 l 
P a (fg pv! 16 
ee 1 zov) (16) 
And Weyl metric: 

Ryo = (d-)(d -2)(4,4*)- Xd -1)3,4" (17) 


Therefore one could expect to explain astrophysical quantization using 
Weyl method in lieu of using generalised Schrödinger equation as Nottale 
did [4]. To our knowledge this possibility has never been explored before 
elsewhere. 

For instance, it can be shown that one can obtain Bohr-Sommerfeld type 
quantization rule from Weyl approach [24, p.12], which for kinetic plus 
potential energy will take the form: 


22Nh = Sws, (E) (18) 


j=0 
Which can be solved by expressing E = SHE, as power series in h. 


[24]. Now equation (9) could be rewritten as follows: 
f pdr = N,2ah =) h'S,(E) (19) 
j=0 


Or if we consider quantum Hall effect, then equation (15) can be used in- 
stead of equation (9), which yields: 


© = gh Axdr + mf Qxrxdr = | | Bxds = DNS) (19a) 


The above method is known as ‘graph kinematic’ [25] or Weyl-Moyal’s 
deformation quantization [26]. We could also expect to find Hall effect 
quantization from this deformation quantization method. 

Consider a harmonic oscillator, which equation can be expressed in the 
form of deformation quantization instead of Schrédinger equation [26]: 


iñ Y in. yY 
Prai + Po —2E |f(x,p)=0 (20) 


This equation could be separated to become two simple PDEs. For imagi- 
nary part one gets [26]: 


(xd, - pd, )f =0 (21) 


Now, considering Hall effect, one can introduce our definition of total 
particle momentum (14), therefore equation (21) may be written: 


(xd, (mv +mQxr + qA)a,)f =0 (22) 


Our proposition here is that in the context of deformation quantization it 
is possible to find quantization solution of harmonic oscillator without 
Schrödinger equation. And because it corresponds to graph kinematic [25], 
generalized Bohr-Sommerfeld quantization rule for quantized vortices (19) 
in astrophysical scale could be viewed as signature of ‘super-graph’ quanti- 
zation. 
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This proposition, however, deserves further theoretical considerations. 
Further experiments are also recommended in order to verify and explore 
further this proposition. 


Concluding remarks 


In a recent paper, Moffat [1] has used Gross-Pitaevskii in his ‘phion conden- 
sate fluid’ to describe CMB spectrum data. We extend this proposition to 
explain Tifft redshift quantization from the viewpoint of topological quan- 
tized vortices. In effect we consider that the intrinsic redshift quantization 
could be interpreted as result of Hall effect in rotating frame. 

Another alternative to explain redshift quantization is to consider quan- 
tized vortices from the viewpoint of Weyl quantization which could yield 
Bohr-Sommerfeld quantization. 

It is recommended to conduct further observation in order to verify and 
also to explore various implications of our propositions as described herein. 
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Abstract: It is known that Barut’s equation could predict lepton and hadron mass 
with remarkable precision. Recently some authors have extended this equation, resulting 
in Barut-Dirac equation. In the present article we argue that it is possible to derive 
a new wave equation as alternative to Barut-Dirac’s equation from the known exact 
correspondence (isomorphism) between Dirac equation and Maxwell electromagnetic equations 
via biquaternionic representation. Furthermore, in the present note we submit the viewpoint 
that it would be more conceivable if we interpret the vierbein of this equation in terms of 
superfluid velocity, which in turn brings us to the notion of topological electronic liquid. Some 
implications of this proposition include quantization of celestial systems. We also argue that it 
is possible to find some signatures of Bose-Einstein cosmology, which thus far is not explored 
sufficiently in the literature. Further experimental observation to verify or refute this proposition 
is recommended. 
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1. Introduction 


It is known that Barut’s equation could predict lepton and hadron mass with remark- 
able precision [1]. A plausible extension of Barut’s equation is by using Barut-Dirac ’s 
model via inclusion of electron self-field. Furthermore, a number of authors has extended 
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this equation using non-linear field theory [2a][5]{5a]. Barut’s equation is as follows [5a]: 
lind, — að; /m+ K] Y =0 (1) 


where 0, = 0/Ox, and repeated indices imply a summation [5a]. The remaining param- 
eters come from substitution of variables: m = «k/a and a/m = —az/aı [5a]. In the 
meantime Barut-Dirac-Vigier’s equation could be written as: 


[ca.p — E + B(me?+ € e?°/r)| Y = —[(€ aħe’)/(4rmer’)lißaY (2) 


Despite this apparently remarkable result of Barut’s equation, nonetheless there is ques- 
tion concerning the physical meaning of his equation, in particular from the viewpoint of 
non-linear field theory [2a]. This question seems very interesting, in particular consider- 
ing the unsolved question concerning the physical meaning of wavefunction in Quantum 
Mechanics [4a]. It is known that some proponents of ‘realism’ interpretation of Quan- 
tum Mechanics predict that there should be a complete ‘realism’ description of physical 
model of electron, where non-local hidden variables could be included [4] [1a]. We consider 
that this question remains open for discussion, in particular in the context of plausible 
analog between classical electrodynamics and non-local quantum interference effect, via 
Aharonov-Casher effect [8]. 

In the present article we argue that it is possible to derive a new wave quantum 
relativistic equation as an alternative to Barut-Dirac-Vigier’s equation. Our description 
is based on the known exact correspondence (isomorphism) between Dirac equation and 
Maxwell electromagnetic equations via biquaternionic representation. In fact, we will 
discuss five approaches as alternative to Barut-Dirac equation. And we would argue that 
the question of which of these approaches is the most consistent with experimental data 
remains open. Our proposition of alternative to Barut(-Dirac) equation was based on 
characteristics of Barut equation: 

e it is a second-order differential equation (1); 
e it shall include the physical meaning of vierbein in quantum mechanical equation; 
e it has neat linkage with other known equations in Quantum Mechanics including 
Dirac equation [5a], while its solution could be different from Dirac approach [11]; 
e our observation asserts that it shall also include a proper introduction of Lorentz 
force, and acceleration from relativistic fluid dynamics. 
Furthermore, in the present note we submit the viewpoint that it would be more conceiv- 
able if we interpret the vierbein of this equation in terms of superfluid velocity [12]{13], 
which in turn brings us to the notion of topological electronic liquid [27]. Its impli- 
cations to quantization of celestial systems lead us to argue in favor of signatures of 
Bose-Einstein cosmology, which thus far has not been explored sufficiently yet in the 
literature [49a][49b]. 

What we would argue in the present note is that one could expect to extend fur- 
ther this quaternion representation into the form of unified wave equation, in particular 
using Ulrych’s representation [7]. While such an attempt to interpret vierbein of Dirac 
equation has been made by de Broglie (in terms of ‘Dirac fluid’ [41]), it seems that an 
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exact representation in terms of superfluid velocity has never been made before. From 
this viewpoint one could argue that the superfluid vierbein interpretation will make the 
picture resembles superfluid bivacuum model of Kaivarainen [20][21]. Furthermore, this 
proposition seems to support previous hypothetical argument by Prof. J-P. Vigier on the 
further development of theoretical Quantum Mechanics [6]: 

“a revival, in modern covariant form, of the ether concept of the founding fathers 
of the theory of light (Maxwell, Lorentz, Einstein, etc.). This is a crucial question, and 
it now appears that the vacuum is a real physical medium, which presents surprising 
properties (superfluid, i.e. negligible resistance to inertial motions) ... “ 

Provided this proposition of unified wave equation in terms of superfluid velocity 
vierbein corresponds to the observed facts, and then it could be used to predict some 
new observations, in particular in the context of condensed-matter analog of astrophysics 
[16]|17][18]. Therefore in the last section we will extend this proposition to argue in 
favor of signatures of Bose-Einstein cosmology, including some recent relevant observation 
supporting this argument. 

While quaternionic Quantum Mechanics has been studied before by Adler etc. [14c][28], 
and also biquaternionic Quantum Mechanics [2][3], it seems that interpreting the right- 
hand-side of the unified wave equation as superfluid 4-velocity has not been considered 
before, at least not yet in the context of cylindrical relativistic fluid of Carter and Sklarz- 
Horwitz. 

In deriving these equations we will not rely on exactitude of the solutions, because 
as we shall see the known properties, like fine structure constant of hydrogen, can be 
derived from different approaches [11]{15][19][22a]. Instead, we will use ‘correspondence 
between physical theories’ as a guiding principle, i.e. we argue that it is possible to derive 
some alternatives to Barut equation via generalization of various wave equations known 
in Quantum Mechanics. More linkage between these equations implies consistency. 

Further experimental observation to verify or refute this proposition is recommended. 


2. Biquaternion, Imaginary algebra, Unified relativistic Wave 
Equation 


Before we discuss biquaternionic Maxwell equations from unified wave equation, first 
we should review Ulrych’s method [7] by defining imaginary number representation as 
follows [7]: 


£= To + j£, =o (3) 


This leads to the multiplication and addition (or substraction) rules for any number, 
which is composed of real part and imaginary number: 


(x +y) = (ao £ yo) + j.(£1 + y1), (4) 
(xy) = (£oyo + 211) + J-(Loy1 + L1Yo)- (5) 
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From these basic imaginary numbers, Ulrych [7] argues that it is possible to find a new 
relativistic algebra, which could be regarded as modified form of standard quaternion 
representation. 

Once we define this imaginary number, it is possible to define further some relations 
as follows [14]. Given w = zo + j.xı, then its D-conjugate of w could be written as: 


W = Xo — j.L1 (6) 


Also for any given two imaginary numbers w1, w2 E€ D, we get the following relations [14]: 





Wy + We = W1 + We (7) 
W 1 ® W2 = W1 ® W2 (8) 
lw]? = 0 o w= z} — x? (9) 
wr è wal” = [wi]? © Jwz? (10) 


All of these provide us nothing new. For extension of these imaginary numbers in Quan- 
tum Mechanics, see [33]. Now we will review a few elementary definitions of quaternions 
and biquaternions, which are proved to be useful. 

It is known that biquaternions could describe Maxwell equations in its original form, 
and some of the use of biquaternions was discussed in [2][34]. 

Quaternion number, Q is defined by [33][60]: 


Q=at+tbitejtdk a,b,c,d€ R, (11a) 


where 
P=}? = k? = ijk = —1 (11b) 








Alternatively, one could extend this quaternion number to Clifford algebra [3a] [3][6][25][41], 
because higher-dimensions Clifford algebra and analysis give the possibility to generalize 
the factorisations into higher spatial dimensions and even to space-time domains [70a]. 
In this regard quaternions H ~ C92, while standard imaginary numbers C~ Clo, 
[70a]. 

Biquaternion is an extension of this quaternion number, and it is described here using 
Hodge-bracket operator, in lieu of known Hodge operator (** = —1) [5a]: 


{Q}* = (a + iA) + (b+ iB).i + (c +iC).j + (d+iD).k, (12a) 





where the second part (A,B,C,D) is normally set to zero in standard quaternions [33]. 
For quaternion differential operator, we define quaternion Nabla operator: 


Vi = !.8/3t + (/Ox)i + (0/Oy)j + (3/Ə3z)k = t.8 /ðt + i7 (12b) 


And for biquaternion differential operator, we define a quaternion Nabla-Hodge- 
bracket operator: 


{V9} * = (1.8 /ðt + !.ið/3t) + {V}* (12c) 
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where Nabla-Hodge-bracket operator is defined as: 
{V}« = (0/Ax + i8/AX).i + (0/Oy + i0/OY).j + (0/Oz + 10/OZ).k. (13a) 


It is worthnoting here that equations (4)-(10) are also applicable for biquaternion number. 
While equations (3)-(12a) are known in the existing literature [33][59], and sometimes 
called ‘biparavector’ (Baylis), we prefer to call it ‘imaginary algebra’ with emphasis on 
the use of Hodge-bracket operator. It is known that determinant and differentiation of 
quaternionic equations are different from standard differential equations [59], therefore 
solution for this problem has only been developed in recent years. 

The Hodge-bracket operator proposed herein could become more useful if we introduce 
quaternion number (11a) in the paravector form [70]: 


3 
T= X quer when {qx} C C, {ex |k = 1,2, 3} (13b) 
k=0 


and eọ is the unit. Therefore, biquaternion number could be written in the same form 
[70]: 


3 3 
{g =F+iF = X qer +Y Hen} (13c) 

k=0 k=0 
Now we are ready to discuss Ulrych’s method to describe unified wave equation [7], which 
argues that it is possible to define a unified wave equation in the form [7]: 


Do(x) = m5.9(2), (14) 
where unified (wave) differential operator D is defined as: 
D=|(P-4A), (P-4A)"]. (15) 


To derive Maxwell equations from this unified wave equation, he uses free photon fields 
expression [7]: 


DA(x) = 0, (16) 
where potential A(x) is given by: 
A(x) = A*(x) + jA (2), (17) 
and with electromagnetic fields: 
E’ (x) = —0°A*(x) — A? (x), (18) 
B’ (x) =€" 0;A,(2). (19) 


Inserting these equations (17)-(19) into (16), one finds Maxwell electromagnetic equation 
[7]: 

—V e E(x) — 0°C(z) 

+ijV è B(x) 

—j(V2B(x) — E(x) — VC(z)) 


(20) 


—i(VrE (x) + 0°B(x)) = 0 
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The gauge transformation of the vector potential A(x) is given by [7]: 
A'(x) = A(x) + VA(z)/e, (21) 


where A(x) is a scalar field. As equations (17)-(18) only use simple definitions of imag- 
inary numbers (3)-(5), then an extension from (20) and (21) to biquaternionic form of 
Maxwell equations is possible [2][34]. 

In order to define biquaternionic representation of Maxwell equations, we could extend 
Ulrych’s definition of unified differential operator [T] to its biquaternion counterpart, by 
using equation (12a), to become: 


{D} = |({P} «af A}s), ({P} + af A}4)"] (22a) 


or by definition P = —ihVand (13a), equation (22a) could be written as: 


{D} = |(—h{V} * -a{A}s),, (—A{V} * -af A}s)"1, (22b) 


where each component is now defined in its biquaternionic representation. Therefore the 
biquaternionic form of unified wave equation takes the form: 


{D} * e(z) = mg-¢(2), (23) 


if we assume the wavefunction is not biquaternionic, and 


{D} * {9(2)}* = m4.{9(a)} * (24) 


if we suppose that the wavefunction also takes the same biquaternionic form. 
Now, biquaternionic representation of free photon fields could be written in the same 
way with (16), as follows: 
{D} x A(x) =0 (25) 


We will not explore here complete solution of this biquaternion equation, as it has been 
discussed in various literatures aforementioned above, including [2][33][84] [59]. However, 
immediate implications of this biquaternion form of Ulrych’s unified equation can be 
described as follows. 

Ulrych’s fermion wave equation in the presence of electromagnetic field reads [7]: 


|(P - aA), (P - 44)" y| = -m?y, (26) 


which asserts c=1 (conventionally used to write wave equations). In accordance with 
Ulrych [7] this equation implies that the differential operator of the quantum wave equa- 
tion (LHS) is composed of the momentum operator P multiplied by its dual operator, 
and taking into consideration electromagnetic field effect qA. And by using definition of 
momentum operator: 


P = —iħV. (27) 
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So we get three-dimensional relativistic wave equation [7]: 
[(—ihV,, — qA,,) (—ihV" — qA") Y] = =m.. (28) 


which is Klein-Gordon equation. Its 1-dimensional version has also been derived by 
Nottale [67, p,29]. A plausible extension of equation (28) using biquaternion differential 
operator defined above (22a) yields: 


[(—A{V,} * —a{ Ay} +) (—A{V"} * gf A"} 5) Y] = =m., (29) 


which could be called as ‘biquaternionic’ Klein-Gordon equation. 

Therefore we conclude that there is neat correspondence between Ulrych’s fermion 
wave equation and Klein Gordon equation, in particular via biquaternionic representa- 
tion. It is also worthnoting that it could be shown that Schrodinger equation could be 
derived from Klein-Gordon equation |11], and Klein-Gordon equation also neatly corre- 
sponds to Duffin-Kemmer-Petiau equation. Furthermore it could be proved that modified 
(quaternion) Klein-Gordon equation could be related to Dirac equation [7]. All of these 
linkages seem to support argument by Gursey and Hestenes who find plenty of interest- 
ing features using quaternionic Dirac equation. In this regard, Meessen has proposed a 
method to describe elementary particle from Klein-Gordon equation [30]. 

By assigning imaginary numbers to each component |7, p.26], equation (26) could be 
rewritten as follows (by writing c=1): 


[(P — qA), (P — qA)" — eE'ijoi — eB'o; + m?°| Y =0, (30) 


where Pauli matrices g; are written explicitly. Now it is possible to rewrite equation 
(30) in complete tensor formalism [7], if Pauli matrices and electromagnetic fields are 
expressed with antisymmetric tensor, so we get: 


|(P -= qA), (P -— qA)” — eop F” +m?) Y =0, (31) 


where 


Fy=(OjAy=0,A)). (32) 


Note that equation (31) is formal identical to quadratic form of Dirac equation [7], which 
supports argument suggesting that modified (quaternion) Klein-Gordon equation could 
be related to Dirac equation. Interestingly, equation (31) is also known in the literature 
as Feynman-Gell-Mann’s equation, and its implications will be discussed in subsequent 
section [5]. Interestingly, if we neglect contribution of the electromagnetic field (q and e) 
component, and using only 1-dimensional of the partial differentiation, one gets a wave 
equation from Feynman rules [56, p.6}: 


(0,0" +m?) Y = 0, (33) 


which has been used to describe quantum-electrodynamics without renormalization [56]. 
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Further extension of equation (28) could be made by expressing it in terms of 4- 
velocity: 


(~ihV u — gA,) (~ihV" — qA") Y] = = ppp" 4. (34) 


In the context of relativistic fluid [10][11], one could argue that this 4-velocity corresponds 
to superfluid vierbein [13][16][17]. Therefore we could use Carter-Langlois’ equation [12]: 


Lp? = —C.w?, (35) 


by replacing m with the effective mass variable u. This equation has the meaning of 
cylindrically symmetric superfluid with known metric [12]: 


Jpo dx’ dx? = —c?.dt? + dz? + r?.dd? + dr’. (36) 


Further extension of equation (35) is possible, as discussed by Fischer [13], where the 
effective mass variable term also appears in the LHS of velocity equation, by defining 
momentum of the continuum as: 


Pa = lithe: (37) 


Therefore equation (35) now becomes: 
W Uat” = en, (38) 


where the effective mass variable now acquires the meaning of chemical potential [13]: 


u = ô € /Op, (39) 

and 
Piaf PENRI R] puma (40) 
K =? (p/p). (41a) 


The quantity K is defined as the stiffness coefficient against variations of the order pa- 
rameter phase. Alternatively, from macroscopic dynamics of Bose-Einstein condensate 
containing vortex lattice, one could write the chemical potential in the form [57]: 


2/5 


u = po: [1 — (Q/w1)"] (41b) 


where the quantity 2 corresponds to the angular frequency of the sample and is assumed 
to be uniform, w is the oscillator frequency, and chemical potential in the absence of 
rotation is given by [57]: 


Lig = (ħwno/2) (Na/0.0667aro) (41c) 


and N represents the number of atoms and a is the corresponding oscillator length [57]: 


Aho = V h/Mwno (41d) 
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Now the sound speed c, could be related to the equations above, for a barotropic fluid 
[13], as: 
cs = d (ln u) /d (ln p) = (K/h?) a? € /dp’. (42) 


Using this definition, then equation (42) could be rewritten as follows: 
Pa = (KN) ja = Gale)? € /dp?, (43) 
Introducing this result (43) into equation (34), we get: 
[(—éhV,, — q4) (—ihV" — qA") Y) = — (a/ ce). € /dp?)” ab (44) 


which is an alternative expression of relativistic wavefunction in terms of superfluid sound 
speed, c,. Note that this equation could appear only if we interpret 4-velocity in terms 
of superfluid vierbein [11][12]. Therefore this equation is Klein-Gordon equation, where 
vierbein is defined in terms of superfluid velocity. Alternatively, in condition without 
electromagnetic charge, then we can rewrite equation (44) in the known form of standard 
Klein-Gordon equation [36]: 


[D,,D"] = = ((ja/es).d? € /dp?)” ab. (45) 


Therefore, this alternative representation of Klein-Gordon equation (45) has the physical 
meaning of relativistic wave equation for superfluid phonon [37][38]. 

A plausible extension of (44) is also possible using our definition of biquaternionic 
differential operator (22a): 














{D} * Y = — ((ja/cs).d € /dp?)? Y | (46) 





which is an alternative expression from Ulrych’s [7] unified relativistic wave equation, 
where the vierbein is defined in terms of superfluid sound speed, c,. This is the main 
result of this section. As alternative, equation (46) could be written in compact form: 


[{D} «+I ]v =0, (47) 
where the operator I is defined according to the quadratic of equation (43): 
T = ((Jo/¢s).d2 € /dp?)”. (48a) 


For the solution of equation (44)-(47), one could refer for instance to alternative descrip- 
tion of quarks and leptons via SU(4) symmetry [28][58]. As we note above, equation 
(31) is also known in the literature as Feynman-Gell-Mann’s equation, and it has been 
argued that it has neat linkage with Barut equation [5]. This assertion could made more 
conceivable by noting that equation (31) is quadratic form of Dirac equation. In this 
regard, recently Kruglov has considered a plausible generalization of Barut equation via 
third-order differential extension of Dirac equation [60]: 


Gren T mı) (Wð F mg) (Yao a ms) y =0. (48b) 
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It is also interesting to note that in his previous work, Kruglov [60a] has argued in favor 
of Dirac-Kahler equation: 
(d—d+m)w =0, (48c) 


where the operator (d — ô) is the analog of Dirac operator y,,0". It seems plausible, 
therefore, in the context of Kruglov’s recent attempt to generalize Barut equation [60] to 
argue that further generalization to biquaternionic form is possible by rewriting equation 
(47) in the third-order equation, by using our definition (12c): 


{Vi} * +o l[{VEt * +r][{VE} * +pa]Y = 0. (48d) 


Therefore, we could consider this equation as the first alternative to (generalized) Barut 
equation. Note that we use here equation (12c) instead of (22a), in accordance with 
Kruglov [60] definition: 

ð, = 0/Ox, = (8 /Ə£m, 0/O(it)) (48e) 


In subsequent sections, we will consider a number of other plausible alternatives to Barut- 
Dirac’s equation, in particular from the viewpoint of superfluid vierbein. 


3. Alternative #2: Barut-Dirac-Feynman-Gell-Mann Equation 


It is argued [5, p. 4] that Barut equation is the sum of Dirac equation and Feynman- 
Gell-Mann’s equation (31). But from the aforementioned argument, it should be clear 
that the Feynman-Gell-Mann’s equation is nothing more than Ulrych’s fermion wave 
equation, which is indeed a quadratic of Dirac equation. Therefore, it seems that there 
should be other route to derive Barut-Dirac type equation. In this regard, we submit 
the viewpoint that the introduction of electron self-field would lead to an alternative of 
Barut equation. 

First, let us rewrite equation (31) with assigning the real c in lieu of c=1: 


[P — qA), (P - qA)" = eop F” + mely =0, (49) 
By using equation (34), then Feynman-Gell-Mann’s equation becomes: 
[(—iħV p= qA ) (—ihV" — qA") — eo u F + ppp"| Y = 0, (50) 


or 


[(—ihV , — qAy) (—iAV" — qA") + pup" Y = (cow F" )Y, (51) 


which can be called Feynman-Gell-Mann’s equation with superfluid vierbein interpreta- 
tion, in particular if we then introduce equation (43) into the LHS. 

In this regard, we can introduce Ibison’s description of electron self-energy from ZPE 
[38]: 


COL” = moa" — MoTo [da*/dr + aayul* /c?| (52) 
where 
To = e?/6nEgmoc? (53) 
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The first term in the right hand side of equation (52) could be written in the Lorentz 
form [42] [24a, p.12]: 


moa” = m|dv/dt] = e[E + vxB (54) 

where: 
E=-V64, (55) 
B=VzA. (56) 


Therefore, by defining a new parameter [24a, p.12]: 
Y = e[E + vB)" — mo(e?/6mEqmoc*) [da*/dr + a*ayu"/c’] , (57) 
one could rewrite equation (51) in term of equation (43): 
(in, — qA,) (—iBV" — qA") + (Jal es). € Ja] Y= YY, (58) 


which could be regarded as a second alternative expression of Barut equation. Therefore 
we propose to call it Barut-Dirac-Feynman-Gell-Mann equation. Implications of this 
equation should be verified via experiments, in particular with condensed-matter physics. 


4. Alternative #3: Second Order Differential Form of Schrödinger- 
Type Equation 


It is known that Barut equation is a typical second-order differential equation, which 
is therefore non-linear. Therefore a good alternative to Barut equation could be derived 
from similar approach with Schrödinger’s original equation, but this time it should be 
differentiated twice. 

In this regard, it seems worthnoting here that it is more proper to use Noether’s expres- 
sion of total energy in lieu of standard derivation of Schrödinger’s equation (E = p° /2m). 
According to Noether’s theorem [39], the total energy of the system corresponding to the 
time translation invariance is given by: 


E=me+ (ew/2). f (97.4ar?.dr) = kpc? (59) 
0 


where k is dimensionless function. It could be shown, that for low-energy state the total 
energy could be far less than E = mc’. Interestingly Bakhoum [22] has also argued in 
favor of using E = mv? for expression of total energy, which expression could be traced 
back to Leibniz. Therefore it seems possible to argue that expression E = mv? is more 
generalized than the standard expression of special relativity, in particular because the 
total energy now depends on actual velocity [39]. 

From this new expression, it is plausible to rederive quantum relativistic wave equation 
in second-order differential expression, and it turns out the new equation should also 
include a Lorentz-force term in the same way of equation (57). This feature is seemingly 
interesting, because these equations are derived from different approach from (57). 
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We start with Bakhoum’s assertion that it is more appropriate to use E = mv’, 


instead of more convenient form E = mc?. This assertion would imply [22]: 
H? =p P — m?.c7.v". (60) 
Therefore, for phonon speed (c,) in the limit p — 0, we write [37]: 


E(p) = cs. |p|. (61) 


A bit remark concerning Bakhoum’s expression, it does not mean to imply or to interpret 
E = mv’ as an assertion that it implies zero energy for a rest mass. Actually the problem 
comes from ’mixed’ interpretation of what we mean with ’velocity’. In original Einstein’s 
paper (1905) it is defined as ’kinetic velocity’, which can be measured when standard 
’steel rod’ has velocity approximates the speed of light. But in quantum mechanics, 
we are accustomed to make use it deliberately to express ‘photon speed’=c. According 
to Bakhoum, to get a consistent interpretation between special relativity and quantum 
mechanics, we should treat this definition of velocity according to its context, in particular 
to its linkage with electromagnetic field. Therefore, in special relativity 1905 paper, it 
should be better to interpret it as ’speed of free electron’, which approximates c. For 
muon, Spohn [42] has obtained v=0.9997c which is very near to c, but not exactly =c. 
For hydrogen atom with 1 electron, the electron occupies the first excitation (quantum 
number n=1), which implies that their speed also approximate c, which then it is quite 
safe to assume E ~ mc?. But for atoms with large amount of electrons occupying large 
quantum numbers, as Bakhoum showed that electron speed could be far less than c, 
therefore it will be more exact to use E = mv’, where here v should be defined as 
‘average electron speed’. Furthermore, in the context of relativistic fluid, we could use 
Ex = [U-Ugta from equation (37). 

In the first approximation of relativistic wave equation, we could derive Klein-Gordon- 
type relativistic equation from equation (60), as follows. By introducing a new parameter: 


Ç = i(v/c), (62) 
then we can rewrite equation (60) in the known procedure of Klein-Gordon equation: 
E? =p E+ Cmt, (63) 
where E = mv”. [22] By using known substitution: 
E = iħ.0/ðt, p=av/i, (64) 


and dividing by (hic)”, we get Klein-Gordon-type relativistic equation: 


~c aw /dt + VU = kW, (65) 
where 
k, = Cmoc/h. (66) 
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One could derive Dirac-type equation using similar method. But the use of new parameter 
(62) seems to be indirect, albeit it simplifies the solution because here we can use the 
same solution from Klein-Gordon equation [30]. 

Alternatively, one could derive a new quantum relativistic equation, by noting that 
expression of total energy E = mv? is already relativistic equation. We will derive here 
two approaches to get relativistic wave equation from this expression of total energy. 

The first approach, is using Ulrych’s [7] method as follows: 


E = mv? = p.v (67) 


Taking square of this expression, we get: 


E? = pw? (68) 
or 
pP = E*/v? (69) 
Now we use Ulrych’s substitution [7]: 
[(P - 44), (P - 44)"| = p’, (70) 


and introducing standard substitution in Quantum Mechanics (64), one gets: 
[P — qA),, (P - 4A) | Y =v? (ih.0/at)PW, (71) 


or 


[(—éAV,, — gA,,) (-ihV" — qA“) — (ih/v.0/8t)?| Y = 0. (72a) 


which can be called as Noether-Ulrych-Feynman-Gell-Mann’s (NUFG) equation. This is 
the third alternative to Barut-Dirac equation. 

Alternatively, by using standard definition p=m.v, we can rewrite equation (71) in 
form of equation (43): 


|(P — qA), (P — 4A) ‘| Y =m? ((ja/cs) P € Jd) .(ih.8/Ot)PW. (72b) 


In order to verify that we can use the same method with Schrödinger equation to derive 
nonlinear wave equation, let us consider Oleinik’s nonlinear wave equation. It is argued 
that the proper equation of motion is not the Dirac or Schrödinger equation, but an equa- 
tion with a new self-energy term [24]. This would mean that there is a pair wavefunction 
to include electron interaction with its surrounding medium. Therefore, the standard 
Schrödinger equation becomes nonlinear equations of motion [24]: 


à> Uv 
lið /ðt + V?/2m — U(a)| Tie 0 (73) 
V(x) 
where we use h = 1 for convenience. 
From this equation, one can get the relativistic version corresponding to Dirac equa- 
tion [24]. Interestingly, Froelich [66] has considered equation of motion for the few-body 
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systems associated with the hydrogen-antihydrogen pairs using radial Schrodinger-type 
equation. Therefore, it seems interesting to consider equation (73) also in the context of 
hydrogen-antihydrogen molecule. 

And because equation (73) is derived from the standard definition of total energy 
E = p’/2m, then our method to use equation (60) seems to be a logical extension 
of Oleinik’s method. To get nonlinear version similar to equation (73), then we could 
rewrite equation (72a) as: 





[(—ihV, — gA,,) (—ihV" — qA") — (éh/v.0/dt)?] (72) = (74) 


What’s more interesting here, is that Oleinik [24a, p.12] has shown that equation (73) 
could lead to an expression of Newtonian-Lorentz force similar to equation (54): 


moa” = m|dr/dt?] = e[E +v x B] (75) 


This verifies our aforementioned proposition that a good alternative to Barut’s equation 
should include a Lorentz-force term in wave equation. In other words, from equation 
(73) we find neat linkage between Schrödinger equation, nonlinear wave, and Lorentz- 
force. We will use this linkage in the following section. It turns out that we can find 
a proper generalization of Barut’s equation via introduction of Newtonian-acceleration 
from velocity of the relativistic fluid in similar form of Lorentz force. 


5. Alternative #4: Lorentz-force & Newtonian Acceleration 
Method 


For the fourth method, we will introduce Leibniz rule [40] into equation (67) via 
differentiation with respect to time, which yields: 


dE /dt = d[p.v|/dt = v.|dp/dt] + p.[dv/dt] (76) 
The next step is taking derivation of the known substitution in QM: 
dE /dt = ih.0? /dt?, (77) 
dp/dt = d(—ihV) /dt = —ihV 
Now, substituting back equation (77) and (64) into equation (76), we get: 
(ih.0? /Ot?)V = (v.[—ihV] — [dv/dt].inV)V. (78) 


At this point, we note that the second term in the right hand side of equation (78) could 
be written in the Lorentz force form [42], and following equation (54): 


[du/dt] = e/m.(E + vz B) (79) 
where: 
E=-V¢4, (80) 
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B = VtA. (81) 


Therefore, we can rewrite equation (78) in the form: 
(iħ.8@? /Ot?)V = (v.[-ihV] — e/m.[E + vrB].iħV)Y, (82) 


which is a new wave relativistic quantum equation as alternative to Barut equation. 
To our present knowledge, this alternative wave equation (82) has never been derived 
elsewhere. 

As an alternative to equation (79), we can rewrite Lorentz form in term of Newto- 
nian acceleration. In this regard, it is worthnoting that the definition of acceleration of 
relativistic fluid is not widely accepted yet [10]. Therefore we will use here result from 
relativistic field equations from Poisson process [46], from which we get an expression of 
acceleration [46]: 


dv/dt = ħ/2m.(8’u/ðx?) — v.ðu/ðx + u.dv/dx — m.V /ðx =F (83) 





Therefore, by substituting this equation into (78), we get: 





(iħ.8?/3t)Y = (v.[-ihV] — 3.ihV)Y, (84) 


which can be considered as a better alternative to equation (82). 


6. Alternative #5: Schrödinger-Ginzburg-Landau Equation and 
Quantization of Celestial Systems 


In the preceding section (#4), we have found the neat linkage between Schrödinger 
equation, nonlinear wave, and Lorentz-force, which indicates a possibility to be considered 
as alternative to Barut equation. Now, as the fifth alternative method, it will be shown 
that we can expect to generalize Schrödinger equation to describe quantization of celestial 
sytems. While this notion of macro-quantization is not widely accepted yet, as we will 
see the logarithmic nature of Schrödinger equation is sufficient to ensure its applicability 
to larger systems. As alternative, we will also discuss an outline for deriving Schrödinger 
equation from simplification of Ginzburg-Landau equation. It is known that Ginzburg- 
Landau equation exhibits fractal character. 

First, let us rewrite Schrödinger equation (73) in its common form: 


lið/ðt + V? /2m — U (x)| Y = 0 (85) 
where we use A = 1for convenience, or 
(i0/Ot)V = H.Y (86) 


Now, it is worthnoting here that Englman & Yahalom [4a] argue that this equation 
exhibits logarithmic character: 


In (x,t) = In (|W(2,t)|) + i. arg(W (x, t)) (87) 
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Schrodinger already knew this expression in 1926, which then he used it to propose 
his equation called ‘eigentliche Wellengleichung’ [4a]. Therefore equation (85) can be 
rewritten as follows: 


2m(AIn |W] /Ot) + 2V lIn |V| .V arg[t] + V.V arg[Ņ] = 0 (88) 


Interestingly, Nottale’s scale-relativistic method [43]|44] was also based on generalization 
of Schrodinger equation to describe quantization of celestial systems. It is known that 
Nottale-Schumacher’s method [45] could predict new exoplanets in good agreement with 
observed data. Nottale’s scale-relativistic method is essentially based on the use of first- 
order scale-differentiation method defined as follows [43][44]: 


OV/A(In ôt) = B(V) =a +bV +... (89) 


Now it seems clear that the logarithmic derivation, which is essential in scale-relativity 
approach, also has been described properly in Schrédinger’s original equation [4a]. In 
other word, its logarithmic form ensures applicability of Schrodinger equation to describe 
macroquantization of celestial systems. 

To emphasize this assertion of the possibility to describe quantization of celestial 
systems, let us return for a while to the preceding section where we use Fischer’ description 
[13] of relativistic momentum of 4-velocity (37)-(38). Interestingly Fischer [13] argues that 
the circulation leading to equation (37)-(38) is in the relativistic dense superfluid, defined 
as the integral of the momentum: 


Se $ ppd" = 2r. N,ħ, (90) 


and is quantized into multiples of Planck’s quantum of action. This equation is the co- 
variant Bohr-Sommerfeld quantization of ys. And then Fischer [13] concludes that the 
Maxwell equations of ordinary electromagnetism can be cast into the form of conservation 
equations of relativistic perfect fluid hydrodynamics |10], in good agreement with Vigier’s 
guess as mentioned above. Furthermore, the topological character of equation (90) corre- 
sponds to the notion of topological electronic liquid, where compressible electronic liquid 
represents superfluidity [27]. 

It is worthnoting here, because here vortices are defined as elementary objects in the 
form of stable topological excitations [13], then equation (90) could be interpreted as 
signatures of Bohr-Sommerfeld quantization from topological quantized vortices. Fischer 
[13] also remarks that equation (90) is quite interesting for the study of superfluid rotation 
in the context of gravitation. Interestingly, application of Bohr-Sommerfeld quantization 
to celestial systems is known in literature [47]|48], which here in the context of Fischer’s 
arguments it seems plausible to suggest that quantization of celestial systems actually 
corresponds to superfluid-quantized vortices at large-scale [27]. In our opinion, this result 
supports known experiments suggesting neat correspondence between condensed matter 
physics and various cosmology phenomena [16]-[19]. 
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To make the conclusion that quantization of celestial systems actually corresponds to 
superfluid-quantized vortices at large-scale a bit conceivable, let us consider an illustration 
of quantization of celestial orbit in solar system. 

In order to obtain planetary orbit prediction from this hypothesis we could begin with 
the Bohr-Sommerfeld’s conjecture of quantization of angular momentum. This conjecture 
may originate from the fact that according to BCS theory, superconductivity can exhibit 
macroquantum phenomena {16][65]. In principle, this hypothesis starts with observation 
that in quantum fluid systems like superfluidity, it is known that such vortexes are subject 
to quantization condition of integer multiples of 27, or $ vs.dl = 27.nh/m4. As we know, 
for the wavefunction to be well defined and unique, the momenta must satisfy Bohr- 
Sommerfeld’s quantization condition: 


fva =2mnh (91) 
T 
for any closed classical orbit I. For the free particle of unit mass on the unit sphere the 


left-hand side is [49]: 


pea = W? Sl (92) 
0 
where T=2r/w is the period of the orbit. Hence the quantization rule amounts to quan- 
tization of the rotation frequency (the angular momentum):w = nh. Then we can write 
the force balance relation of Newton’s equation of motion [49]: 


GMm/r? = mv? /r (93) 


Using Bohr-Sommerfeld’s hypothesis of quantization of angular momentum, a new con- 
stant g was introduced: 
mor = ng/2r (94) 


Just like in the elementary Bohr theory (before Schrédinger), this pair of equations yields 
a known simple solution for the orbit radius for any quantum number of the form [49]: 


r=n?.g?/(4n?.GM.m’) (95) 
which can be rewritten in the known form [43][44]: 
r=n.GM/v? (96) 


where r, n, G, M, v, represents orbit radii, quantum number (n=1,2,3,...), Newton 
gravitation constant, and mass of the nucleus of orbit, and specific velocity, respectively. 
In this equation (96), we denote: 


Uo = (21 /g).GMm (97) 


The value of m is an adjustable parameter (similar to g). [43][44] 
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Using this equation (96), we could predict quantization of celestial orbits in the solar 
system, where for Jovian planets we use least-square method and define M in terms of 
reduced mass u = (M,.M2)/(M,+ M2). From this viewpoint the result is shown in Table 
1 below [49]: 

Table 1. Comparison of prediction and observed orbit distance of 
planets in Solar system (in 0.1 AU unit) [49] 

























































































Object No. | Bode | Nottale | CSV | Observed | A(%) 

1 0.4 0.428 

2 1.7 1.71 
Mercury 3 4 3.9 3.85 3.87 0.52 
Venus 4 7 6.8 6.84 7.32 6.50 
Earth 5 10 10.7 10.70 | 10.00 -6.95 
Mars 6 16 15.4 15.4 15.24 -1.05 
Hungarias T 21.0 20.96 | 20.99 0.14 
Asteroid 8 27.4 27.38 | 27.0 1.40 
Camilla 9 34.7 34.6 31.5 -10.00 
Object No. | Bode | Nottale | CSV | Observed | A(%) 
Jupiter 2 52 45.52 | 52.03 12.51 
Saturn 3 100 102.4 | 95.39 -7.38 
Uranus 4 196 182.1 191.9 5.11 
Neptune 5 284.5 | 301 5.48 
Pluto 6 388 409.7 | 395 -3.72 
2003EL61 7 557.7 | 520 -7.24 
Sedna 8 722 728.4 | 760 4.16 
2003UB31 | 9 921.8 | 970 4.96 
Unobserved | 10 1138.1 
Unobserved | 11 1377.1 





For comparison purpose, we also include some recent observation by M. Brown et 
al. from Caltech [50][51][52][53]. It is known that Brown et al. have reported not less 
than four new planetoids in the outer side of Pluto orbit, including 2003EL61 (at 52AU), 
2005F Y9 (at 52AU), 2003VB12 (at 76AU, dubbed as Sedna.) And recently Brown and his 
team reported a new planetoid finding, called 2003UB31 (97AU). This is not to include 
Quaoar (42AU), which has orbit distance more or less near Pluto (39.5AU), therefore this 
object is excluded from our discussion. It is interesting to remark here that all of those 
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new ‘planetoids’ are within 8% bound from our prediction of celestial quantization based 
on the above Bohr-Sommerfeld quantization hypothesis (Table 1). While this prediction 
is not so precise compared to the observed data, one could argue that the 8% bound limit 
also corresponds to the remaining planets, including inner planets. Therefore this 8% 
uncertainty could be attributed to macroquantum uncertainty and other local factors. 

While our previous prediction only limits new planet finding until n=9 of Jovian 
planets (outer solar system), it seems that there are enough reasons to suppose that 
more planetoids are to be found in the near future. Therefore it is recommended to 
extend further the same quantization method to larger n values. For prediction purpose, 
we include in Table 1 new expected orbits based on the same quantization procedure we 
outlined before. For Jovian planets corresponding to quantum number n=10 and n=11, 
our method suggests that it is likely to find new orbits around 113.81 AU and 137.71 AU, 
respectively. It is recommended therefore, to find new planetoids around these predicted 
orbits. 

As an interesting alternative method supporting this proposition of quantization from 
superfluid-quantized vortices (90), it is worthnoting here that Kiehn has argued in favor 
of re-interpreting the square of the wavefunction of Schrodinger equation as the vorticity 
distribution (including topological vorticity defects) in the fluid [61]. From this viewpoint, 
Kiehn suggests that there is exact mapping from Schrodinger equation to Navier-Stokes 
equation, using the notion of quantum vorticity [61]. Interestingly, de Andrade & Sivaram 
[62] also suggest that there exists formal analogy between Schrödinger equation and the 
Navier-Stokes viscous dissipation equation: 


OV/dt = v.V°V (98) 


where v is the kinematic viscosity. Their argument was based on propagation torsion 
model for quantized vortices [62]. While Kiehn’s argument was intended for ordinary fluid, 
nonetheless the neat linkage between Navier-Stokes equation and superfluid turbulence 
is known in literature [63]|64][21]. 

Therefore, it seems interesting to consider a plausible generalization of Schrodinger 
equation in particular in the context of viscous dissipation method. First, we could write 
Schrodinger equation for a charged particle interacting with an external electromagnetic 
field [61] in the form of equation (28) and (85): 


[(—tAV » — gAy) (-ihV"® — qA") Y] = [-12m.0/0t + 2mU(z)] Y. (99) 


In the presence of electromagnetic potential [69], one could include another term into the 
LHS of equation (99): 


[(—iħV„ — gAy) (-—ihV" — qA") + e40] Y = 2m [-10/0t + U(az)| Y. (100) 


This equation has the physical meaning of Schrodinger equation for a charged particle in- 
teracting with an external electromagnetic field, which takes into consideration Aharonov 
effect [69]. Topological phase shift becomes its immediate implication, as already consid- 
ered by Kiehn [61]. 
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Therefore, in the context of quaternionic representation of Schrödinger equation [70], 
one could write equation (100) in terms of equation [22a]: 


HD} * +eA,] Y = 2m [—i0/ot + U(ax)] Y. (101) 


In the context of topological phase shift [69], it would be interesting therefore to find the 
scalar part of equation (101) in experiments [8]. 

As described above, one could also derive equation (96) from scale- relativistic Schrodinger 
equation [43]|44]. It should be noted here, however, that Nottale’s method [43][44] dif- 
fers appreciably from the viscous dissipative Navier-Stokes approach of Kiehn, because 
Nottale only considers his equation in the Euler-Newton limit [67][68]. Nonetheless, as 
we shall see, it is possible to find a generalization of Schrodinger equation from Nottale’s 
approach in similar form with equation (101). In order to do so, first we could rewrite 
Nottale’s generalized Schrödinger equation via diffusion method [67][71]: 


i2my |- (iy + a(t)/2) (Ob/Ox)? Y? + Ə In y/ðt] 
+iya(t). (0?y/0x7) /Y = © + a(x) 


(102) 


where w,a(x), ®, y each represents classical wave function, an arbitrary constant, scalar 
potential, and a constant, respectively. If the function f(t) is such that 


a(t) = —i27, a(x) =0, (103) 


y = ħ/2m (104) 
then one recovers the original Schrödinger equation (85). 
Further generalization is possible if we rewrite equation (102) in quaternion form 
similar to equation (101): 
i2my [— (iy + a(t)/2) V Jx)? Y? + ð ln Y/ðt] 
+i7.a(t). {V"}*) /P = © + a(x) 


(105) 


Alternatively, with respect to our superfluid dynamics interpretation [13], one could also 
get Schrodinger equation from simplification of Ginzburg-Landau equation. This method 
will be discussed subsequently. It is known that Ginzburg-Landau equation can be used 
to explain various aspects of superfluid dynamics [16][17][18]. 

According to Gross, Pitaevskii, Ginzburg, wavefunction of N bosons of a reduced mass 
m* can be described as [55]: 


(R? /2m*).V? Y + K ||? Y = ih.Ow/dt (106) 


For some conditions (where the temperature dependence of the density of Cooper pairs, 
ns, is just the square of order parameter. Or |u|” ~ n, = A(T, — T)), then it is possible 
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to replace the potential energy term in equation (106) with Hulthen potential. This 
substitution yields: 


—(h?/2m«).V?W + Vitutthen-W = th.Ow/dt (107) 


where 
Vituttnen(1) = K ||? = —Ze?.6.e~* /(1 — e~ 7) (108) 


This equation (108) has a pair of exact solutions. It could be shown that for small 
values of 6, the Hulthen potential (108) approximates the effective Coulomb potential, in 
particular for large radius [14b]: 


Ve —e? /r + L+ 1).h?/(2mr?) (109) 


coulomb — 


Therefore equation (109) could be rewritten as: 
—WV?b/2m x + [—e?/r + LE + 1).R?/(Qmr?)] y = ih.Oyp/dt (110) 
For large radii, second term in the square bracket of LHS of equation (110) reduces to 
zero [54], 
LL + 1).h?/(2mr?) > 0 (111) 
so we can write equation (110) as: 
(—h?V70b/2m x +U). y = ih.Ow /Ot (112) 
where Coulomb potential can be written as: 
U =—e?/r (113) 


This equation (112) is nothing but Schrédinger equation (85). Therefore we have re- 
derived Schrodinger equation from simplification of Ginzburg-Landau equation, in the 
limit of small screening parameter. Calculation shows that introducing this Hulthen 
effect (108) into equation (107) will yield different result only at the order of 1073? m 
compared to prediction using equation (110), which is of course negligible. Therefore, we 
conclude that for most celestial quantization problems the result of TDGL-Hulthen (110) 
is essentially the same with the result derived from equation (85). Now, to derive equation 
(96) from Schrödinger equation, the reader is advised to see Nottale’s scale-relativistic 
method [43][44]. 

What we would emphasize here is that this derivation of Schrodinger equation from 
Ginzburg-Landau equation is in good agreement with our previous conjecture that equa- 
tion (90) implies macroquantization corresponding to superfluid-quantized vortices. This 
conclusion is the main result of this section. It is also worthnoting here that there is 
recent attempt to introduce Ginzburg-Landau equation in the context of microtubule 
dynamics [72], which implies wide applicability of this equation. 

In the following section, we would extend this argument by noting that macroquan- 
tization of celestial systems implies the topological character of superfluid-quantized vor- 
tices, and cosmic microwave background radiation is also an indication of such topological 
superfluid vortices. 
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7. Further Note: Signatures of Bose-Einstein Cosmology 


It is known that CMBR temperature (2.73K) is conventionally assumed to come from 
the hot early Universe, which then cools adiabatically to the present epoch. Nonetheless 
this description is not without problems, such as how to consider the small temperature 
fluctuations of CMBR as the seeds that give rise to large-scale structure such as galaxy 
formation [73]. Furthermore it is known that CMBR follows Planck radiation law with 
high precision, so one could argue whether it also indicates that large-scale structures 
obey quantum-mechanical principles. Therefore we will consider here some alternative 
hypothesis, which support the idea of low-energy quantum mechanics corresponding to 
superfluid vortices described in the preceding section. 

In recent years, there are alternative arguments suggesting that the Universe indeed 
resembles the dynamics of N number of Planckian oscillators. Using similar assumption, 
for instance Antoniadis et al. [74] argue that CMBR temperature could be derived using 
conformal invariance symmetry, instead of using Harrison-Zel’dovich spectrum. Other 
has derived CMBR temperature from Weyl framework [74a]. Furthermore, if the CMBR 
temperature 2.73K could be interpreted as low-energy part of the Planck distribution 
law, then it seems to indicate that the Universe resembles Bose-Einstein condensate [75]. 
Pervushin et al. also argued that CMBR temperature could be derived from conformal 
cosmology with relative units [76]. These arguments seem to support Winterberg’s hy- 
pothesis that superfluid phonon-roton aether could explain the origin of cosmic microwave 
background radiation [18][19]. 

Of course, it does not mean that CMBR data fits perfectly with Planck distribution 
law. It has been argued that CMBR data more corresponds to q-deformed Planck radia- 
tion distribution [77]. However, this argument requires further analysis. What interests 
us here is that there are reasons to believe that a quantum universe based on Planck 
scale is not merely a pure hypothetical notion, in particular if we consider known analogy 
between superfluidity and various cosmology phenomena [16][17]. 

Another argument comes from fractality argument. It has been discovered by Feyn- 
man that the typical quantum mechanical paths are non-differentiable and fractal [67]. 
In this regard, it has been argued that the Universe is embedded in Cantorian fractal 
spacetime having non-integer Hausdorff dimension [78], and from this viewpoint it could 
be inferred that the correlated fluctuations of the fractal spacetime is analogous to the 
Bose-Einstein condensate phenomenon. Interestingly, there is also hypothesis suggesting 
that Hausdorff dimension could be related to temperature of ideal Bose gas [79]. 

From these aforementioned arguments, it seems plausible to suppose that that CMBR 
temperature 2.73K could be interpreted as a signature of Bose-Einstein condensate cos- 
mology. In particular, one could consider [22b] that “this relationship comes directly from 
Boltzmann’s law N= B.k.T, where N is the background noise power; T is the background 
temperature in degrees Kelvin; and B is the bandwidth of the background radiation. It 
follows that the ratio (N/kB) for the cosmic background radiation is approximately equal 
to ”e”, because we usually convert the equation to decibels by taking natural logarithm. 


269 
Quantization in Astrophysics ... 


The relationship is a solid one in fact.” From this viewpoint, it seems quite conceivable to 
explain why CMBR temperature 2.73K is near enough to known number e= 2.71828... , 
which seems to suggest that the logarithmic form of Schrödinger equation (‘eigentliche 
Wellengleichung’) [4a] may have a deep linkage with this number e= 2.71828... 

Nonetheless, we recognize that this proposition requires further analysis before we 
could regard it as conclusive. But we can describe here some arguments to support the 
new interpretation supporting this Bose-Einstein cosmology argument: 

e From Fischer’s argument [13] we know that Bohr-Sommerfeld quantization from 
superfluid vortice could exhibit at all scales, including celestial quantization. This 
proposition comes directly from his assertion of the topological character of superfluid 
vortices, because superfluid is topological electronic liquid [27]. 

e Extending further the aforementioned hypothesis of topological superfluid vortices, 
then it seems interesting to compare it with topological analysis of COBE-DMR 
data. G. Rocha et al. [80] argue using wavelet approach with Mexican Hat potential 
that it is possible to interpret the data as clue for a finite torus Universe, albeit not 
conclusive enough. 

e Interestingly, this conjecture could be related to Bulgadaev’s argument [81] suggest- 
ing that topological quantum number could be related to torus structure as stable 
soliton [8laj. In effect, this seems to imply that the basic structure of physical 
phenomena throughout all scales could take the form of topological torus. 

In other words, the topological character of superfluid vortices implies that it is possible to 
generalize superfluid vortices to large scales. And the topological character of CMBR data 
seems to support our proposition that the universe indeed exhibits topological structures. 
It follows then that CMBR temperature is topological [80] in the sense that the superfluid 
nature of background temperature [18][19] could be explained from topological superfluid 
vortices. 

Interestingly, similar argument has been pointed out by a number of authors by 
mentioning non-Gaussian part of CMBR spectrum. However, further discussion on this 
issue requires another note. 


8. Concluding Remarks 


It is known that Barut equation could predict lepton mass (and also hadron mass) 
with remarkable precision. Therefore, in the present article, we attempt to find plausible 
linkage between Dirac-Maxwell’s isomorphism and Barut-Dirac-Vigier equation. From 
this proposition we could find a unified wave equation in terms of superfluid velocity 
(vierbein), which then could be used as basis to derive some alternative descriptions of 
Barut equation. Further experiment is required to verify which equation is the most 
reliable. 

In the present note we submit the viewpoint that it would be more conceivable if we 
interpret the wierbein of the unified wave equation in terms of superfluid velocity, which 
in turn brings us to the notion of topological electronic liquid. Nonetheless, the proposed 
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imaginary algebra discussed herein is only at its elementary form, and it requires further 
analysis in particular in the context of [5aj[7][14][28]. It is likely that this subject will 
become the subject of subsequent paper. 

Furthermore, the notion of topological electronic liquid could lead to topological su- 
perfluid vortices, which may explain the origin of macroquantization of celestial systems 
and perhaps also topological character of Cosmic Microwave Background Radiations. 
Nonetheless, such a proposition requires further analysis before it can be considered as 
conclusive. 

Provided the aforementioned propositions of using superfluid velocity (vierbein) to 
describe unified wave equation correspond to the observed facts, and then in principle it 
seems to support arguments in favor of possibility to observe condensed-matter hadronic 
reaction. 
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Summary: We review the relation between space-time geometries with tor- 
sion fields (the so-called Riemann-Cartan-Weyl (RCW) geometries) and their 
associated Brownian motions. In this setting, the metric conjugate of the trace- 
torsion one-form is the drift vector field of the Brownian motions. Thus, in the 
present approach Brownian motions are -in distinction with Nelson’s Stochastic 
Mechanics- space-time structures. We extend this to the state-space of non- 
relativistic quantum mechanics and discuss the relation between a non-canonical 
quantum RCW geometry in state-space associated with the gradient of the 
quantum-mechanical expectation value of a self-adjoint operator. A particular 
case is given by the generalized laplacian operator defined by a RCW geom- 
etry, which is the generator of the space-time Brownian motions. We discuss 
the reduction of the wave function in terms of a RCW quantum geometry in 
state-space. We characterize the Schroedinger equation in terms of the RCW ge- 
ometries and Brownian motions, for systems under observation as well as those 
unobserved. Thus, in this work, the Schroedinger field is a torsion generating 
field. In this work the U and R processes -in the sense of R. Penrose- are as- 
sociated to RCW geometries and their Brownian motions, the former to RCW 
space-time geometries and their associated Brownian motions, and the latter to 
their extension to the state-space of nonrelativistic quantum mechanics given by 
the projective Hilbert space. In this setting, the Schroedinger equation can be 
either linear or nonlinear. We discuss the problem of the many times variables 
and the relation with dissipative processes. We present as an additional example 
of RCW geometries and their Brownian motions, the dynamics of viscous fluids 
obeying the invariant Navier-Stokes equations. We introduce in the present set- 
ting an extension of R. Kiehn’s approach to dynamical systems starting from the 
notion of the topological dimension of one-forms, to apply it to the trace-torsion 
one-form whose metric conjugate is the Brownian motion’s drift vector-field and 
discuss the topological notion of turbulence. We discuss the relation between 
our setting and the Nottale theory of Scale Relativity, and the work of Castro 
and Mahecha in this volume in nonlinear quantum mechanics, Weyl geometries 
(which are not to be confused with the RCW geometries) and the quantum 
potential. In our setting, the quantum potential is found to coincide (up to 
a conformal factor) with the metric scalar curvature. We discuss the possible 
relations between the present approach and the nonlocal universal correlations 
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between dissipative systems, first found by Kozyrev, and subsequently in di- 
verse geophysical, solar and ionospheric observations. We discuss the possible 
relations between the present gauge theory that can be introduced in terms of 
Einstein’s lambda transformations, and the so-called Global Scaling theory due 
to Hartmutt Muller, and his predictions of the existence of a universal fractal 
structure associated to the logarithmic scale for universal scales in Nature. 


1 INTRODUCTION 


In a series of articles [1,2], we have presented a fusion between space-time 
structures and Brownian motions, in which a complementarity of the objects 
characterizing the Brownian motion, i.e. the noise tensor which produces a 
metric, and the drift vector field which describes the average velocity of the 
Brownian motion whenever this takes place in space-time. These space and 
time structures, which can be defined starting from flat Euclidean or Minkowski 
space-time, have in addition to a metric, a torsion tensor which is formed from 
the metric conjugate of the drift vector field, and the laplacian operator defined 
by this geometrical structure is the differential generator of the Brownian mo- 
tions. Thus , in this equivalence, one can choose the Brownian motions as the 
original structures determining a space-time structure, or conversely, the space- 
time structures produce a Brownian motion process. Thus, in view that the 
space and time geometries can be seen as associated with an extension of the 
theory of gravitation which in fact was first explored in joint work by Einstein 
with Cartan [3], then the foundations for the gravitational field, at least those 
associated to this restricted case of torsion reduced to the trace, can be found 
in these Brownian motions. Thus, in this equivalence, lies a characterization 
of the Universe in which due to the self-similarity of Brownian motions with 
its associated fractal structures, and the infinite velocity propagation of diffu- 
sion processes, point to a phenomenology which is not the classical mechanical 
metaphor, but one in which interactions at a point are imparted in no time 
to the whole Universe, while an hologram picture of reality (which recalls the 
Bohm conception of implicit order [68]), appears as its natural expression of 
universal scales that have been gauged to produce the actual geometries and 
the associated Brownian motions. Indeed, these space-time geometrical struc- 
tures can be introduced by the Einstein A transformations on the tetrad fields, 
from which the usual Weyl scale transformations can be deduced, but contrar- 
ily to Weyl geometries, these structures have torsion and they are integrable in 
contrast with Weyl’s theory (see Castro and Mahecha in this volume). We have 
called these connections as RCW structures (short for Riemann-Cartan-Weyl) 
[2,4]. A different meaning for RCW structures is found in [77] in which it is 
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refered to connections which are metric compatible with torsion, not necessarily 
restricted to the trace-torsion, in spite of the common designation in [78]. 

This description in terms of gauging the scale transformations, begs the 
question about how universal scales can be to be able to produce a Universe 
of diversity which gives place to the phenomenae we call life, the quantum 
mechanical scales and still the planetary and galactic scales?? 

We can further enquire what is the relation between the aether and a Uni- 
verse described in terms of this equivalence, in which due to the fact that torsion 
is a non-metric geometrical object describing a topological obstruction to trivi- 
ality, i.e. the breaking of closure of infinitesimal parallelograms in the particular 
scale we are describing this equivalence, so that the presence of a flow is intu- 
itively evoked by this geometry, and the aether? This may seem strange to most 
of the readers, since the Michelson-Morley experiments seemingly disproved the 
existence of a background fluid, which years later reappeared in quantum field 
theory in the guise of the vacuum fluctuations 3 

This negative result called for the fusion of space and time, in a single struc- 
ture which we know as Minkowski space , but for which the founding fathers 
of modern physics found initially to be abtruse. The fact is that the Lorentz 
group does not depend on the existence or not of an aether, and they have 
been associated by V. Fock to particles as space-time structures associated with 
solutions of the eikonal equation for which in Minkowski space this equation is 
Lorentz-invariant; see [35]. Furthermore, if an aether would exist, the Lorentz 
transformations, in contrary to common belief, does not loose its place, because 
they become the set of transformations by which two arbitrary observers can 





The answer to this may come from the research by Hartmutt Muller, currently called 
Global Scaling, starting from research by the Russian biologist, Cislenko. This researcher 
discovered that biological species sizes can be represented in a logarithmic scale where they 
appear concentrated in specific equally distanced intervals; see. Cislenko, Structure of Fauna 
And Flora With Regard to Body Size of Organisms ( Lomonosov-University Moscow, 1980). 
Analysis of data of natural processes and structures on all scales, from the cosmological to 
the quantum, have shown a similar behavior. The scales in which the Universe appears to be 
related to a fractal structure on this logarithmic scale, and the void sets of this vacuum are 
nodal sets for a stationary wave that appears from a model of interacting classical particles, 
and associated with the creation or annhilitation of particles, or, more universally, of struc- 
tures. Thus, one can apply as a general method Muller’s findings, to the analysis with this 
fractal structure of a time series of experimental data of arbitrary phenomenae, and thus to be 
able to deduce the possibility of creation (or annihilation) of hitherto unkwown structures; see 
[2]. Remarkably, this resonant effects of the vacuum through the nodes, has allowed to pro- 
duce transference of information, concretely, computer files between computers unconnected 
through internet or other tangible communication scheme; see [30]. In the context of our 
theory, the logarithmic scale is gauged and introduces the exact term of the trace-torsion one- 
form, whose metric conjugate is part of the drift of the underlying Brownian motion through 
which the teleportation may be produced. Thus, the universality of global scaling laws lead 
to gauge dependent Brownian motions of all systems. 

3There is a strong controversy about the interpretations of the Michelson-Morley experi- 
ments. The experiments were repeated extensively by Miller who interpreted his results as 
yielding a positive result for the existance of the aether [41]. More contemporary experiments 
with different settings, may point out to the existence of the aether [42][43]. 
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agree in the existence of a lump of space-time associated to the solution of the 
eikonal equation. Furthermore, the velocity of light as a universal factor does 
not loose its place. What about General Relativity (GR), vis-a-vis the existence 
of background Brownian motions, where we recall that GR appeared to give a 
geometrical invariant extension of Minkowksi space-time precisely to account of 
the existence of massive objects as deformations of the flat space-time? Does 
the principle of general covariance looses its ground as a basic tenant for the 
universality of the laws of physics? In this regard the fact that the theory of 
Brownian motion cannot be formulated without a diffeomorphism invariant dis- 
tinction between the first and second moments, i.e. between the drift and the 
noise tensor, for which it is indispensable to introduce the notion of a linear 
connection [24,25,26]. This gives further support, albeit from an unexpected 
quantum status, to the relevance of the general principle of covariance, but now 
stemming from a more fundamental non-differentiable fractal level 4. 

In this article we shall treat the problem of non-relativistic quantum me- 
chanics in terms of diffusion processes both in spacetime and the state-space of 
quantum mechanics. Thus, in this approach, it will appear that the Schroedinger 
field can be associated with a scale field producing a distortion in the vacuum, 
and introducing as well the associated Brownian motions. There have been 
numerous attempts to relate non-relativistic quantum mechanics to diffusion 
equations; the most notable of them is Stochastic Mechanics , due to Nelson 
[14]. Already Schroedinger proposed in 1930-32 that his equation should be 
related to the theory of Brownian motions, and proposed a scheme he was not 
able to achieve, the so-called interpolation problem which requires to describe 
the Brownian motion and the wave functions in terms of interpolating the ini- 
tial and final densities in a given time-interval [27]. More recently Nagasawa 
presented a solution to this interpolation problem and further elucidated that 
the Schroedinger equation is in fact a Boltzmann equation [38]. Neither Na- 
gasawa nor Nelson presented these Brownian motions as spacetime structures, 
but rather as matter fields on the vacuum. While Nelson introduced artifi- 
cially a forward and backward stochastic derivatives to be able to reproduce 
the Schroedinger equation as a formally time-symmetric equation, Nagasawa 
was able to solve the interpolation problem in terms of the forward diffusion 
process and its adjoint backward process, from which without resort to the ad- 
hoc constructions due to Nelson, he was able to prove that this was related 
to the Kolmogorov characterization of time-irreversibility of diffusion processes 
in terms of the non-exact terms of the drift, here related to the trace-torsion. 





4Einstein somewhat conceded to the criticism of the so called operationalists, as Bridge- 
man and Kretschmann, on downplaying the role of the Principle of General Covariance; see E. 
Kretschmann, Ann.der Physik53, 575 (1917), P.W. Bridgeman, Natural of Physical Theory, 
Princeton Univ. Press (1936); if it would not have been by the developments of the mathe- 
matical theory of Brownian motions, and still, the inception of gauge-theoretical geometrical 
methods in statistical and condensed matter physics at its very roots, this criticism of the 
geometrical approach, and further, of a topological approach, would have prevailed. 
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In spite of the ad-hoc character of Nelson’s approach, a similar approach to 
quantization in terms of an initial fractal structure of space-time and the intro- 
duction of Nelson’s forward and backward stochastic derivatives, was developed 
by Nottale in his Scale Theory of Relativity [31]. Remarkably, his approach 
has promoted the Schroedinger equation as valid for large scale structures, and 
predicted the existence of exo-solar planets which were observationally verified 
to exist [34]. This may further support the idea that the RCW structures in- 
troduced in the vacuum by scale transformations, are valid, as any topological 
approach would be, independently of the scale in which the associated Brow- 
nian motions and equations of quantum mechanics are posited. Furthermore, 
Kiehn has proved that the Schroedinger equation in spatial 2D can be exactly 
transformed into the Navier-Stokes equation for a compressible fluid, if we fur- 
ther take the kinematical viscosity v to be A with m the mass of the electron;; 
see ref. [33]. As we proved in [1] and [32] the Navier-Stokes equations share 
with the Schroedinger equation, that both have a RCW geometry at their basis; 
while in the Navier-Stokes equations the trace-torsion is stu with u the time- 
dependent velocity one-form of the viscous fluid, in the Schroedinger equation, 
the trace-torsion one-form incorporates the logarithmic differential of the wave 
function -just like in Nottale’s theory [31]- and further the electromagnetic po- 
tential terms of the trace-torsion. This correspondence between trace-torsion 
one-forms is what lies at the base of Kiehn’s correspondance, with an important 
addendum: While in the approach of the Schroedinger equation the probability 
density is related to the Schroedinger scale factor (in incorporating the complex 
phase) and the Born formula turns out to be a formula and not an hypothesis, 
under the transformation to the Navier-Stokes equations it turns out that the 
probability density of non-relativistic quantum mechanics, is the entrosphy den- 
sity of the fluid, i.e. the square of the vorticity, which thus plays a geometrical 
role that substitutes the probability density. Thus, in this approach, while 
there may be virtual paths sustaining the random behaviour of particles (as is 
the case also of the Navier-Stokes equations [1],[32]) and the interference such 
as in the two-slit experiments can be interpreted as a superposition of Brown- 
ian paths [38], the probability density has a purely geometrical fluid-dynamical 
meaning (the squared length of the vorticity vector field). Finally, we shall 
present the relation between what we can now call RCW quantum geometries, 
with the representation of the Schroedinger equation in the projective state- 
space of non-relativistic quantum mechanics, and further present the problem 
of the reduction of the wave function, as related to a non-canonical geometry in 
state-space. This quantum RCW geometry has a metric which is not the usual 
Fubini-Study metric, but is related to an extension of the classical symplectic 
geometry treatment of the Schroedinger function in state-space, to include the 
observation process in terms of a noise term and a trace-torsion drift given by 
(a modification of) the gradient of the Hamiltonian function corresponding to 
the symplectic formalism. This Hamiltonian function is none other that the 
quantum mechanical expectation function defined by the quantum Hamiltonian 
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operator, or more specifically, it can be the Laplacian operator associated to 
the RCW geometry which has a correlate as a Brownian motion in space-time. 
Thus, if one incorporates the observation process into the theory, still RCW ge- 
ometries will play an important role, since the Schroedinger symplectic vector 
field is the natural drift vector field in state-space whenever the noise coefficient 
is zero. 


2 RIEMANN-CARTAN-WEYL GEOMETRIES 


In this section we follow our articles in [1,2]. In this article M denotes a 
smooth connected compact orientable n-dimensional manifold (without bound- 
ary). While in our initial works, we took for M to be spacetime, there is no 
intrinsic reason for this limitation, in fact if can be an arbitrary configura- 
tion manifold and still a phase-space associated to a dynamical system. The 
paradigmatical example of the latter, is the projective space associated to a 
finite-dimensional Hilbert-space of a quantum mechanical system. We shall fur- 
ther provide M with a linear connection described by a covariant derivative 
operator V which we assume to be compatible with a given metric g on M, i.e. 


Vg = 0. Given a coordinate chart (#%) (a = 1,...,n) of M, a system of func- 
tions on M (the Christoffel symbols of V) are defined by V 2 a =T(x)3, ae 
Ou. 


The Christoffel coefficients of V can be decomposed as: 
a a 1 a 


The first term in (1) stands for the metric Christoffel coefficients of the Levi- 
1 av 


Civita connection VI associated to g, i.e. {got = 4 (as Iy ta 960-52 gB)”, 
and 





Kg, = Tiy + Sg + Sya, (2) 
is the cotorsion tensor, with S3, = g% Ips Tiy, and Ty = T3, — TS) the 
skew-symmetric torsion tensor. We are interested in (one-half) the Laplacian 


operator associated to V, i.e. the operator acting on smooth functions on M 
defined as 


H(V) := 1/2V? = 1/29 V aV 6. (3) 


A straightforward computation shows that H(V) only depends in the trace of 
the torsion tensor and g, since it is 


H(V) =1/2A +Â, (4) 


with Q := Qgdx? = Te da? the trace-torsion one-form and where Q is the 
vector field associated to Q via g: Q(f) = 9(Q,df), for any smooth function 
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f defined on M. Finally, A, is the Laplace-Beltrami operator of g: Agf = 
div, gradf, f e C°(M), with div, the Riemannian divergence. Thus for any 
smooth function, we have A, f = 1/[det(g)]2 g°® -2> ([det(g)]2 52 f). Further- 





0x8 Ox 
more, the second term in (4), ie. Q coincides with the Lie-derivative with 
respect to the vectorfield Q: Lo = tod + dig, where ig is the interior product 


with respect to Q: for arbitrary vectorfields X Heg ,Xķę—ı and @ a k-form de- 
fined on M, we have (ig)(X1, ..-;Xp-1) = O(Q, X1,...,Xp~_-1). Then, for f a 
scalar field, iof = 0 and 


Lof = (igd+ dig) f = igdf = 9(Q,df) = Q(f). (5) 


Thus, our laplacian operator admits being written as 


1 
Ho(9,Q) = 3^ + Lo. (6) 


Consider the family of zero-th order differential operators acting on smooth 
k-forms, i.e. differential forms of degree k (k = 0,...,n) defined on M: 


A (g,Q) = 1/2Ak + Lo, (7) 


In the first summand of the r.h.s. of (7) we have the Hodge operator acting on 
k-forms: 


A, = (d—6)? = —(dô + ôd), (8) 


with d and 6 the exterior differential and codifferential operators respectively, 
ie. 6 is the adjoint operator of d defined through the pairing of k-forms 
on M: (w4,w2) := f Bgt (w1,w2)vol,, for arbitrary k-forms w ,w2, where 
vol,(x) = det(g(x))2dx is the volume density, g~! denotes the induced metric 
on 1-forms and @*g~! the induced metric on k-forms . The last identity in 
eq. (7) follows from the fact that d? = 0 so that 6? = 0. Since this operator 
when k = 0 coincides with the Laplace-Beltrami operator Ag, we see that from 
the family defined in eq. (7) we retrieve for scalar fields (k = 0) the operator 
H(V) defined in (4). The Hodge laplacian can be further written expliciting 
the Weitzenbock metric curvature term, so that when dealing with M = R” 
provided with the Euclidean metric, A, is the standard Euclidean laplacian 
acting on the components of a k-form defined on R” (0< k <n). 

Therefore, assuming that g is non-degenerate, we have defined a one-to-one 
mapping 

V ~ Hlg, Q) = 1/2An + Lo 

between the space of g-compatible linear connections V with Christoffel coeffi- 
cients of the form 


2 
r= doh + gigi O gy Ohne (9) 
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and the space of elliptic second order differential operators on k-forms (k = 
0,...,m). 


Remarkably enough, the full torsion does not appear in the Laplacian oper- 
ator associated to the connection, only the trace-torsion one-form Q that gives 
rise through its metric conjugate, to the drift interaction term. But the torsion 
tensor has as irreducible decomposition the form 


a 2 a f 
Toy = n—1 pT 





1 n po Fa 
= eve! + Thy» (10) 
where 


x 1 F 
Tg = gins (11) 


is the pseudovector term and the completely skew-symmetric term, To% which 
then satisfies 


Tagy T Toya + Tyas = 9, (12) 


where T, aby = Jas Th, This is the term that was introduced in the joint col- 
laborator by Einstein and Cartan, without identification of the physical nature 
of the term [3]], and later, retaken in the framework of the Poincaré -gauge 
theory of gravitation , as the spin-angular-density of elementary particles or 
macroscopic objects [17]. As we shall seen already, the pseudovector and com- 
pletely skew-symmetric terms do not appear in the generalized laplacian, and a 
fortiori do not appear in the expression of the Brownian motions that generate 
the RCW geometries. Thus, angular momentum is not a geometrical object 
which generates the Brownian motions, only the metric through the noise term 
that generates the metric through the relation we shall see in the next section, 
and the drift vector field given by the metric-conjugate of the trace-torsion. In 
other terms, the probability law of the Brownian motions are determined only 
by the noise and the trace-torsion, so that the angular momentum density plays 
no fundamental role in this respect. Nevertheless, since the Brownian motions 
of tensors and ultimately of differential forms, is determined by the probability 
law and the Brownian motions of the scalar particles and this information is 
determined by the scalar laplacian, so the diffusion of the angular-momentum 
is determined by the diffusion of the scalar fields, and naturally we would like 
to study the diffusion of angular momentum along the paths of the scalar fields. 
Thus, when considering the Navier-Stokes equations for viscous fluids, where 
the drift vector field associated to the geometrical-stochastic characterization 
of these equations is minus the fluid’s velocity one-form obeying the Navier- 
Stokes equations, the diffusion of the angular momentum of the fluid, i.e. of the 
vorticity two-form could be identically characterized in terms of the diffusion 
of the Navier-Stokes laplacian, as an operator acting on scalars associated to a 


Quantizatin in Astrophysics ... 283 


RCW connection. In this case, the diffusion equation for angular momentum 
is the Navier-Stokes equations for the vorticity, derived by simply applying the 
exterior differential to the Navier-Stokes equations for the velocity. In fact we 
can introduce a non-static completely antisymmetric torsion starting from the 
RCW connections in a most natural form which implies that it can be taken 
as derived from it and therefore it will propagate along the paths of the scalar 
particles generated by it. Indeed, it simply amounts to introduce the duality 
operation given by the Hodge star operator defined by the metric g, 


x : sec(A*T* M) > sec(A”—-*T* M), Ay ~œ * Ap, (13) 


and further apply it to the trace-torsion one-form, i.e. we consider the seudo- 
three-form *Q. Thus, if Q denotes the drift vector field given by the g-conjugate 
of Q, then *Q = igvolg; see page 362 in Frankel [48]. Thus we note that this 
duality depends on the choice of an orientation, and thus *Q has a built-in 
chirality associated to it. While this pseudo-three-form does not appear in the 
RCW laplacian, it is not an additional element of the structure, since it is 
naturally derived from the RCW geometrical structure. As a final comment, 
the equations of motion for the skew-symmetric torsion thus introduced, have 
to be deduced from the equations for Q itself, but we shall not elaborate on this 
further in the present article. 


3 RIEMANN-CARTAN-WEYL DIFFUSIONS 


In this section we shall present recall the correspondence between RCW 
connections defined by (9) and diffusion processes of scalar fields having H(g, Q) 
as infinitesimal generators (i.g. for short, in the following). For this, we shall 
see this correspondence in the case of scalars. Thus, naturally we have called 
these processes as RCW diffusion processes.. For the extensions to describe the 
diffusion processes of differential forms, see [1]. 

For the sake of generality, in the following we shall further assume that 
Q = Q(7,2) is a time-dependent 1-form. The stochastic flow associated to 
the diffusion generated by Ho(g, Q) has for sample paths the continuous curves 
T |> a(t) € M satisfying the Itô invariant non-degenerate s.d.e. (stochastic 
differential equation) 


dx(r) = X(a(r))dW(r) + Q(7, x(7))dr. (14) 


In this expression, X : M x R™ — TM is such that X(x) : R” — TM is linear 
for any x € M, the noise tensor, so that we write X(x) = (X?(x)) (l<a<n, 
1 < i < m) which satisfies 

XEXE = 9°, (15) 
where g = (g°®) is the expression for the metric in covariant form, and {W(r),7 > 
0} is a standard Wiener process on R™. Now , it is important to remark that 
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here m can be arbitrary, i.e. we can take noise tensors defined on different 
spaces, and obtain the space diffusion process. In regards to the equivalence 
between the stochastic and the geometric picture, this enhances the fact that 
there is a freedom in the stochastic picture, which if chosen as the originator 
of the equivalence, points out to a more fundamental basis of the stochastic 
description. This is satisfactory, since it is impossible to identify all the sources 
for noise, and in particular those coming from the vacuum, which we take as 
the source for the randomness. 

Here 7 denotes the time-evolution parameter of the diffusion (in a relativis- 
tic setting it should not be confused with the time variable; we shall discuss 
more this issue further below), and for simplicity we shall assume always that 
T > 0. Indeed, taking in account the rules of stochastic analysis for which 
dW*(r)dW®(r) = 5gdr (the Kronecker tensor), drdW(r) = 0 and (dr)? = 0, 
we find that if f : Rx M — R is a C°? function on the M-variables and Ct in 
the 7-variable, then a Taylor expansion yields 


f(r (T) = F(0,2(0)) + [2 + Holo, Q)fllrsa(r))ae + ÊE (7, 2(r)) XP (alr) AWC) 
and thus 2. + Ho(g,Q) is the infinitesimal generator of the diffusion repre- 
sented by integrating the s.d.e. (14). Furthermore, this identity sets up the 
so-called martingale problem approach to the random integration of linear evo- 

lution equations for scalar fields [1], and for the integration of the Navier-Stokes 
equation [49].Note, that if we start with eq. (14), we can reconstruct the asso- 
ciated RCW connection by using eq.(15) and the fact that the trace-torsion is 

the g-conjugate of the drift, i.e., in simple words, by lowering indexes of Q to 
obtain Q. 


3.1 The Time Variables 


Since the Michelson-Morley experiment on the existence of an aether were 
interpreted as giving negative results with regard to its existence, the introduc- 
tion of the observer’s time variable to account for the Lorentz transformations 
in the same status of the space variables, was the scheme of development of 
physics thereafter. Thus the notion of spacetime was born, the Minkowski met- 
ric was introduced as its first example, and the geometrization of physics ensued 
in terms of Lorentzian manifolds, in great measure due to the dissatisfaction of 
Einstein with regards to Special Relativity. In spite that a Lorentz invariant 
Brownian motion has been recently constructed by Oron and Horwitz [5] -and 
further applied to the equivalence of the Maxwell and Dirac-Hestenes equation 
[2]- in terms of a modification of the Gaussian distribution which turns out 
to be is invariant by Lorentz transformation, the whole program of quantum 
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mechanics from the point of view of Feynman path integrals and its applica- 
tions to quantum field theory requires an Euclidean signature for spacetime. 
Also, the construction of Brownian motions starting from the stochastic differ- 
ential equations introduces an Euclidean spacetime structure in contrast with 
the Lorentzian degenerate metrics of General Relativity. So, if we wish to relate 
the spacetime geometry to Brownian motions and quantum mechanics, we need 
an Euclidean metric. The receipt for this has been to take the analytical continu- 
ation in the observer’s time variable. Another way of handling this time variable 
which has to do with an Euclidean signature, is to work with the universal time 
variable initially proposed by Stuckelberg [7] which by the way was the param- 
eter used in quantum field theory, as we proposed before [2]. This choice can be 
further substantiated from the divergence-free classical theory of the electron 
recently proposed by Gill, Zachary and Lindesay [6]. In this theory, we equate 
the Minkowski metric (dt)? — (dx)? — (dy)? — (dz)*, where t is the time of the 
observer, with (dr), where 7 is the time of the source, or still, we can write this 
in the equivalent Euclidean metric (dt)? = (dr)? + (dx)? + (dy)? + (dz). If we 
write the Lorentz-invariant equations of electromagnetism in the new Euclidean 
variables (T, x, y, z), then we get a mathematically equivalent set of equations for 
electromagnetism; these equations in particular apply to the non-exact terms of 
the trace-torsion Q, as we shall see in this article. But, from the point of view 
of physics, there is a transformation between a passive time registered by the 
observer to a different quality of process, which we call time, and is proper to the 
source. To start with, 7 is a non-integrable parameter, i.e. it is path-dependent 
[6], and thus it has to do with non-conservative processes. Thus the equations of 
electromagnetism while being mathematically equivalent in the Euclidean and 
Minkowski space, in the former case they have an additional term which is dis- 
sipative (and describes the radiation reaction) appearing in the wave equations 
of the electric and magnetic terms; this longitudinal term is proportional to the 
inner product of the velocity with the acceleration. In this setting, a classical 
theory for the electron without divergences is achieved. It was further proved 
that for a closed system of particles, a global inertial frame and unique invariant 
global time parameter for all observers is defined in ref. [6]. Thus 7 which is the 
time-evolution parameter of the diffusion process (and in the general space and 
time manifold M case is not to be confused with the time variable t of General 
Relativity °) may be related with the time variable introduced by Stueckelberg 
(and then introduced in quantum field theory), further elaborated by Piron and 
Horwitz and in several works by Horwitz and coworkers [8], Fanchi [9], Trump 
and Schieve [10], Pavsic [44], and in the context of a Schroedinger spacetime 
operator, by Kyprianidis [11], Collins and Fanchi [12] and the present author 








5David Bohm proposed in a paper that appeared in www.duversity, and presently inac- 
cesible (yet, this discussion can be found in elaborate form in the book, The Bohm-Bennett 
Correspondence 1962-64, DuVersity, 1997), that time was three-fold: time of the source, time 
of the observer and time of repetition, which was called hyparxis by J.G. Bennett. 
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[2] ê. Thus, the modification from the passive observer’s time to the Euclidean 
time of the source allows to define simultaneity, while from the physical point 
of view, it has the meaning of a dissipative process being ascribed to the source. 
So, we are very far from the trivial passive linear time variable which was incor- 
porated by the Minkowski metric substituted here by a non-integrable function 
which allows to establish the universality of the observer itself. The fact that 
the evidence of the time variable which is no longer a mere registration by the 
observer, is the dissipative process associated to this transformation from the 
Minkowski space to the Euclidean one is remarkable. If one would downplay 
the sheer subsistence of Special Relativity with regards to the existence of the 
aether, if proven to exist, the role of geometries to describe physical processes is 
enhanced precisely if the Brownian motions described above are the very essence 
of this aether. 

There has been in the last fifty years a number of experiments, mostly car- 
ried out in the former Soviet Union by Kozyrev, that have shown the existance 
of another role for time that the mere relational linear variable that we have 
inherited from Newtonian mechanics, and that in Special Relativity has been 
incorporated to the Minkowski metric. In these experiments 7 the role of time 
appears precisely in terms of dissipative processes and it is evidenced through a 
field which cannot be shielded and propagates with an estimated velocity of 109c 
[19]. Kozyrev interpreted his experiments as a proof of the reality of Minkowski 
space [20]. From the so called causal mechanics due to Kozyrev [13], Levich [22] 
and M.M. Lavrenteiev [21], it follows that asymmetrical (irreversible) time is an 
active substance, through which the transaction of distant dissipative processes 
of any nature can take place, being this transaction not only universal in na- 
ture, but also running both with retardation and advancement. The proposal of 
this formative character of time was forwarded not from an abstract quest, but 
from the need for solving astronomical and astrophysical problems. Kozyrev 
rejected the idea that the source for the stars energy were fusion reactions [13 
8, and proposed instead that a substantial active time was related to this [20]. 
In fact, recent measurements of the Sun, seem to confirm Kozyrev’s rejection 
to the present theory [28]. In this regard, the transactional interpretation of 
quantum mechanics was proposed as a possible explanation, and as a second 
perspective, the existence of nonlocal correlations in the strong macroscopic 
limit. This was applied to the forecast of geomagnetic and solar processes, with 
very good approximation with the actual processes that came to being after 
123 days of observations [23]. In Kozyrev’s theory, the active time parameter is 








6Furthermore, the relativistic theory with the r parameter predicts the interference in 
time of the wave function (see Horwitz and Rabin [45] which has been recently been verified 
experimentally [46]. We shall discuss further below a serious of experiments carried out by 
Kozyev and followers, where time appear as having an active role. 

7A number of these experiments have been repeated recently by Kaivarainen [69]. 

8Kozyrev was a reknown astronomer of his time, he predicted the volcano eruptions that 
were observed in the Moon in the late fifties. 


Quantizatin in Astrophysics ... 287 


realized through angular momentum, and thus it can be naturally be associated 
with a completely skewsymmetric torsion tensor. In the presentation of the re- 
lation between the Schroedinger equation, torsion fields and Brownian motions, 
we shall see that the actual irreversible time invariant Brownian motion of the 
process that can be linked with the RCW connection with trace-torsion given 
by electromagnetic potential and the exact logarithmic differential of the distri- 
bution density of the Brownian motion, this density is formed by interpolation 
between the initial and final distributions of the density, which by the way, 
form the Schroedinger wave function. In this perspective, non-relativistic quan- 
tum mechanics which is designed in terms of the time variable which coincides 
with the time-universal parameter, has the same features that these remarkable 
processes observed by Kozyrev and followers, it incorporates the past and the 
future into its setting. While being formally time-symmetric, the Schroedinger 
equation admits a realization in terms of the future evolving Brownian process 
built from a RCW connection in which the Schroedinger field is part of its drift 
through the gradient of its logarithm. As we have seen already, we can take 
the Hodge dual of the trace-torsion, say, the one that through metric conjuga- 
tion yields the drift of the Brownian motion associated to the wave function of 
the Universe, and thus obtain a pseudo-three-form that may be associated with 
the angular momentum field characteristic of the experiments carried out by 
Kozyrev. A different approach to explain the Kozyrev phenomenae, but which 
may be related to the present one, has been developed in remarkable unified 
theory of physics, biology and consciousness by Kaivarainen in terms of the so 
called bivacuum structures; for the explanation of the Kozyrev phenomenae, 
the so called spin guide fields play a fundamental role [69]. In our approach, it 
is the universal Brownian motions linked to the wave function of the Universe, 
and the Hodge dual of the trace-torsion of these diffusions, which would produce 
the same effect that the spin guide fields due to Kaivarainen. 


4 THE HODGE DECOMPOSITION OF THE 
TRACE-TORSION FIELD 


To obtain the most general form of the RCW laplacian in the non-degenerate 
case, we only need to know the most general decomposition of 1-forms. To start 
with, in this section, we have a smooth orientable n-manifold M provided with a 
Riemannian metric g. We consider as above, the Hilbert space given by the com- 
pletion of the pre-Hilbert space of square-integrable smooth differential forms of 
degree k (0 < k < n) on M, with respect to the Riemannian volume volg, which 
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we denote as L?(sec(A*(T*M)). We shall focus on the decomposition of 1-forms, 
so let w € L?(sec(T* M)); then we have the Hilbert space decomposition 


wW = df + Acoex + Aparte (16) 


where f is a smooth real valued function on M, Acoex is a smooth coexact 1- 
form, i.e. there exists a smooth 2-form, 3 such that 682 = Acoex °, so that Acoex 
is coclosed, i.e. 


bd Acoex = 6(682) = 0, (17) 
and Anarm is a closed and coclosed smooth 1-form, then 
Od Anarm = 0, dAharm = 0, (18) 


or equivalently, Aparm is harmonic, i.e. 
Ay Abarm = trace(V9)? Aparm — R§(g)(Aharm)a’Y* = 0, (19) 


with R3 (g) = RUE(g) the Ricci metric curvature tensor. Eq. (16) is the source- 
less Maxwell-de Rham equation. An extremely important fact is that this is a 
Hilbert space decomposition, so that it has unique terms, which are furthermore 
orthogonal in Hilbert space, i.e. 


((df, Acoex)) =0, ((df, Aharm)) = 0, ((Acoex, Aharm)) = 0, (20) 


so that the decomposition of 1-forms (as we said before, this is also valid for 
k-forms, with the difference that f is a k —1-form, (2 is really a k + 1-form and 
Aharm is a k-form) has unique terms, and a fortiori, this is also valid for the 
Cartan-Weyl 1-form. We have proved that Agoex and Aparm are further linked 
with Maxwell’s equations, both for Riemannian and Lorentzian metrics. For 
the stationary state which we shall describe in the next section, they lead to 
the equivalence of the Maxwell equation and the relativistic quantum mechan- 
ics equation of Dirac-Hestenes in a Clifford bundle setting [2,49] whenever the 
coclosed (Hertz potential) term and the Aharonov-Bohm harmonic term are 
both dependent on all the 4D variables while they are infinitesimal rotations 
defined on the spin-plane. 1°. Further, in regards to the above mentioned clas- 
sical theory of the electron due to Gill, Zachary and Lindesay [6], the validity 





9Here ô denotes the codifferential operator, the adjoint of d, introduced above. 

10The problem of equivalence of the Maxwell and Dirac-Hestenes equations has been pre- 
sented in a general framework in Rodrigues and Capelas de Oliveira [77]. In that work, torsion 
appears as a mathematical entity in terms of which the whole theory is constructed , yet is 
presented as unrelated to any recognizable physical field and particularly having no relation 
with Brownian motions; furthermore, the Hertz potential which is in our formalism is related 
to the coclosed term, has a fundamental role but is unrelated to torsion, and it is claimed 
that electromagnetism is a separate phenomena to gravitation, while the present approach 
following [2] claims the opposite. Furthermore, the equivalence between these equations is 
established for the exact term of the trace-torsion one-form only [79], while in [2] and [49] 
it is proved for the general case for Q, not restricted to the exact term as described above. 
The equivalence between these equations in a biquaternionic setting has been established by 
Yefremov [71]. 
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of this decomposition in a Riemannian metric, say , Euclidean space, points 
to the validity of having this theory of Brownian motion formulated in a non- 
degenerate (albeit trivial) space-time: these electromagnetic potential terms 
can be associated with a classical electron which does not require a quantum 
treatment and allows the introduction of a global time parameter. Furthermore, 
by studying the topological dimension of the trace-torsion, i.e. the irreducible 
number of minimal dimensions in space and time on which its coefficients are 
dependent, we can introduce helicity, spinor structures, minimal surfaces associ- 
ated to them, superconductivity, turbulence and coherent structures, in short, a 
topological theory of processes, following the studies by R. Kiehn [47]. Thus, in 
this approach we can introduce spinor structures on looking to the topological 
features of the trace-torsion. 


4.1 The Decomposition Of The Cartan-Weyl Form And 
The Stationary State 


We wish to elaborate further on the decomposition of Q in the particular 
state in which the diffusion process generated by Ho(g,Q) and its extensions 
to differential forms, in the case M has a Riemannian metric g, and has a T- 
invariant state corresponding to the asymptotic stationary state. Thus, we shall 
concentrate on the diffusion processes of scalar fields generated by 


1 
Ao(g, Q) = zô le Lo), with Q = diny? + Acoex + Aharm: (21) 


This is the invariant form of the (forward) Fokker-Planck operator of this the- 
ory (and furthermore of the Schroedinger operator when introducing the phase 
function to the exact term of Q). Through this identification, we note that ~ 
is the scale field in the Einstein À transformations from which in the vacuum, 
the RCW geometry can be obtained ; see [2]. We are interested now in the 
vol,-adjoint operator defined in L?(sec(A"(T*M))), which we can think as an 
operator on densities, ¢. Thus, 


Ho(9,Q)'d = 5 (Ago — divg(derad In 4) ~ divs($Â)). (22) 


The operator described by eq. (20) is the backward Fokker-Planck operator. 
The transition density pY (r, x,y) is determined by the fundamental solution 
(ie. pY(T,£,—) > 6,(—) as T > OF) of the equation on the first variable 





ot = Ho(g,Q\(a)ulr.2,—). (23) 
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Then , the diffusion process {z(r) : T > 0}, gives rise to the Markovian semi- 
group {P, = exp(tHo(g,Q)) : T > 0} defined as 


(P, f)(2) = J A E E (24) 


It has a unique 7-independant-invariant state described by a probability den- 
sity p independant of r determined as the fundamental weak solution (in the 
sense of the theory of generalized functions) of the r-independent Fokker-Planck 
equation: 


(—ddp + 46(pQ)) = 0. (25) 


N| = 


Ho(9,Q)'p= 


Let us determine the corresponding form of Q, say Qstat = dln? + Astat. We 
choose a smooth real function U defined on M such that 


Ho(g, Qstat) (e7) — 0, (26) 
so that 
—de~Y + e-%Q = ô(—ôII + Anarm), (27) 


for a 2-form II and harmonic 1-form Ajarm; thus, if we set the invariant density 
to be given by p = eV volg, then 


Qstat = diny? + = with A = —6IIz + Anarm- (28) 


Now we project j into the Hilbert-subspaces of coexact and harmonic 1-forms, 
to complete thus the decomposition of Qstat obtaining thus Hertz and Aharonov- 
Bohm potential 1-forms for the stationary state respectively. Yet these poten- 
tials have now a built-in dependence on the invariant distribution, and although 
they give rise to Maxwell’s theory, the interpretation is now different. !! In- 
deed, we have an inhomogeneous random media, and these potentials depend 
on the 7-invariant distribution of the media. We have seen in [2] that these 
potentials appear in the context of the equivalence of the Maxwell sourceless 
equation on Minkowski space written in terms of a Dirac-Hestenes spinor field, 
and the non-linear Dirac-Hestenes equation for these fields, albeit in Minkowski 
space provided with a RCW connection with trace-torsion given by Qstat. Yet, 
we can exploit further the Hodge-decomposition of Qstat to manifest the quan- 
tum potential as built-in. Indeed, if we multiply it by y and apply ð, then we 





11 A word of caution. In principle, —dT/p and Aparm/p may not be the coexact and harmonic 
components of A/p respectively. If this would be the case, then we obtain that dlnq is g~!- 
orthogonal to both —déII and Aparm; furthermore dlny A Aparm = 0, so furthermore they are 
collinear. This can only be for null Aparm or constant p, so that the normalization of the 
electromagnetic potentials is by a trivial constant. In the first case the invariant state has the 
sole function of determining the exact term of Q to be (up to a constant) dlnq. 
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get that dlnw, and the coexact and harmonic terms of Qstat decouple in the 
resultant field equation which turns out to be 


Ag = |97" (diny, diny) — ôdiny]y, (29) 


with nonlinear potential V := g~!(dlnq, diny) — ddlny, which has the form of 
(twice) a relativistic quantum potential extending Bohm’s potential in non- 
relativistic quantum mechanics [51]. We have seen in [2], that from scale- 
invariance it follows that the quantum potential coincides up to a conformal 
factor with the metric scalar curvature, as we shall elaborate below. 

Finally, we want to recall the essence of the problem of time-invariance of 
the diffusion processes on the invariant state. In this setting, following the 
Kolmogorov characterization [70], 7-reversibility is verified whenever for any 
two smooth compact supported functions f,h defined on M, we have that 


/ (Ho(g, Q)F)(a)h(x)o(e)vol,(e) = J f(a)(Ho(g,Q)h(«))p(a)volg(«) (30) 


and thus it can be seen that this is the case if and only if ôII and Aharm vanish 
completely, and thus Q = dnp. This will be of importance when studying the 
problem of the reduction of the wave function when considering the represen- 
tation of the Laplacian operator, or still, as it have the same eigenstates, the 
Schroedinger operator on the state-space of quantum mechanics. 


5 ENERGY FORMS, THE QUANTUM POTEN- 
TIAL AND RCW DIFFUSIONS 


In this section we shall show that the RCW geometries yield a natural 
formulation of quantum mechanics on manifolds, as an operator theory on two 
Hilbert spaces [2]. So, this section and the next, we will discuss basic issues 
which on the usual setting have been somehow obviated and are far from being 
obvious. The basic formalism which leads to this is the well known remarkable 
correspondence explored in flat Euclidean space between the Dirichlet forms of 
potential theory, Markovian semigroups and their diffusion processes [37][73] 
and RCW laplacian operators [2], and originates in the canonical commutation 
relations. In fact, in quantum field theory on curved space-time, the starting 
point is an energy functional for the field associated to a self-adjoint operator 
on the Hilbert space determined by the Riemannian volume element [71]. In our 
theory, this self-adjoint operator will appear to be the conformal transform of the 
self-adjoint extension of the RCW laplacian as defined on an adequate subspace 
of the ground-state Hilbert space with a weighted inner product defined by 
the invariant density . Thus, two Hilbert spaces are needed: the ground-state 
Hilbert space on which we have a diffusion generated by the RCW laplacian 
which acts as the Fokker-Planck operator, and the Hilbert space defined by the 
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Riemannian volume in which this operator transforms into the Schroedinger 
operator. We shall present below the above mentioned correspondences. 

We assume that M has a Riemannian metric; we assume further that is 
four-dimensional space-time (and thus, we are in the situation discussed in [2] 
and references therein) and a diffusion process with stationary state vol, with 
null electromagnetic terms in eq. (28), generated by Ho(g, dny?) = $(Ay + 
gradlny?), a Hamiltonian operator on the Hilbert space L*(ivol,); thus, the 
drift vector field is gradlnw. With abuse of notation, let us denote still as 
Ho(g,dln 4°) the Friedrichs self-adjoint extension [21,43] of the infinitesimal 
generator given in eq. (27) with domain given by D, the space of compact 
supported infinitely differentiable functions on M; for related discussions on 
this extension, we ellaborate further in Section VII below). We can now define 
the inner product 


(fs fa)? =1/2 f o Mahi, dfa)v*vol (31) 
By integration by parts, we obtain 
(fi, fo)’ = —( fı, H(g, dn Y’) fo)? (32) 


where (.,.)? denotes the weighted inner product in L*(7?vol,). Let us consider 
now the closed quadratic form, (the Dirichlet form) q associated to (.,.)?, i.e. 
q(f) = (f, f)P. We see from eq.(32) that there is a unique Hamiltonian oper- 
ator which generates q, it is the self-adjoint operator —Ho(g, dlny?). Since the 
quadratic form is positive, g(f) > 0 , for any f € L?(~?vol,), then Ho(g, diny’) 
is a negative self-adjoint operator on L?(7?vol,) and the Markovian semigroup 
exp(tH(g,dlnw)) is defined. Let us see how this construction is related to 
the usual formulation of Quantum Mechanics in terms of quadratic forms in 
L? (volg), which in the non- relativistic flat case has been elaborated by several 
authors [73]. Consider the mapping Cy : L?(wvol,) —> L?(vol,) defined by 
multiplication by wv; this is the groundstate transformation and defines a con- 
formal isometry between the two Hilbert spaces. This map takes C° (M) into 
itself. For any f in C° (M) we have 


aw f) = (wpe fy? 
= 1/2 fiom. df) — 2g~*(df,d In Y) f + g~ (ding, diny) f? vol, 


= 1/2 J {97t (df, df) + (diva (b)? + g(b, b) f2}vol, 


II 


[fA + Vvo = (LHD i201) (33) 


where we denoted b = grad lny which is the drift vector field of the process 
generated by Ho(g, dln”) since by eqs. (47) and (55) this is dgrad Inq? and 


H = Cyo H(g,dln Y’) o C3 = -1/2A, +V, (34) 
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where in the weak sense, 


Agw 

QW’ 
is the relativistic quantum potential; here, in distinction with Bohm’s quantum 
potential in non-relativistic Quantum Mechanics [68] (which is retrieved in the 
case of n = 3 and g the Euclidean metric), it depends on both the space and 
time-t coordinates. Then, we have proved that —H(g, dlny?) is unitarily equiv- 
alent to the Hamiltonian operator H := —4A,+V defined on L?(vol,) and y is 
a generalized groundstate eigenfunction of H with 0 eigenvalue. The non-linear 
dependence of V on the invariant density introduced by w introduces non-local 
correlations on the quantum system We shall see below that this dependence 
of V on w is removed due to conformal invariance. This will establish that 
the Schroedinger operator H has for quantum potential one-twelfth of the Rie- 
mannian scalar metric and thus H coincides with the Riemannian conformal 
invariant wave operator considered in quantum gravity in curved spaces [71]. 
We shall now elaborate on these aspects. 





vs 1 (civ, seg B= (35) 


6 THE MEAN CURVATURE EXTREMAL PRIN- 
CIPLE 


Since at the level of constitutive equations for Q, the electromagnetic 
potentials decouple from the w-field (see the discussion that lead to eq. (29)) 
we can study independently the field equations from which the RCW connection 
with exact Q can be derived. We shall assume that n = 4. We start with a 
general Riemann-Cartan connection (T2), (where Greek letters denote space- 
time indices as until now, and Latin letters denote anholonomic indices), and 
we introduce its scalar curvature 


RT) = efep Rag, (36) 
where the eğ is a field of invertible tetrads with gag = abeg eh, with dap the 


Euclidean metric '*, and Rz% is the curvature tensor of (T3) [37]. Now we recall 
the Einstein’s A transformations of above (here p will be substituted by a scalar 





12 All the following definitions of the transformations and the ensuing field equations 
are valid as well if we take here the Minkowski metric; since we do not know whether our 
construction of a relativistic Brownian motion carries from the Minkowski space to general 
Lorentzian metrics , in this section we shall keep the metric to be positive-definite for which 
we take the initial metric to be Euclidean. Brownian motions the Schwarszild metric has been 
recently constructed on the unit tangent manifold (see J. Franchi and Y. Le Jan,Relativistic 
Diffusions, arXiv:math.PR/0403499). The relation of this construction, with the Lorentz- 
invariant Brownian motions on Minkowski space presented in [5, 2] and the present article is 
unknown. 
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field ¢): Let ¢@ be a real function on M. Then X(T%,) := T%,, and A(e%) := 


@ te® so that A(gag) = ¢7g° and then the scalar curvature transforms as 


A(R(T)) = o ?R(L), and finally vol)(.) = ¢*vol,. Since the scalar fields 4% 
transform as \(7) = ¢7 ty, we get that the functional 


AC bay 1 R(T)Y?volg, (37) 


is invariant by the set of A transformations, i.e.: A(A(T), A(w), A(g)) = A(T, Y, g). 
Notice that if from the field equations we obtain that vol, can be identi- 
fied with the unique invariant density of the diffusion process generated by 
Ho(g, dln w), then (37) is the mean Riemann-Cartan scalar curvature. Taking 
variations with respect to g we obtain that 


Rop(T) — 1/29a8 R(T) = 0, (38) 


i.e. the Einstein-Cartan equations for I in the vacuum, while by taking varia- 
tions with respect to T% g» we obtain that torsion tensor is a particular case of 
the one we derive from the anticommutator of eq. (9), since we have 


T} = 62 Og Iny — 830, Iny, (39) 


so that, up to factor of 3 which we shall absorb so we shall take Q = dln w and 
thus the field equations have yielded a RCW structure with exact Q. Taking 
variations with respect to ~ we get the teleparallelism: R(T) = 0; replacing 
eq. (39) in eq. (38) we get the field for the Einstein metric tensor Gag(g) = 
Raa(g) — 3R(9): 


1 
Goa(g) ia Ow Og = 1/2gag0ypory = g(VeVay = Japdg”), (40) 


6 
y 
where in the r.h.s. we identify (up to a factor) minus the improved energy- 
momentum density of the scalar field in renormalizable gauge theories. Now, 
by taking the trace in this equation we finally get 


(Ag ~ ZRU) =0, (41) 


so that w is a generalized groundstate of the conformal invariant wave operator 
defined on L*(vol,). Note that from eqs. (34,35,41) we conclude that the 
quantum potential is 4,.R(g) which does not depend on the scalar field y% at 
all. Therefore, the correlations on the quantum system under Brownian motion 
with drift given by b = grad lny are mediated by the metric scalar curvature 
(which, of course, does not depend on w any more; this is the form invariance 
of the quantum potential [3])! Otherwise stated and in view of the relation 
between the noise tensor and the Riemannian metric (see the discussion after 
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eq. (15)), when we have an anisotropic noise tensor we have constructed a non- 
trivial metric and quantum non-local correlations which are due to the metric 
scalar curvature. 

Solving the conformal invariant wave equation with Dirichlet regularity con- 
ditions on the closure of an open neighborhood of M [27], we obtain a con- 
formally conjugate Dirichlet form whose associated Hamiltonian operator is 
—Ho(g, dln 7), with y a solution of eq. (41) and thus the Markovian semigroup 
determined by it can be reconstructed by reversing the steps in the previous Sec- 
tion. We shall finally establish the relation between the heat kernel peont(T, £, y) 
of the Markovian semigroup exp( 3H) and the heat kernel p,(7, £, y) of the RCW 
semigroup. We have 


expr Ho(g.din Y?) F(x) = Waje H)(wf)(c) 
z J Y-i (E)peontlT, 2, 9)4(y) F(y)volg(y) (42) 


so that we conclude that 


Py ee T, y) = Yt (x)Y(y)Pcont(T, T, y). (43) 


Thus, we have linked the kernels of the quantization in the two Hilbert 
spaces, the groundstate Hilbert space L?(Y?volg), and L? (volg). The former 
corresponds to the RCW geometry, while the latter is the usual Hilbert space 
for the quantization of the kinetic energy of a spinless massive free-falling test- 
particle, in terms of the Riemannian invariants of the manifold M described in 
terms of g! We remark that the introduction of both spaces and the unitary 
transformation between them, has allowed us to identify the quantum potential, 
while working only in the usual Hilbert space would not have allowed for this 
identification; finally, the scalar curvature term so much discussed has been 
found to be a resultant of the À invariance of the theory, and not the resultant 
of technicalities in computing the propagators; as discusssed already in [2], this 
theory has no ordering problem [44]. Thus, in the L? (volg) space we have found 
the Hamiltonian operator considered by B.de Witt, and reencountered by several 
researchers in quantum field theory in Riemannian geometries through the short- 
T expansion of Peont (T, £, x) [71] in geometrical and topological invariants , and 
for the path integral representations for Fokker-Planck operators [72], which 
as we already saw, when g is Riemannian, are precisely of the form Ho(g, Q). 
Yet, our result is in disagreement with the path integral representation of the 
classical kinetic energy of a massive particle in a Riemann-Cartan geometry due 
to Kleinert, in which he obtains twice the quantum potential (see, chap. X, 


(2). 


13For a discussion on the work of Kleinert and the role of autoparallels we suggest the reader 
to return to Remarks 1 and footnote no. 8 before Section 5 of [1]. 
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7 RCW DIFFUSIONS AND NON-RELATIVISTIC 
QUANTUM MECHANICS 


From the previous section we know that for the stationary state defined 
by p the laplacian defined by a RCW connection is symmetric with respect to 
the measure defined by p if and only if the trace-torsion is given by Q = $dinp. 
Futhermore, it is a non- positive-definite operator since for any functions in the 
space D of compact supported functions u and v defined on M we have the 
Green identity 


J Elo Qoo == f ou, Ve)pvol,= f v(Holg.Q)u)pvol,. (44) 
M M M 


We wish to see if there exists a self-adjoint extension of Ho(g, Q)|p in the space 
L? = L?(M, p) of square-integrable functions with respect to the density pvolg. 
Consider the space W!(M,p) = {f : M — C,f € L?, Vf € L?} where we 
mean by Vf the distributional gradient. We can turn this space into a complex 
Hilbert space by working with complex-valued functions provided with the inner 
product 


(u,v) yw =] uöpvolg+ | g(Vu, V0) pvolg. (45) 
M M 


Let Wd be the closure of D in Wt; define W = Wé(M,p) = {f € Wè/ 
Ho(g,dlnp)f € L?} where the latter action of the operator is meant in the 
distributional sense. Since D C W@, then Ao(g,dlnp)|wa is an extension of 
Ho(g,dlnp)|p. Therefore —Ho(g, dlnp) is a positive-definite self-adjoint exten- 
sion defined in L?. Furthermore, if M is geodesically complete, then Ho(g, dinp)|w 
is a unique self-adjoint extension of H(g,dlnp)|p. 14 

Consider next the Dirichlet problem for Ho(g, Qlwe on a relatively compact 
non-empty set Q in M, so that 


II 


Ho(g,Q)u+ àu = 0 in Q, 
u 0 in OQ, 


where A is constant. This can be considered in the weak sense: We look for a 
non-zero function u € W4(, p) such that for all v € Wg (Q, p), 


-f g(Vu, Vv)pvolg + af uvpvolg = 0. (46) 
Q Q 





14A short approach to the proof. The first part is the fact that the space w is a Hilbert 
space so that the quadratic form E(u, v) = 1 g(Vu, Vv)pvolg with the domain Wå is closed 


in L?. Therefore, it has the generator, which is self-adjoint with domain we and hence, is 
the Friedrich extension of H(g, $dlnp)|p ; see [36] [37]. 
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It is easy to prove that u is a solution of this problem if and only if u € Wé(Q, p) 
and Ho(g, Q)u + Au = 0. Considering then the manifold Q provided with the 
density p, we conclude that the eigenvalues of the weak Dirichlet problem in 
Q are exactly the eigenvalues of the self-adjoint operator —H (g, Q)|w2 a,v) in 
L?(Q, p). 

We have a theorem due to Rosenberg [37]: For any non-empty relatively com- 
pact open set 2 C M, the spectrum of —H (g, Q)|w2(9,p) is discrete and consists 
of a sequence {Az (Q)}92, of non-negative real numbers such that A (Q) — oo 
as k — oo. If in addition M — 2 is non-empty, then \1(Q) > 0. 

Assuming that the eigenvalues are counted with multiplicity, we have the 
Weyl asymptotic formula 


k 2 
DAR TSS ae Ta k ’ 4 
c (ah ask — co (47) 


where n = dim(M) and the constant cn > 0 is the same as in R”. 

If M is compact, then we have à (M) = 0, because the function f = constant 
is an eigenfunction. Since Ho(g,Q)f = 0 implies f = 0 (we are assuming that 
M is connected), the multiplicity of the bottom eigenvalue is 1 and then A2(M) 
is strictly positive. In any case, the lowest eigenvalue of —Ho(g, Q) lw2( M,p) Can 
be determined as follows. 

Furthermore, we have a theorem (Rayleigh Principle) for the minimal eigen- 
value [37]: For a manifold M provided with a density pvolg, 


Ji |V f|? pvolg 
0 
Juz F2pvole 
where T is any class of test functions such that D C T C Wj. 


Proof: It follows from the variational principle for the operator —Ho(g, Q) lw2 
and by the Green formula, that 


Ag (Q) & 





Amin( M) = inf fer- (48) 


— Ju (Hol(g, Q) f, f)volg 





Amin( M) _ inf pew? | Ifi [2 7 (49) 
L 
V f|? pvol 
= di yap a l ee, (50) 
9 ILIZ 


and by observing that D Cc W C Wå and D is dense in Wi. 


8 GEOMETRIC QUANTUM-MECHANICS ON 
STATE-SPACE 


We consider a complex separable Hilbert space H and a self-adjoint operator H 
defined on H. The time development of quantum systems is given by the one- 
parameter group {e~"”,t € R} of unitary operators. A pure quantum state 
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w € H, ||v|| = 1, develops according to 


yi = Ey (51) 
which can be reformulated in terms of the Schroedinger equation 

o ; 

orn = -i Hyr. (52) 


Still, pure quantum states are described by equivalence classes [y] of unit vectors 
w € H, where two vectors are equivalent if they differ by a complex phase factor. 
Then, the time development of the state [y] is given by 


#,([¥]) = [ley]. (53) 


While eqs. (51) and (52) are equivalent, this is no longer the case of eqs. (52) 
(53), since y; can contain a complex time dependant factor. The proper setting 
for quantum mechanical evolution in terms of the Schroedinger equation requires 
to take in account this indeterminate factor. So the state space is the projective 
Hilbert space P(H), and the time evolution of quantum systems are curves on 
this space of the form q(t) = ®;([w]) = [ety]. 

There are two ways in which one can construct from a heat semigroup de- 
fined by a RCW diffusion process its quantum Schroedinger representation. In 
this case, the hamiltonian operator is H(g,Q) associated to a RCW connection 
with Q = $dlnp and the corresponding unitary group [e~'™” (9-2)| defined on 
the natural complex extension of a real Hilbert space as we have taken in the 
previous section, corresponds to the so-called Euclidean analytical Schroedinger 
representation for the diffusion semigroup defined by this space-time structure, 
yet with some differences we would like to remark. Firstly, there is a freedom 
upon the choice of the time, it can be 7 for a relativistic theory in which g 
can depend on ¢ as well as Q and our space-time manifold is a 4-dimensional 
manifold , M, or, we can write down a non-relativistic theory, for which 7 and 
t coincide [23] and space-time is R x M where M is a 3-manifold, but still 
we have in this foliated manifold a Riemannian metric which may depend on 
t as well as the trace-torsion Q; in any case, due to the fact that in Quantum 
Mechanics observables are self-adjoint operator (real eigenvalues) we have to 
restrict Q to be exact of the form Q = sdinp because the inclusion of the elec- 
tromagnetic terms, following the Kolmogorov characterization of T-symmetric 
diffusion processes, produces H (g, Q) for general Q to be a non-symmetric op- 
erator in L?(M, p), so we cannot introduce the self-adjoint extension of it. The 
other possibility is to develop a covariant formulation of non-relativistic Quan- 
tum Mechanics in R x M in which we transform the diffusion processes into the 
Schroedinger equation without applying the Euclidean time scheme, but in this 
case Q does not necessarily restrict to the exact differential term, including thus 
the electromagnetic terms and the Schroedinger operator is associated to the 
RCW laplacian in an indirect way in which will adquire the form Ag +V, where 
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V is a potential which can eventually depend on the wave function or not,which 
for appropiate classes of potentials V can result in a self-adjoint operator; see 
page 34 in Schechter [39]. Both theories we know already how to formulate as an 
infinite-dimensional Hamiltonian system (in the sense of classical mechanics), as 
long as the spectrum of H(g,Q) is discrete, which in the case of Q restricted to 
be exact, is already the case as discussed above. In this article, we shall present 
both alternatives. Finally, having set the geometric approach to quantum me- 
chanics in Hilbert space, we can further study the so-called stochastic extension 
of the Schroedinger equation, which amounts to write the s.d.e. which extend 
the Hamiltonian flow with a noise term which drives the system to a particular 
eingenstate, providing thus for the reduction of the wave function. 


9 THE STATE-SPACE QUANTUM GEOME- 
TRIES, BROWNIAN MOTIONS AND THE 
REDUCTION OF THE WAVE FUNCTION 


The notion of a geometric theory of quantum mechanics has been in most of 
the works associated with the idea of placing in a purely geometrical context the 
operator formalism of quantum mechanics and describing the processes of obser- 
vation in terms of geometrical distance in state-space; the other approach that 
can be named identically as quantum geometry, is the present approach that is 
valid for both configuration manifolds and state-space manifolds . The former 
geometrical approach has lead to formulate non-relativistic quantum mechanics 
as a theory of Kahler manifolds, and to breach the gap with classical mechanics 
which as well known, is formulated in terms of symplectic flows, and in partic- 
ular, those associated with a Hamiltonian function independent of time. The 
Hamiltonian function that generates the Schroedinger flow is non other that the 
expectation value function defined on state-space of the quantum Hamiltonian 
operator. In this so called quantum geometry (see [15,16,18] and references 
therein), the Schroedinger equation is a symplectic flow in state-space, given 
by a complex projective manifold, provided with the Fubini-Study metric, with 
its naturally associated symplectic and Kahlerian structures. Furthermore, by 
considering random perturbations of this symplectic flow to account for the role 
of the environment in the quantum system, the reduction of the wave-function 
has been described in terms of stochastic processes on the quantum geometry on 
state-space [27,28]. This approach to the so-called open Schroedinger equation 
has been elaborated as an emergent theory of a background statistical theory of 
unitary matrices. In none of this approaches to the open Schroedinger equation, 
no relation was established with the fact that there is a quantum geometry in 
space-time and its association with Brownian motions. Thus, this chapter aims 
to present a very short account of the fact that we can describe the stochas- 
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tic processes in state-space that describe the reduction of the wave-function in 
terms of the same stochastic-geometrical structures of Riemann-Cartan, and 
that the Schroedinger symplectic flow defined by the expectation value of the 
Hamiltonian operator is (up to a modification which drives the measurement 
process to a specific eigenstate) the natural choice for the drift. In particu- 
lar,one can start with a stochastic differential equation, consider the connection 
on space-time defined by it and its differential generator which is the Laplacian 
operator of this geometry, and study the reduction of the wave function of the 
quantum evolution of this space-time operator. In this sense, the role of space- 
time structures in producing the reduction of the wave function. So in this case, 
we have a two layer structure of RCW type, one related to the diffusion process 
in space-time and the second one, with the diffusion process in state-space that 
follows when studying the spectra of the RCW laplacian, or can be carried out 
independently for an arbitrary quantum system described by its Hamiltonian 
operator. In the following we shall present both quantum geometries in a single 
setting. In the following we follow our discussion in [77]. 

Let us assume we have a Hilbert space with finite dimension n + 1 so 
we are dealing with M being C'P(n), the complex projective space of dimen- 
sion n, the space of rays of Quantum Mechanics, although the more general 
infinite-dimensional case is also possible. In fact, this space not only car- 
ries a Riemannian metric, the Fubini-Study (FS) metric, which we denote 
as g but also a symplectic two-form Q and still an almost complex structure 
provided by an endomorphism J, : T,M — T,M such that J? = —I and 
glu, Jv) = Q(u,v) for all u,v € CP(n),z € M. Indeed, denote the her- 
mitean product of the the n + 1-dimensional Hilbert space of the quantum 
system as < u,v >= g(u,v) + iQ(u,v) where g(u,v) = R < u,v > and 
Q(u,v) = S < u,v >, and g(u,v) = g(Ju, Jv). Furthermore J is compati- 
ble with g, i.e. VJ = 0, where V is the Levi-Civita covariant derivative. Thus, 
M provided with (g, Q, J) becomes a Kahler manifold. For a self-adjoint Hamil- 
tonian operator H defined on C'P(n), we define the quantum-expectation value 
function (H) : CP(n) > R by (H)(u) = Spee In this section we shall then 
restrict ourselves to the Euclidean technique and take H = H(g,Q) the self- 
adjoint operator defined in a finite-dimensional complex subspace of the Hilbert 
space H = Wê; this amounts to fixing a cut-off which one can fix in accor- 
dance with the estimates given above !°. We denote the general state vector 
by |z > with z standing for the complex projections z°,...,2” of |z > on an 


2° z8 _ : 
arbitrary fixed basis. Thus, (H)(|z >) = <2lHlz> = aa . Since (H) is ho- 


mogeneous of degree zero on both 2%“, z% we define the new complex coordinates 
t = 4 and # = 4,j =1,...,n, which are well defined whenever z° 4 0. The 











15 Actually, we can take for this operator, the self-adjoint extension of H(g, Q) for Q = dinp? 
now acting on C’P(oo) [8]; for the purpose of keeping this article to some length, we prefer 
not to deal with this more general case which does not imply major differences with the 
finite-dimensional case. 
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real manifold structure of CP(n) is defined by taking the coordinate system 
(oS 1,..., 2n with zt = Rtl, g? Se, ae = REPL g?” = St., 
Thus, the specification of the 2n-vector (x°) determines the unique ray con- 
taining the unnormalized state |z >. The FS metric g = (gagdz® ® dz”) with 
Jap = 45-0, nz727 written on the real manifold is g = (gqpdx* Q dz?) with 
(see S. Adler and L. Horwitz [16]) 


[(1 + 222%) dap — (LL? + woct urpax®)| 
(tate!) ) 





Jab = 4 (54) 


with inverse 
1 
Go rie + xx’) (ban + °T” + Wack war”). (55) 


where Wa, is a skewsymmetric tensor whose only non-vanishing terms are 
We=2j-1b=27 = 1,Wa=2;,b=2;-1 = —l. Furthermore, the complex structure 
J = (J?) satisfies J? JE = —6°, and the identities J°J%g.q = gay and the sym- 
plectic form Q = Qgpdx* A dz? satisfies Qa, = Jec JS with inverse Qe = rma ie 
Then (SE) takes the form (we take ñA = 1) of the Hamiltonian flow on M given 
by 4 = 20(V(H)), where V°f = gO f(a = 1,...,2n) is the FS gradient of 
f: M — R [18]. To consider the dynamics of the quantum system under the 
influence of a measurement, we have to include the random variations due to 
the measurement. Thus, we extend the hamiltonian flow defined by the function 
(H), by considering the Ito s.d.e. (originally in [15]) 





dx® = (20° (H) + p*)dt + og” 3 (H )dW (t) (56) 


with p° = —40%g7O,V, where V = g%°0,(H)0,(H) = (H°) — (H)? is the 
variance of the Hamiltonian, or still, the squared energy quantum uncertainty. 
Thus, we have modified the drift with a term which depends on V(H), and 
still there is a noise tensor which is in this case a vector of the form oV(H), 
with ø a constant, and we have a one-dimensional Wiener process (i = 1) in 
eq. (15). Thus, if we start from the s.d.e. (56), the metric that arises from 
the noise vector turns to be not the original FS metric g, but the contravariant 
tensor with components V7(H)V°(H) = g%0a(H)g°°0.(H), times the factor 
o”, which on setting it to be equal to zero, we get the original SE written in 
CP(n). Furthermore, the trace-torsion one-form Q = Qedz® has for components 
the functions gae( (29% (H) + p°) = 2J20,(H) — 4078-V, so that 


Q = Jd(H) — Zav), (57) 


an exact differential up to an infinitesimal rotation. Next we consider two real- 
valued stochastic processes defined on terms of the solution curves x(t) € CP(n) 
of eq. (56), the Hamiltonian process defined by (H)(x(t)) and the variance pro- 
cess V(a(t)). Then, from applying the Ito formula and formulae of Kahlerian 


Quantizatin in Astrophysics ... 302 


geometry, we find that (H)(a(t)) satisfies a s.d.e. with zero drift, more specif- 
ically, it is a square-integrable martingale on R, while the variance process is 
a supermartingale, the latter describing the reduction of the wave function to 
a particular eigenstate; see [15,16]. In the present geometro-stochastic setting, 
we have associated to the reduction of the wave function in terms of the open 
Schroedinger equation, a geometry which is not riemannian, it has torsion given 
by the difference between the infinitesimal rotation of the differential of (H) 
and the differential of Zy; the metric is not the original FS, and as a covariant 
tensor it has a singularity whenever (H) is constant, i.e. on a fixed eigenstate, 
for which the flow of eq.(56), becomes constantly equal to it if choosen for initial 
value. 


10 RCW GEOMETRIES, BROWNIAN MOTIONS 
AND THE SCHROEDINGER EQUATION 


We have seen that one can represent the space and time quantum ge- 
ometries for the relativistic diffusion associated with the invariant distribution, 
so that Q = $dlnp, and Ho(g,Q) has a self-adjoint extension for which we 
can construct the quantum geometry on state-space and still the stochastic ex- 
tension of the Schroedinger equation defined by this operator on taking the 
analytical continuation on the time variable for the evolution parameter. In 
this section which follows the solution of the Schroedinger problem of inter- 
polation by Nagasawa [38] interpreted in terms of the RCW geometries and 
the Hodge decomposition of the trace-torsion, we shall present the equivalence 
between RCW geometries, their Brownian motions and the Schroedinger equa- 
tion. The fact that nonrelativistic quantum mechanics can be linked to torsion 
fields, has remained unseen till today, and we have proved this already for the 
stochastic Schroedinger equation. Thus, we shall now present the construction 
of non-relativistic quantum mechanics for the case that includes the full Hodge 
decomposition of the trace-torsion, so that Q = Q(t,x) = dinfi(x) + A(t, x) 
where f(t,x) = f(x) is a function defined on the configuration manifold given 
by [a,b] x M (where M is provided with a metric, g), to be determined below, 
and A(t,x) is the sum of the harmonic and co-closed terms of the Hodge de- 
composition of Q, which we shall write as A(t, x) = A(x) as a time-dependent 
form on M. The scheme to determine f will be to manifest the time-reversal 
invariance of the Schroedinger representation in terms of a forward in time dif- 
fusion process and its time-reversed representation for the original equations for 
creation and destruction diffusion processes produced by the electromagnetic 
potential term of the trace-torsion of a RCW connection whose explicit form we 
shall determine in the sequel. From now onwards, the exterior differential, and 
the divergence operator will act on the M manifold variables only, for which we 
shall write then as df;(x) to signal that the exterior differential acts only on the 
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x variables of M. We should remark that in this context, the time-variable t of 
non-relativistic theory and the evolution parameter 7, are identical [50]. This 
section stems from article [80]. Let 
ð 1 o 
L= — + -A(t,£).V = — + H (9, A 58 
(here, for unburdening the notation we omit the subscript 0 on H that recalls 
that operates on scalar fields) with 


5A; = -divg A, = 0. (59) 


In this setting, we start with a background trace-torsion restricted to an electro- 
magnetic potential. We think of this electromagnetic potential and the associ- 
ated Brownian motion having its metric conjugate as its drift, as the background 
geometry of the vacuum, which we shall subsequently relate to a creation and 
destruction of particles and the equation of creation and annihilation is given 
by the following equation. 

Let p(s, x; t, y) be the weak fundamental solution of 


Lo+co=0. (60) 


The interpretation of this equation as one of creation (whenever c > 0) and 
annihilation (whenever c < 0) of particles is warranted by the Feynman-Kac 
representation for the solution of this equation. Then ¢ = ¢(t,x) satisfies the 
equation 


o(s, x) = f ratna y)dy, (61) 


where for the sake of simplicity, we shall write in the sequel dy = volg(y) = 
/ det(g)dy! A... A dy’. Note that we can start for data with a given function 
o(a, x), and with the knowledge of p(s, x; a, y) we define ¢(t, £) = fy p(t, 2; a, y)dy. 
Next we define 


alsa: ty) = zr Pls, a t Olt) (62) 


which is a transition probability density, i.e. 
f aseitady=1, (63) 
M 


while 


J p(s, x;t, y)dy £1. (64) 
M 
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Having chosen the function (t,x) in terms of which we have defined the prob- 
ability density q(s, x; t, y) we shall further assume that we can choose a second 
bounded non-negative measurable function (a,x) on M such that 


J saagaa) =1, (65) 
M 
We further extend it to [a,b] x M by defining 


lty) = f da, 2)p(a, zit, y)de, VC, y) € [a,b] x M, (66) 


where p(s, x; t, y) is the fundamental solution of eq. (60). 

Let {X; € M, Q} be the time-inhomogeneous diffusion process in M with 
the transition probability density q(s, x; t, y) and a prescribed initial distribution 
density 


pla, x) = o(t = a,x) o(t = a, £) = a(x) a(x). (67) 


The finite-dimensional distribution of the process {X; € M,t € [a,b]} with 
probability measure on the space of paths which we denote as Q; for a = tọ < 
tı <... < tn = b, it is given by 


Egļlf (Xa, Xis- e Xtn-1:Xo)] = | dxzou(a, £o)q(a, £o; t1, 1) dxig(ti, £1; t2, v2)dr2... 
M 
oe q(tn-1, In—-1; b, Ln) din f (Xo, H1,+++,Un—-1, Tn) 
:= [Wag >> (68) 


which is the Kolmogorov forward in time (and thus time-irreversible) represen- 
tation for the diffusion process with initial distribution Ha(£o) = (a, £o), which 
using eq. (62) can still be rewritten as 


1 1 
a dzopalto) FT) Pla ©0;t1, 21) Gt, (x1)dz1 aC aga £1; t2, £2) ¢1,(@2)dr2... 
1 
Waa En—1; b, £n)ho(atn)danf(xo,-.-,2n) (69) 


which in account of fa(to) = $a(x0)¢a(20) and eq.(62) can be written in the 
time-reversible form 


| Palzo)dzopla, Xo; tı, z1)dzıpl(tı, £1; te, V2) dxq... p(tn—1, Un—13 b, En) by(Ln)dXy f (£0, ..., £n) (70) 
M 


which we write as x 
= [bap >><< pdr]. (71) 


This is the formally time-symmetric Schroedinger representation with the tran- 
sition (but not probability) density p. Here, the formal time symmetry is seen 
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in the fact that this equation can be read in any direction, preserving the physi- 

cal sense of transition. This representation, in distinction with the Kolmogorov 

representation, does not have the Markov property. N 
We define the adjoint transition probability density ĝ(s, x; t, y) with the ¢- 


transformation 
7 1 
G(s, x; t, y) E o(s, £)p(s, x; t, y) —— (72) 
olt, y) 
which satisfies the Chapmann-Kolmogorov equation and the time-reversed nor- 
malization 
J dxq(s,x;t,y) = 1. (73) 
M 

We get 
Ealf (Xa, Xn- X = St f(@0,- ++, @n)Q(@, £o; t1, F1)dx1G(tr, £1; t2, F2)dx2.. 


Alas 1; En—1; b, an) @(b, In) (b, En)dEn, (74) 


which has a form non-invariant in time, i.e. llegible from right to left, as 


<< Gdvov]] =<< ĝl], (75) 


which is the time-reversed representation for the final distribution w(x) = 
plx)p(x). Now, starting from this last expression and rewriting in a simi- 
lar form that in the forward process but now with ¢ instead of ¢, we get 


f avodae0)pla,st05t3, 01) —— dr ta), 21:12, 2) ——— de 

M Pti Tı ) Pta x2) 

.. din 1O(tn 1; Tn 1)pltn l1; Tn E E a A E S (76) 
(b, En) 





which coincides with the time-reversible Schroedinger representation [bap >><< 
por). 

We therefore have three equivalent representations for the diffusion process, 
one the forward in time Kolmogorov representation, the backward Kolmogorov 
representation, both of them are naturally irreversible in time, and the time- 
reversible Schroedinger representation, so that we can write succintly, 


[Haq >>= [bap >><< pos]] =<< Gul], witha = dada, He = bobo. (77) 


In addition of this formal identity,we have to establish the relations between 
the equations that have lead to them. We first note, that in the Schroedinger 
representation, which is formally time-reversible, we have an interpolation of 
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states between the initial data a(x) and the final data, p(x). The information 
for this interpolation is given by a filtration of interpolation F7 U Ff, which 
is given in terms of the filtration for the forward Kolmogorov representation 
F = F‘,t € [a,b] which is used for prediction starting with the initial density 
dada = [lq and the filtration F} for retrodiction for the time-reversed process 
with initial distribution pp. 

We observe that q and ĝ are in time-dependent duality with respect to the 





measure 
pr(a)dx = b1(x) Gr (a) da, (78) 
since if we define the time-homogeneous semigroups 
o e J a(s, #;t,y) f(t y)dy, s < t (79) 
TETE / ea eee (80) 
then 
A 1 
J densas, DQ) = | ise aooe xt, y)pily) f(t, y)dy 
s(x) 
2 J dzgls, 2)$_(x)p(s,.2;t, y) —— F(t 2) br(u)be(v)ay 
Qly) 
= / E AR EA 
= / MeO tai E (81) 
i.e. . 
<9; Qi-sf Piir S IQt-s, f >m 8S t. (82) 


We shall now extend the state-space of the diffusion process to [a, b] x M, to 
be able to transform the time-inhomogeneous processes into time-homogeneous, 
while the stochastic dynamics is still taken place exclusively in M. This will 
allow us to define the duality of the processes to be with respect to u(x)dtdx 
and to determine the form of the exact term of the trace-torsion, and ultimately, 
to establish the relation between the diffusion processes and Schroedinger equa- 
tions, both for potential linear and non-linear in the wave-functions. If we define 
time-homogeneous semigroups of the processes on {(t, X+) € [a,b] x M} by 


_ Qs,s rf (9,2) , 820 
Pr f(s.) ={ 0 i , otherwise (83) 


and 


x { Ee) >, r20 (84) 


Frg(t,y) = , otherwise 
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then 


b-r a+r 
< g, Prf > pdtae = if ds <9, Qs, strf > Hs = N < 9, Qi-ref > ht-r(x)dx 
T b 


II 


b 
J dt < gFi-r, f > mdr =< Prg, f > mdtdz, (85) 
a+r 


which is the duality of {(t, X,)} with respect to the p,dtdx density. Conse- 
quently, if in our space-time case we define for a;(x), @:(a) time-dependent one- 
forms on M (to be determined later) 





Ba: = OO A H(g, Act aon (86) 
Bou: = -ĈE 4 Hg, As + ap (87) 
and its adjoint operators 
BB = 5 — H(g, —A; + Ge)* bi, (88) 
(ÊP = Ht — Hg, Ai + a), (89) 


where by Ht we mean the vol,-adjoint of the operator H defined as in eq. (22). 


Now 
f a f ro.Banss = au Benlnladde= f dt f ioaB(B mdz 


b 
= if I maseta eina (90) 


for arbitrary a, 8 smooth compact supported functions defined on [a,b] x M 
which we have denoted as time-dependent functions az, 6t, where 1p, denotes 
the characteristic function of the set D(x) := {(t, x) : p(x) = ¢,(x)b;(x) > 0}. 
Therefore, the duality of space-time processes 


< Ba, p > p4(a)dtda=< Q, BB > u, (£)dtdz; (91) 
is equivalent to 

a(x) + a(x) = dlnjy(x) = dingi(£)ĝ; (2), (92) 

B? u(x) = 0, (93) 


and the latter equation being the Fokker-Planck equation for the diffusion with 
trace-torsion given by a + A, then the Fokker-Planck equation for the adjoint 
(time-reversed) process is valid, i.e. 


(Ê)? p(x) = 0. (94) 
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Substracting eqts. (93,94) we get the final form of the duality condition 


at — Gt 


BH a divaa + EEE] = Otor pula) = Aaa) (9) 


ot 


Therefore, we can establish that the duality conditions of the diffusion equation 
in the Kolmogorov representation and its time reversed diffusion lead to the 
following conditions on the additional elements of the drift vectorfields: 


a(x) + a(x) = dlnpy(x) =dind:(x)d:(x), (96) 


My) = 0. (97) 


If we assume that a;— â is an exact one-form, i.e., there exists a time-dependent 
differentiable function S(t, x) = S;(a) defined on [a, b]x M such that for t € [a,b], 


Qil) 











a, — â = dln + = 2d S; (98) 
P1(x 
which together with 
a, + @ = dnp, (99) 
implies that on D(t, x) we have 
a = ding:, (100) 
a = ding. (101) 


Remark. Note that the time-dependent function S on the 3-space manifold, 
is defined by eq. (98) up to addition of an arbitrary function of t, and when 
further below we shall take this function as defining the complex phase of the 
quantum Schroedinger wave, this will introduce the quantum-phase indetermi- 
nation of the quantum evolution, just as we discussed already in the setting of 
geometry of the quantum state-space. In the other hand, this introduces as well 
the subject of the multivaluedness of the wave function, which by the way, leads 
to the Bohr-Sommerfeld quantization rules of quantum mechanics established 
well before it was developed as an operator theory. It is noteworthy to remark 
that these quantization rules, later encountered in superfluidity and supercon- 
ductivity, or still in the physics of defects of condensed matter physics, are of 
topological character. Later we shall see that the Schroedinger wave equation 
contains the Navier-Stokes equations for a viscous fluid in 2D, and the proba- 
bility density of the Brownian motions or still of the quantum system, will be 
transformed into the enstrophy of the viscous fluid obeying the Navier-Stokes 
equations. Thus, one might expect that Navier-Stokes equations could also have 
multivalued solutions, namely in the 2D case of the already established relation, 
the vorticity reduces to a time-dependent function. 16. Multivaluedness of the 





16This comment follows Vic Christianto’s kind insistence in the need of exploring the pos- 
sible existance of multivalued solutions to the Navier-Stokes equations. 
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solutions of the Schroedinger equation has been proposed [52] as evidence that 
the multivalued logics due to Post have to be incorporated in physics, and cog- 
nition in general (which surely is the case in our uses of languages in daily life), 
which would replace the probabilistic features of quantum mechanics. !” 
Introduce now R(x) = R(t, x) = $lndid; and S;(x) = S(t, £) = ging, so 


that 
a(z) = d(R,+ 5+), (102) 
and the eq. (97) takes the form 
OR 1 
Tae paSt + 9451, dR) + 9(At, de) = 0, (104) 


where we have taken in account that divg A; = 0. 

Therefore, together with the three different time-homogeneous representa- 
tions {(t, Xz),t € [a,b], X+ € M} of a time-inhomogeneous diffusion process 
{X;, Q) on M we have three equivalent dynamical descriptions. One descrip- 
tion, with creation and killing described by the scalar field c(t, x) and the dif- 
fusion equation describing it is given by a creation-destruction potential in the 
trace-torsion background given by an electromagnetic potential 


o 
5 + HC, A) (a)p + clt, 2)p = 0; (105) 
the second description has an additional trace-torsion a(t, £) , a 1-form on Rx M 
0 
S +H(g,A+a:)q=0. (106) 


while the third description is the adjoint time-reversed of the first representation 
given by ¢ satisfying the diffusion equation on the background of the reversed 
electromagnetic potential —A in the vacuum, i.e. 


-2 + Hg, Ado + ob =0. (107) 
17Pensinger and Paine, preceded Prigogine [74] -who stressed the formative role of time in all 
systems and an approach through resonances in dynamical systems- in claiming an approach 
to collective phenomenae in the social sciences based in quantum mechanics and the formative 
role of time (the latter being absent in historiography, but certainly present in Nature, as we 
have discussed above.). Furthermore, these authors claim that the probabilistic approach 
attempted to replace the Aristoteles-Boole logic for its failure to account for the localization 
problem, and that the probabilistic approach was conceived as a rejection of a multiple identity 
conception. As we have seen in this article, the probabilistic approach to quantum mechanics 
is equivalent to geometrical structures, and thus the multivalued logics would thus be linked 
to RCW geometries through the multivaluedness of the logarithmic potential of the trace- 
torsion, when we extend the wave function to the complex domain, or still more generally, to 
the quaternionic and octonionic spaces. In fact, the so called Smarandache geometries might 
be related to this view of spacetime geometries as associated to multivalued logics and to the 
coexistence of multiple structures [76]. 
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The second representation for the full trace-torsion diffusion forward in time 
Kolmogorov representation, we need to adopt the description in terms of the 
fundamental solution q of 


— + H(g, Ai + ar)q = 0, (108) 


for which one must start with the initial distribution pa(£) = $a(x)¢a(z). This 
is a time t-irreversible representation in the real world, where q describes the 
real transition and Ha gives the initial distribution. If in addition one traces the 
diffusion backwards with reversed time t, with t € [a,b] running backwards, one 
needs for this the final distribution p(x) = 6(x)d(x) and the time t reversed 
probability density @(s,x;t, y) which is the fundamental solution of the equation 


with additional trace-torsion one-form on R x M given by â, where 
ât + at = diny (a). (110) 


where the diffusion process in the time-irreversible forward Kolmogorov repre- 
sentation is given by the Ito s.d.e 


dX} = (X dW} + (A + a) (t, X+ )dt, (111) 
and the backward representation for the diffusion process is given by 
dX} = 0'(X,)dW) + (~A + â) (t, Xi)dt, (112) 


where a, â are given by the eqs. (102) and (103), and (aat)% = g%9 

We follow Schroedinger in pointing that ¢ and ĝ separately satisfy the 
creation and killing equations, while in quantum mechanics w and 7 are the 
complex-valued counterparts of @ and d, respectively, they are not arbitrary 
but 


od = wy. (113) 


Thus, in the following , this Born formula, once the equations for p are deter- 
mined, will be a consequence of the constructions, and not an hypothesis on the 
random basis of non-relativistic mechanics. 

Therefore, the equations of motion given by the Ito s.d.e. 


dX} = (Â + grado)’ (t, X;)dt + o$ ( X) AW}, (114) 
which are equivalent to 
a 
Sp + Hg, Ac + ax)u=0 (115) 
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with a = ding = d(R + S), determines the motion of the ensemble of non- 
relativistic particles. Note that this equivalence requires only the Laplacian 
for the RCW connection with the forward trace-torsion full one-form Q = A+ 
ding = A+d(R+S). In distinction with Stochastic Mechanics due to Nelson, and 
contemporary ellaborations of this applied to astrophysics as the theory of Scale 
Relativity due to Nottale [31][34], we only need the form of the trace-torsion 
for the forward Kolmogorov representation, and this turns to be equivalent 
to the Schroedinger representation which interpolates in time-symmetric form 
between this forward process and its time dual with trace-torsion one-form given 
by -A+@=-A+dn¢g=-A+d(R-S). 

Finally, let us how this is related to the Schroedinger equation. Consider 
now the Schroedinger equations for the complex-valued wave function w and its 
complex conjugate 7, i.e. introducing i = \/—1, we write them in the form 





iE 4 H(g,tAdy— Vo = 0 (116) 
i | H(g,—iA4)p -Vy = 0, (117) 


which are identical to the usual forms. So, we have the imaginary factor appear- 

ing in the time t but also in the electromagnetic term of the RCW connection 

with trace-torsion given now by iA, which we confront with the diffusion equa- 

tions generated by the RCW connection with trace-torsion A, i.e. the system 
do 


OL + H(g, Ai) T co = 0, (118) 


-2e L Hg, -A+ = 0, (119) 








and the diffusion equations determined by both the RCW connections with 
trace-torsion A + a and —A + â, i.e. 





o 

S + H(g, At TEn ar)q = 0, (120) 
—0OG 
<4 H(g, -A+ â) = 0, (121) 





which are equivalent to the single equation 


o 
Si + H(g, Ac + dinge)g 


II 
= 


(122) 


If we introduce a complex structure on the two-dimensional real-space with 
coordinates (R, S), i.e. we consider 


w == gre, w = ets (123) 
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viz a viz ọ = ekts Q = eF-§ with wy = od, then for a wave-function differ- 
entiable in t and twice-differentiable in the space variables, then, Y satisfies the 
Schroedinger equation if and only if (R,S) satisfy the difference between the 
Fokker-Planck equations , i.e. 


OR 1 
DE t g(dSı + Ar, dR) + 5 AaSt = 0, (124) 
and 
Os 1 


which follows from substituting ~ in the Schroedinger equation and further 
dividing by w~ and taking the real part and imaginary parts, to obtain the 
former and latter equations, respectively. 

Conversely, if we take the coordinate space given by (¢, 6), both non-negative 
functions, and consider the domain D = D(s, x) = {(s,x) : 0 < G(s, 2) G(s, 2)} c 
[a,b] x M and define R = Lind, S= ging, with R, S having the same differen- 


me?) 
R+S 


tiabilty properties that previously y, then ¢ = e satisfies in D the equation 











A + H(g, Aı)ġ + cd =0, (126) 
if and only if 
ays = + H(g,dR;)R; — T g(dS,, d3) — g(Aı, dS )] 
+ (FE ng, dR) S, + g( Ae AR] + 2% + g(d3, + 241, dS)1227) 
while ¢ = e®~S satisfies in D the equation 
npa a2) 
if and only if 
Nee ae E + H (g, dR) Ri — Ly(ds,, dS) — g(At, dS:)] 
2 ki + H(g,dR:)S; + g( Ar, dR,)] 4 ps + g(dSt + 2Ay, dS;)[129) 


Notice that 6,¢ can be both negative or positive. So if we define y = e® +", it 


then defines in weak form the Schroedinger equation in D with 
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We note that from eq. (130) follows that we can choose S in a way such 
that either c is independent of S and thus V is a potential which is non-linear 
in the sense that it depends on the phase of the wave function w and thus 
the Schroedinger equation with this choice becomes non-linear dependent of w, 
or conversely, we can make the alternative choice of c depending non-linearly 
on S, and thus the creation-annihilation of particles in the diffusion equation is 
non-linear, and consequently the Schroedinger equation has a potential V which 
does not depend on w . 

With respect to the issue of nonlinearity of the Schroedinger equation, one 
could argue that the former case means that the superposition principle of quan- 
tum mechanics is broken, but then one observes that precisely due to the fact 
that the wave function depends on the phase, the superposition principle is in- 
valid from the fact that we are dealing with complex-valued wave functions, and 
what matters, is the evolution in state-space where the complex factor has been 
quotiented. In the former case of a non-linear Schroedinger equation, we note 
that the symplectic state-space formulation is still valid [18] and the quantum 
geometry description incorporates non-linear quantum mechanics as is the case 
of the Lie-isotopic theory of Santilli, when we place in evidence in the equation, 
the isotopic unit of the Lie-isotopic Schroedinger-Santilli equation; see Santilli 
[40]. In the case that V is such that the spectrum of H(g, A + a) is discrete, 
we know already we can represent the Schroedinger equation in state-space and 
further study the related stochastic Schroedinger equation as described above. 
Finally, we have presented a construction in which by using two scalar diffusing 
processes @, ĝ we have been able to subsume them into a single forward in time 
process with additional trace-torsion given by a; = dind:¢t, where ut = bebe 
is the distribution of the diffusion process, and obtain under eqts. (118) the 
Schroedinger equation (110). Alternatively, it is known that we can start with 
2D space and the Schroedinger equation, we obtain a pair of equations, one 
of them being the Navier-Stokes equations for a compressible fluid where now 
debt = wry equals the enstrophy of the fluid. Thus, the formal-time reversible 
representation can indeed be linked with the irreversible dynamics of a viscous 
fluid, but now the density is given by the square of the vorticity, that in this 
case can be associated with a function [33]; the case for this correspondance for 
spatial 3D requires to be proved. This represents a mapping between two RCW 
structures (inasmuch the correspondance between the sourceless Maxwell and 
Dirac-Hestenes equations is another example [2], [49]), since as we have seen 
in [1] and [82], the Navier-Stokes equations as well as the equations of passive 
transport of a magnetic field on a fluid, are basic examples of RCW geome- 
tries whose dynamics can be represented in terms of Brownian motions, both 
for boundaryless manifolds and the case of smooth boundary manifolds as well. 
Finally, we would like to stress that from those Brownian motions, and in par- 
ticular for the cases of the Schroedinger equation and its stochastic extension in 
state-space, we can build Poincaré-Cartan random integral invariants [1]; this 
will be presented in detail elsewhere. 
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Nonlinear Schroedinger equations have an important role in theoretical physics, 
as well as the Lie-isotopic extensions of the linear Schroedinger equation and 
of Quantum Mechanics, due to Santilli [40]. In the most interesting theory due 
to Santilli developed along forty years of work, it is assumed that at very short 
distances the quantum forces are no longer due to contact interaction repre- 
sentable by the quantum semigroup rules that extend the symplectic approach 
to nondissipative classical mechanics. These interactions arise from the over- 
lap of the wavefunctions, and thus cannot be formally represented as in the 
usual approach. Thus, Santilli sets an epistemologic frontier in what is known 
as the interior problem of hyperdense matter and noncontact interactions, and 
the exterior problem which is the usually treated by to the theoretical physics 
to nondissipative systems. To obtain a consistent theory, a modification of the 
theory of numbers (known as isoarithmetic and isoalgebra) is produced incor- 
porating an arbitrary unit (which will carry the information on the overlap of 
the wavefunctions of the constitutive elements of the quantum system under 
noncontact interaction,as well as information as the nonconstant viscosity or 
diffraction index, temperature, high compression), which is further carried to 
produce a modification of differential calculus in term of an isotopic differential, 
and thus a modification of the Schroedinger equation follows. In terms of an 
extension of the theory of general relativity, the corresponding modification is 
thought in terms again of the so-called interior problem corresponding to ultra- 
dense matter or spin. In the large scale exterior problem, Lie-isotopic theory 
recovers all the usual theories of quantum mechanics and relativity. The point of 
view due to Santilli is different than the one presented here, in which we present 
a basis for phenomenae in a form that although can be introduced in terms 
of scale fields, the theory is essentially topological inasmuch the torsion field 
is of topological origin: the nonclosure of infinitesimal parallelograms. Thus, 
the Schroedinger equation as presented here as well as the Brownian motions 
associated to RCW geometries, does not appear as linked to a particular scale, 
they are universal structures. Furthermore, from our analysis above, the fact 
that the Schroedinger equation be linear or nonlinear is not the main issue, 
we can always choose where to set the nonlinearity, either in the creation or 
annihilation potential, or in the potential function V that has been historically 
attached to quantum physics. It is remarkable that Santilli’s theory can be 
mapped into the present at least for certain types of units which as generators 
of the trace-torsion [55]. From Santilli’s theory, a new formulation of chemical 
bonds is produced [64]. 

Yet, if we remain in the context of the exterior problem for quantum systems 
as described by quantum mechanics, in Santilli’s work there is no analysis of 
the deeper structures and phenomenae that may arise in the exterior problem 
at large, nor at the relation between the aether and the exterior problem at 
large, as conceived in the present work, while at the level of the interior level, 
the existance of an elementary particle is hypothized, the so-called aetherino. 
While in the so-called interior problem, the torsion produced by the isotopic 
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unit which is the cornerstone of the Santilli- Lie-isotopic theory can depend on 
additional parameters that represent the modifications due to the overlap of the 
wavepackets of the quantum system and as well as due to the thermodynamics 
irreversible processes taking part within the boundaries set for the system to 
distinguish it from the canonical formalism for classical and quantum systems, 
the present theory presents a view of phenomenae which is free of the establish- 
ment of boundaries (which can be somehow artificial or ad-hoc). In a theory of 
the aether in which the non-trivial topological forces represented by geometrical 
torsion are at the foundations, and the structures that arise from it are valid 
in all scales such as vortices, spinor fields, minimal surfaces, as we shall briefly 
present in the next section. 

Returning to the issue of the nonlinearity of the potential function V in 
quantum mechanics, the usual form is the known logarithmic expression V = 
—b(In|2)|?)w introduced by Bialnicky-Birula and Mycielski [57]. Its importance 
in such diverse fields as quantum optics, superconductivity, atomic and molec- 
ular physics cannot be disregarded. Soliton solutions of nonlinear Schroedinger 
equations may have a role central to molecular biology, in which the DNA 
structure may be associated with a superconductive state. With regards as the 
relation between geometries, Brownian motions and the linear and Schroedinger 
equations, there is an alternative line of research which stems from two princi- 
ples, one of them strongly related to the present one. The first is that all physical 
fields have to be construed in terms of scale fields starting from the fields ap- 
pearing in the Einstein lambda transformations,of which, the Schroedinger wave 
function is an elementary example as shown here (see Rapoport [58]), and when 
further associated to the idea of a fractal spacetime, this has lead to Nottale’s 
theory of Scale Relativity [31]. Nottale’s theory starts from this fractal struc- 
ture to construct a covariant derivative operator in terms of the forward and 
backward stochastic derivatives introduced by Nelson in his theory of stochastic 
mechanics [14]. In Nelson’s conception, Brownian motions and quantum sys- 
tems are aggregates to spacetime, they are not spacetime structures themselves; 
this is a completely different conception that the one elaborated in this arti- 
cle. Working with these stochastic derivatives, the basic operator of Nottale’s 
theory, can be written in terms of our RCW laplacian operators of the form 
ca + Ho(iDg, V) where D is diffusion constant (equal to Æ in nonrelativistic 
quantum mechanics), and V is a complex differentiable velocity field, our com- 
plex drift appearing after introducing the imaginary unit i = /—1 ; see Nottale 
[61]. In the present conception, this fundamental operator in terms of which 
Nottale constructs his theory which has lead to numerous predictions of the po- 
sitions of exoplanets confirmed by observations [34], does not require to assume 
that spacetime has a fractal structure a priori, from which stochastic derivatives 
backward and forward to express the time asymmetry construct the dynamics 
of fields. We rather assume that at a fundamental scale which is generally as- 
sociated with the Planck scale, we can represent spacetime as a continuous in 
which what really matters are the defects in these continuous, and thus torsion 
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has such a fundamental role. The fractal structure of spacetime arises from 
the association between the RCW laplacian operators which as we said coincide 
with Nottale’s covariant derivative operator, and the Brownian motions which 
alternatively, can be seen as constructing the spacetime geometry. So there is 
no place as to the discussion of what goes first, at least in the conception in 
the present work. The flow of these Brownian motions under general analyti- 
cal conditions, define for every trial Wiener path, an active diffeomorphism of 
spacetime. But this primeval role of the Brownian motions and fractal struc- 
tures, stems from our making the choice -arbitrary, inasmuch as the other choice 
is arbitrary- as the fundamental structure instead of choosing the assumption 
of having a RCW covariant derivative with a trace-torsion field defined on a 
continuous model of spacetime. In some sense the primeval character of Brow- 
nian motions as a starting point is very interesting in regards that they can be 
constructed as continous limits of discrete jumps, as every basic book in proba- 
bility presents [66], and thus instead of positing a continuous spacetime, we can 
think from the very beginning in a discrete spacetime, and construct a theory 
of physics in these terms as suggested in [63] 18 In this case, instead of working 
with the field of the real number or its complex or biquaternion extensions, one 
can take a p-adic field, such as the one defined by the Mersenne prime number 
2127 _ 1 which is approximately equal to the square of the ratio between the 
Planck mass and the proton mass [63]. This program and its relations with the 
fundamental constants of physics, was elaborated independently by a number of 
authors and an excellent presentation can be found in Castro [64] and references 
therein.In fact, a theory of physics in terms of discrete structures associated to 
the Mersenne prime numbers hierarchy, has been constructed in a program de- 
veloped by P. Noyes, T. Bastin, P. Kilmister and others; see [67]. A remarkable 
unified theory of physics, genetics and consciousness in terms of p-adic field 
theory, has been elaborated by M.Pitkanen, which has been briefly presented in 
this volume [75]. 

Returning to our discussion of the work by Nottale, we would like to com- 
ment that Castro and Mahecha (see [59] and chapter of this book) and Castro, 
Mahecha and Rodriguez [60], following the Nottale constructions have derived 
the nonlinear Schroedinger equation and associated it to a Brownian motion 
with a complex diffusion constant. Futhermore, working with Weyl connections 
(which are to be distinguished from the present work’s Riemann-Cartan-Weyl 
connections) in that they are not integrable and they have zero torsion (they can 
be introduced in terms of the reduced set of Einstein lambda transformations 
when one does not posit the tetrad or cotetrad fields as fundamental and the 
invariance of the Riemann-Cartan connection), they have derived the relativis- 
tic quantum potential in terms of the difference between the Weyl curvature 
of this connection and the Riemannian curvature, while in the present theory, 





18Prof. Shan Gao,has initiated a program of construction of quantum mechanics as random 
discontinuous motions in discrete spacetime, in his recent work Quantum Motion, Unveiling 
the Mysterious Quantum World, Arima Publ., Suffolk (U.K.), 2006. 
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we have associated above the relativistic quantum potential with the Rieman- 
nian curvature, which is more closely related with the idea of Brownian motion 
in spacetime (without additional internal degrees of freedom as the Weyl con- 
nections introduce) as being the generator of gravitation and all fundamental 
fields. 


11 THE NAVIER-STOKES EQUATIONS AND 
RIEMANN-CARTAN-WEYL DIFFUSIONS 


We have seen that quantum mechanics is an example of spacetime struc- 
tures of RCW. We have shortly discussed the fact that the Navier-Stokes equa- 
tions for viscous fluids are another example of this. In this section we shall 
present the proofs of this statements. 

In the sequel, M is a compact orientable ( without boundary) n-manifold 
with a Riemannian metric g. We provide M with a 1-form u(7,x) = u,(x) 
satisfying the invariant Navier-Stokes equations (NS in the following) , 


a + PIVG_ ur] —vAiu, = 0, (131) 


u. 


where P is the projection operator to the co-closed term in the de Rham- 
Kodaira-Hodge decomposition of 1-forms. We have proved in [1,32], that we 


can rewrite NS in the form of a non-linear diffusion equation!’ 
Ou —1 
L PH Ovo = i i, 132 
OH L PH (2v9, = u )u (132) 


which means that NS for the velocity of an incompressible fluid is a a non- 
linear diffusion process determined by a RCW connection. This connection has 
2vg for the metric, and the time-dependant trace-torsion of this connection is 
—u/2v. Then, the drift of this process does not depend explicitly on v, as it 
coincides with the vectorfield associated via g to —u,, i.e.—û,. Let us introduce 
the vorticity two-form 


Q, = du,,T > 0. (133) 


Now, apply d to eq. (132); since dâu, = Aadu, = AQ, and dLa, = 
La du, = La, 9, we obtain the evolution equation for the vorticity (the so 
called Navier-Stokes equation for the vorticity): 


OQ, 
Or 
19While in the boundaryless case P commutes with Aj, in the case of M with smooth 


boundary this is no longer true so that we have to take PA ju; instead of the viscosity term 
in eq. (131) , and we are left with the non-linear diffusion equation (132) in any case. 





—1 
= H,(2vg, Bp “Êr (134) 
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Now, if we know Q, for any T > 0, we can obtain u, by inverting the definition 
(133). Namely, applying 6 to (133) we obtain the Poisson-de Rham equation 


Ay(g,0)u, = —dou, — 60,,7 > 0. (135) 


Thus, the vorticity Q, is a source for the velocity one-form u+, for all T together 
with the predetermined expression for 6u;; in the case that M is a compact 
euclidean domain, eq. (135) is integrated to give the Biot-Savart law of Fluid 
Mechanics. If furthermore the fluid is incompressible, i.e. du; = 0, then we get 
the Poisson-de Rham equation for the velocity having the vorticity as a source, 


H: (g, 0)ur = —60,,7 > 0. (136) 


In 3D this is none other that the Biot-Savart law but applied to fluid dynamics, 
instead of electromagnetism. 

Theorem . Given a compact orientable Riemannian manifold with metric 
g, the Navier-Stokes equation (132) for fluid with velocity one-form u = u(r, £), 
assuming sufficiently regular conditions, are equivalent to a diffusion equation 
for the vorticity given by (132) with u, satisfying the Poisson-de Rham eq. (135) 
for the compressible case and eq. (136) for the incompressible one. The RCW 
connection on M generating this process is determined by the metric 2vg and 
a trace-torsion 1-form given by —u/2v. 

Observations This characterization of NS in terms of a gauge structure, 
will determine all the random representations for NS which we shall present 
in this article. We would like to recall that in the gauge theory of gravitation 
[17] the torsion is related to the translational degrees of freedom present in the 
Poincaré group, i.e. to the gauging of momentum. Here we find a similar, yet 
dynamical situation, in which the trace-torsion is related to the velocity and the 
angular momentum is derived from it simply by considering the vorticity of the 
fluid. We conclude this chapter noting that with this constructions we can finally 
give the most general analytical representations for the Navier-Stokes equations 
using the Brownian motions corresponding to the Navier-Stokes operator [32]. 


12 TURBULENCE AND RCW GEOMETRIES 


Turbulence is a universal phenomenae inasmuch viscous fluids are univer- 
sal. In particular, the role of turbulence in astrophysics has been discussed by 
several authors [53] . Evidence of turbulence for the origin of galaxy formation 
has been detected by observations [54]. Gibson has extensively discussed the 
formation of the gravitational field, galaxies and the Universe from a turbulent 
fluid [55] and contrasted with advantage the usual approach through the Jeans 
law. In the present approach in which viscous fluids, gravitational fields, quan- 
tum mechanics are all instances of a single geometrical structure and its random 
counterpart, this seems extremely natural. 
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In this section we want to introduce a treatment of turbulence which is inde- 
pendent of the particular equations of dynamics and is directly associated with 
the RCW geometries through the structure of the trace-torsion one-form, Q, 
whose conjugate vectorfield, whenever the metric is Minkowski or in an arbitrary 
Riemannian (i.e. positive-definite) metric is established from the beginning,or 
still, in the latter case, whenever we have a noise tensor which generates the 
Riemannian metric through the eq. (15). The clue to this is through the ideas 
elaborated by R. Kiehn in terms of a classical notion in the theory of differential 
equations, the topological (also called, the Pfaffian dimension) dimension of Q. 
So we consider the set of differential forms on 4-dimensional spacetime given by 


{Q, dQ, Q A dQ, dQ ^ dQ}, (137) 


which cannot have higher degree differential forms since d(dQ) = 0 whenever the 
coefficient functions of Q are twice differentiable. Then, we follow Kiehn by re- 
calling that the topological dimension of Q is the minimal number of coordinates 
in M on which Q depend. Thus, if dQ = 0, then in a connected neighborhood 
of M, we can find a differentiable function, say f, such that Q = df, i.e. Q is an 
exact form in that neighbourhood. Trivially dQ = 0 as well as the higher degree 
forms of the above set. In this case, it is clear that Q can be parametrized by a 
one-dimensional set given by the inverse image by f of all its values in the real 
line, and thus for an exact one-form the topological dimension is equal to 1. Let 
us consider the case that Q is not exact and furthermore Q A dQ = 0. By the 
well known Frobenius integrability theorem, then Q has topological dimension 
equal to 2, i.e. M can be at least locally foliated by two-dimensional subman- 
ifolds on which Q is defined; this corresponds to a reversible dynamics given 
by the integral flow of Q that lies in this two-dimensional submanifold. Now 
assume in the contrary that Q A^ dQ 4 0 and furthermore dQ A dQ # 0, so that 
being this a top degree differential form on M, in this case Q has topological 
dimension equal to 4, and thus equal to the dimension of spacetime. In this 
case, the integral flow of the drift vectorfield Q, for a positive-definite metric, 
lies in a four dimensional submanifold. Otherwise, if dQ ^ dQ = 0, then Q has 
topological dimension equal to 3; in this case, the drift vector field has a flow 
lying in a three-dimensional submanifold. 

In the case of topological dimension equal to 4, we extend Kiehn [47] defining 
a vector field called the topological torsion by the rule 


QA dQ = irvolg. (138) 


If we introduce the Hodge star operator * defined by g, we have that if T9 denotes 
the one-form given by the g conjugate of the vectorfield T (i.e. T9 = agdx* 
with aa = gopT ® where T = TP 2, is the coordinate expression for T, then 
[48] 

*TI = ipvol, = Q A^ dQ, (139) 
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which is Kiehn’s topological torsion three-form obtained by duality from T9. 
When g is the Euclidean metric we retrieve the original definitions [47]. Al- 
though the present formulation retrieves the trivial metric case, it is more gen- 
eral since it includes the noise tensor of the Brownian motions having the drift 
vector field produced by the g-conjugate of Q, producing the metric by eq. (15), 
so in spite the exterior differential operator d ?° in terms of which define the 
topological dimension is independent of the background noise, the topological 
torsion one-form and the topological torsion vector field here introduced, do 
depend on the metric (and the background noise) through the relations (138) 
and (139). So the physical meaning of this terms incorporates the background 
noise tensor, contrarily to Kiehn’s approach in which the topological approach 
is unlinked to noise. In this respect, the presentation here introduced has incor- 
porated the dynamics of the vacuum while in the approach due to Kiehn, the 
vacuum is absent altogether in the definitions. As it stands, the present con- 
structions are associated to the mean motion of the Brownian motions through 
their drift 
We now compute the four-form dQ A dQ to obtain 


dQ A dQ = dirvolg = Lrvolg = ipdvol, = Lrvolg, (140) 


which is still equal to ‘vol, with T = div,T (by definition of the divergence, see 
eq. (4.28) in [48] and therefore 


dQ ^ dQ = vol, = div,(T)volg. (141) 


Thus, T is the topological dissipation function. It expresses how the 4-volume 
defined by the 4-form dQ ^ dQ shrinks or expands in terms of the Riemannian 





20We must remark that altough the present constructions apply to an arbitrary spacetime 
trace-torsion one-form, and thus includes the case of a three-dimensional fluid velocity u+ (x) 
which is also is time-dependent and obeys Navier-Stokes equations, the present exterior differ- 
ential has an additional time derivative component which is missing in the exterior differential 
that we encountered when introducing the Navier-Stokes equations. Indeed, when there we 
wrote du; this time derivative is absent. The presentation we are giving of the topological 
dimension, incorporates time as an active parameter for its definition. This is very important, 
since as we shall see, the topological dimension is related to coherent structures, turbulence, 
chaos, etc., in a formalization in which statistical considerations are absent completely °?! In 
this respect, the topological dimension incorporating this active time parameter, coincides 
with Pensinger and Paine’s idea of an active time operator in their study of severe storms 
formation, which is none-other than the exterior differential in 4D written in a biquaternionic 
base (see D. Paine and W. Pensinger [52]. It is important to remark that in [52] it is proved 
that the Navier-Stokes equations in metereology, map into the Maxwell equation, with a lim- 
iting velocity which is not the velocity of light in vacuum; this conception was applied to yield 
a superconductive model of DNA by Paine and Pensinger. Here the role of nested hierarchical 
limited space-time domains play an essential role, and the probabilistic approach to quantum 
mechanics is proposed to be substituted by the many-valued logics due to E. Post. We recall 
that Kozyrev’s conception of time is exactly that of an active operator (this idea was elabo- 
rated contemporarily by Prigogine [74]), as we have already discussed above, so what Kiehn is 
actually doing is presenting a topological theory of structures and further below, of processes, 
in which time is an active operator for their formation and preservation. 
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volume vols. In fact, this 4-form is the Liouville form produced by the sym- 
plectic 2-form dQ, so that here spacetime adquires a symplectic structure, i.e. 
a nondegenerate closed 2-form on four dimensional spacetime. In a same do- 
main of M we can actually have different topologies in the sense of Pfaff. We 
note whenever the topological dimension coincides with the spacetime dimen- 
sion 4, topological torsion is related to a system whose evolution occupies the 
4-dimensional domain, with the possibility that whenever in this domain T is 
divergenceless, then the topological dimension of the trace-torsion Q ?? collapses 
to 3, thus we have a contact Hamiltonian reversible structure defined by QA dQ, 
corresponding to spacetime defects which are nonequilibrium long lived closed 
systems, generically spacetime dislocations, or still coherent or stationary struc- 
tures such as vortices, solitons, dislocations, minimal surfaces, etc. The domains 
on which the topological dimension of Q is 4 correspond to thermodinamically 
open irreversible systems, and in the direction of T, evolution is irreversible; ac- 
cording to Kiehn, these dynamics correspond to turbulent systems, in our case, 
associated to the trace-torsion Q whose conjugate vector field is the drift of the 
Brownian motions. In the case we have topological dimension equal to 2 or 1, 
this corresponds to isolated systems in equilibrium. We we would like to remark 
that we can still follow Kiehn presenting a theory of systems based upon the ac- 
tion of vector fields on the trace-torsion Q, which would then correspond to the 
evolution of arbitrary processes on the background of the RCW Brownian mo- 
tions. This description can be elaborated to establish a topological-geometrical 
approach to the processes in interaction with a universal field, on which we have 
the action of an active time operator, described by Kozyrev [19, 13, 20], or still 
the geophysical, ionospheric and solar processes described by Korotaev, Serdyuk 
and Gorohov [23]. 
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Abstract: We reintroduce the Riemann-Cartan-Weyl] geometries with trace 
torsion and their associated Brownian motions on spacetime to extend them to 
Brownian motions on the tangent bundle and exterior powers of them. We 
characterize the diffusion of differential forms, for the case of manifolds without 
boundaries and the smooth boundary case. We present implicit representations 
for the Navier-Stokes equations (NS) for an incompressible fluid in a smooth 
compact manifold without boundary as well as for the kinematic dynamo equa- 
tion (KDE, for short) of magnetohydrodynamics. We derive these representa- 
tions from stochastic differential geometry, unifying gauge theoretical structures 
and the stochastic analysis on manifolds (the Ito-Elworthy formula for differ- 
ential forms. From the diffeomorphism property of the random flow given by 
the scalar lagrangian representations for the viscous and magnetized fluids, we 
derive the representations for NS and KDE, using the generalized Hamilton and 
Ricci random flows (for arbitrary compact manifolds without boundary), and 
the gradient diffusion processes (for isometric immersions on Euclidean space of 
these manifolds). We solve implicitly this equations in 2D and 3D. Continuing 
with this method, we prove that NS and KDE in any dimension other than 1, 
can be represented as purely (geometrical) noise processes, with diffusion tensor 
depending on the fluid’s velocity, and we represent the solutions of NS and KDE 
in terms of these processes. We discuss the relations between these representa- 
tions and the problem of infinite-time existance of solutions of NS and KDE. 
We finally discuss the relations between this approach with the low dimensional 
chaotic dynamics describing the asymptotic regime of the solutions of NS. We 
present the random symplectic theory for the Brownian motions generated by 
these Riemann-Cartan-Weyl geometries, and the associated random Poincaré- 
Cartan invariants. We apply this to the Navier-Stokes and kinematic dynamo 
equations. In the case of 2D and 3D, we solve the Hamiltonian equations. 
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1 Introduction. 


In a separate chapter of this book, we have presented the relations between 
certain spacetime geometries, Brownian motions and non-relativistic quantum 
mechanics. We also touched briefly on the Navier-Stokes equations for viscous 
fluid-dynamics and the associated problem of describing turbulence in topolog- 
ical terms in analyzing the Pfaffian (topological dimension) of the trace-torsion 
one-form. But in that article, we stopped short of giving analytical represen- 
tations for the Navier-Stokes equations. In that chapter it appeared that con- 
trary to common belief, torsion fields are all pervasive, in the sense that the 
Schroedinger wave function is a torsion field generator through the logarith- 
mic differential of it. Furthermore, another remarkable torsion field appeared 
to be the velocity one-form for a viscous fluid obeying the Navier-Stokes equa- 
tions. We also discussed shortly the relations between the Schroedinger and 
Navier-Stokes equations, and that the Brownian motions which will constitute 
the virtual paths for the fluids random particles, sustain a probability measure 
which is none other than the enstrophy of the fluid, and thus the square of the 
vorticity function (for the case of spatial 2D case) becomes the Born probability 
amplitude of the Navier-Stokes equations. 

The purpose of this chapter is two-fold: To start with, to give implicit ran- 
dom representations for the solutions of the Navier-Stokes equation for an in- 
compressible fluid (NS, for short in the following) and for the kinematic dynamo 
problem of magnetohydrodynamics, in several instances; firstly, on an arbitrary 
compact orientable smooth manifold (without boundary), following our pre- 
sentation in [58,59]; further in the case in which the manifold is isometrically 
embedded in Euclidean space [58,66], from which we deduce the expressions for 
Euclidean space itself, and finally representations of NS as purely noise equa- 
tions. 

Secondly, to present as a basis for these representations, the gauge-theoretical 
structures of Brownian motion theory and the stochastic analysis associated to 
them. Thus, the method of integration we shall apply for our objectives stems 
from stochastic differential geometry, i.e. the gauge theory of Brownian pro- 
cesses in smooth manifolds and Euclidean space developed in the pioneering 
works by Ito [15], Eells and Elworthy [13], P. Malliavin [11] and further elabo- 
rated by Elworthy [12], Ikeda and Watanabe [14], P. Meyer [40], and Rogers and 
Williams [37]. Associated to these geometrical structures which can be written 
in terms of the Cartan calculus on manifolds of classical differential geometry, we 
shall present the rules of stochastic analysis which describe the transformation of 
differential forms along the paths of generalized Brownian motion generated by 
these geometries, setting thus the method for the integration of evolution equa- 
tions for differential forms; this is the well known martingale problem approach 
for the integration of partial differential equations on manifolds [30]. 

While classical Hamiltonean systems with finite degrees of freedom may 
appear to have a random behavior, in fluid dynamics it is known that the 
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2D Euler equation for an inviscid fluid is a hamiltonean system with infinite 
degrees of freedom supporting as well infinite conserved quantities; such a system 
appears to be non-random and the approach, pioneered by Arnold and further 
elaborated by Ebin and Marsden, is a blending of global analysis and symplectic 
geometry [9,56,70]. The situation is radically different in the case of a viscous 
fluid described by the NS. In this case, there is a second-order partial derivative 
associated to the kinematical viscosity, which points out to the fact that there 
is a diffusion term, which can be thougth as related to a Brownian motion. 
Thus in the viscous case, there is from the very beginning a random element. 
While in the Euler case the group of interest is the group of (Riemannian) 
volume preserving diffeomorphisms, it will turn out in the course of these studies, 
that there is an active group of random diffeomorphisms which represent the 
Lagrangian random flow of the viscous fluidparticles. In this case, when there 
is a non-constant diffusion tensor describing the local amplification of noise, 
these diffeomorphisms do not preserve the volume measure, contributing at a 
dynamical level -as it will turn out- to the complicated topology of turbulent 
and magnetized flows [56]. 

The essential role of randomness in Fluid Dynamics appears already at an 
experimental level. The analysis of the velocimetry signal of a turbulent fluid 
shows that its velocity is a random variable, even though that the dynamics 
is ruled by NS [8]. The concept of a turbulent fluid as a stochastic process 
was first proposed by Reynolds [16], who decomposed the velocity into mean 
velocity plus fluctuations. The Reynolds approach is currently used in most 
numerical simulations of turbulent fluids in spite of the fact that it leads to 
unsurmountable non-closure problems of the transport equations.; see Lumley 
[18], Mollo and Christiansen [38]. Furthermore, the Reynolds decomposition is 
non invariant alike the usual decomposition into drift and white noise pertur- 
bation in the non-invariant treatment of diffusion processes. Other treatments 
of stochasticity in turbulence were advanced from the point of view of Feyn- 
man path integrals, as initiated by Monin and Yaglom [17]. From the point of 
view of diffusion processes, invariant measures for stochastic modifications of 
the Navier-Stokes equations on euclidean domains, have been constructed by 
Vishik and Fursikov [36] and Cruzeiro and Albeverio [42]. (It is important to 
remark that the existance of an invariant measure for NS as a classical dynam- 
ical system is the starting point of the classical dynamical systems approach to 
turbulence; see Ruelle [48].) Contemporary investigations develop the relations 
between randomness and the many-scale structure of turbulence which stems 
from the Kolmogorov theory as presented by Fritsch[8] and Lesieur [3], and 
apply the renormalization group method; see Orzsag [19]. 

A completely new line of research followed from the understanding of the 
fundamental importance of the vorticity (already stressed by Leonardo da Vinci) 
in the self-organization of turbulent fluids, which was assessed by numerical 
simulations by Lesieur [3,4], and theoretically by Majda [39] and Chorin [1]. 
It was found that NS on Euclidean domains yields a diffusion equation for the 
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vorticity which becomes a source for the velocity through the Poisson equation: 
Solving the latter equation, we can obtain an expression for the fluids velocity 
in 2D. This observation was the starting point for the random vortex method 
in Computational Fluid Mechanics largely pioneered by Chorin, and lead to 
momentous sucess in numerical implementations for viscous fluids [1,2,6]. This 
conception lead to apply methods of statistical mechanics (as originally proposed 
by Onsager [20]) to study the complex topology of vortex dynamics and to relate 
this to polymer dynamics [1]. In the random vortex method a random lagrangian 
representation for the position of the incompressible fluid particles was proposed. 
Consequently, NS (heat equation) for the vorticity was integrated only for fluids 
in 2D flat space (implicit to this is the martingale problem approach quoted 
above); see Chorin [1,2]. The difficulty for the exact integration in the general 
case apparently stems from the fact that while in dimension 2 the vorticity 2- 
form can be identified with a density and then the integration of NS for the 
vorticity follows from the application of the well known Ito formula for scalar 
fields, in the case of higher dimension this identification is no longer valid and 
an Ito formula for 2-forms is required to carry out the integration in the case 
of manifolds. This formula only recently became available in the works by 
Elworthy [27] and Kunita [24], in the context of the theory of random flows on 
smooth manifolds, largely developed by Baxendale [55,77,78,79,80]. 

The importance of a Stochastic Differential Geometry treatment of the Navier- 
Stokes equation on a smooth n-manifold M or in Euclidean space, stems from 
several fundamental facts which are keenly interwoven. For a start, it provides 
an intrinsic geometrical characterization of diffusion processes of differential 
forms which follows from the characterizations of the laplacians associated to 
non-Riemannian geometries with torsion of the trace type, as the infinitesi- 
mal generators of the diffusions. In particular, this will allow to obtain a new 
way of writing NS in terms of these laplacians acting on differential one-forms 
(velocities) and two-forms (vorticities). Furthermore, these diffusion processes 
of differential forms, are constructed starting from the scalar diffusion process 
which under Hoelder continuity or Sobolev regularity conditions, yields a time- 
dependant random diffeomorphism of M which will represent the Lagrangian 
trajectories for the fluid particles position. This diffeomorphic property will 
allow us to use the Ito formula for differential forms (following the presentation 
due to Elworthy) as the key instrument for the integration of NS. Thus, it is the 
knowledge of the rules of stochastic analysis what sets the martingale problem 
approach to the solution of NS when he have transformed it to an equivalent 
system which is essentially the heat equation for the vorticity and the Poisson-de 
Rham equation for the velocity with source derived from the velocity, the latter 
admitting a random integration which generalizes the well known Biot-Savart 
formula. ! To keep the methodology that steers this article, as clear as possi- 








1The geometrical structures on which the gauge-theoretical foundations of Brownian mo- 
tion are introduced, were originally found in gauge theories of gravitation, including not only 
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ble, we shall present rather extensively the relations between gauge-theoretical 
structures and stochastic analysis, keeping in mind that they are unknown to the 
mathematical-physics community, at large. Thus, Sections II to V will present 
the linear connections of Riemann-Cartan-Weyl, their laplacians and the ran- 
dom flows generated by them. Then, in Sections VI to XI we shall deal with 
NS and the kinematic dynamo equations, giving the random representations for 
their solutions, for arbitrary compact manifolds and for manifolds isometrically 
embedded in Euclidean space, from which we shall deduce the solutions in 2D 
and 3D for both equations. In Section XII we shall return to the method, dis- 
cussing again the relation between connections and stochastic analysis, to give 
most remarkable driftless representations for diffusion processes on any manifold 
with dimension other than 1, i.e. the representation of the invariant diffusion 
operator in terms of a purely (geometrical) noise operator, which is a reduction 
of a more general recent result due to Elworthy-LeJan-Li [71]. This article closes 
with the application of this, in Section XIII, to yield the driftless representations 
for NS and the kinematic dynamo equations, thus proving that the non-linearity 
of NS can be incorporated to the diffusion tensor, yielding a non-linear purely 
noise equation. This might be conceived as the completion of the theoretical 
treatment of an historical sequence, starting from coherent geometrical vortex 
structures (whose dynamics is described by a RCW connection, i.e. by a ge- 
ometry) reaching to the empirically verified noise of viscous fluids in turbulent 
regime, in which the noise admits a geometrical representation itself. 


2 Riemann-Cartan-Weyl Geometry of Diffusions 


The objective of this section is to show that the invariant definition of 
a “heat” (Fokker-Planck) operator requires the introduction of linear connec- 
tions of a certain type. This gauge-theoretical characterization, together with 
stochastic analyisis, turns out to be the very the basis for the construction of 
diffusion processes, either on smooth manifolds or in Euclidean space. 

Let us consider for a start, a smooth n-dimensional compact orientable man- 
ifold M (without boundary), on which we shall consider a second-order smooth 
differential operator L. On a local coordinate system, (#*),a = 1,...,n, L is 
written as 


L= g0 (a)na + B% (£)ða + ¢(z). (1) 


From now on, we shall fix this coordinate system, and all local expressions shall 
be written in it. 





translational degrees of freedom, but additionally spinor fields [46]; furthermore, it appeared 
in the formulation of the classical mechanics of spinning particles submitted to exterior grav- 
itational fields [57], which spares the use of hamiltonean and lagrangean formalisms. 
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Although formally, there is no restriction as to the nature of M, we are 
really thinking on a n-dimensional space (or space-time) manifold, and not in 
a phase-space manifold of a dynamical system. 

The principal symbol o of L, is the section of the bundle of real bilinear 
symmetric maps on T*M, defined as follows: for x € M, p; € T*M, take C? 
functions, fi: M — R with f;(x) = 0 and df;(x) = pi, i = 1,2; then, 


o(x)(p1,p2) = L(fif2)(2). (2) 


Note that o is well defined, i.e., it is independent of the choice of the functions 
fi i = 1,2. T*M is, of course, the cotangent manifold, T* M a fiber on z € M. 

If L is locally as in (1), then ø is locally represented by the matrix (g°®). 
We can also view o as a section of the bundle of linear maps L(T*M,TM), or 
as a section of the bundle TM & TM, or still as a bundle morphism from T* M 
to TM. If ø is a bundle isomorphism, it induces a Riemannian structure g on 
M,g:M—>L(TM,TM): 


g(x) (01, v2) =< a(x) tu, v2 >a, 


for x € M, v1,v2 E€ TZM. Here, < .,. >, denotes the natural duality be- 
tween T*M and T,M. Locally, g(x) is represented by the matrix $(g°?(a))~t. 
Consider the quadratic forms over M associated to L, defined as 


Qe(Px) = ; < Pr, Ox(Px) >x, 

for x € M, p E€ T*M. Then, with the local representation (1) for L, Qx is 
represented as $(g°9(x)). Then, L is an elliptic (semi-elliptic) operator when- 
ever for all x € M, Q, is positive-definite (non-negative definite). We shall 
assume in the following that L is an elliptic operator. In this case, ø is a bundle 
isomorphism and the metric g is actually a Riemannian metric. Notice, as well, 
that o(df) = grad f, for any f : M — R of class C?, where grad denotes the 
Riemannian gradient. 

We wish to give an intrinsic description of L, i.e. a description independent 
of the local coordinate system. This is the essential prerequisite of covariance. 

For this, we shall introduce for the general setting of the discussion, an 
arbitrary connection on M, whose covariant derivative we shall denote as V. 
We remark here that V will not be the Levi-Civita connection associated to g; 
we shall precise this below. Let o(V) denote the second-order part of L, and 
let us denote by Xo(V) the vector field on M given by the first-order part of 
L. Finally, the zero-th order part of L is given by L(1), where 1 denotes the 
constant function on M equal to 1. We shall assume in the following, that L(1) 
vanishes identically. 

Then, for f : M — R of class C?, we have 


o(V)(x) = Ftrace(V?f)(x) = 5(Vaf)(2)), (3) 
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where the trace is taken in terms of g, and Vdf is thought as a section of 
L(I*M,T*M). Also, Xo(V) = L —o(V). If T3, is the local representation for 
the Christoffel symbols of the connection, then the local representation of o(V) 
is: 


o(V)(2) = 59°9(2)(Aaas +P o(#)0y), (4) 


and 
Xo(V)(2) = B*(1)ða — 59° (€l 404. (5) 


If V is the Levi-Civita connection associated to g, which we shall denote as V9, 
then for any f : M — R of class C?: 


o(V9)(df) = trace((V9)? A= trace(Vdf) = —1/2divg grad f =1/2Agf. (6) 


Here, A, is the Levi-Civita laplacian operator on functions; locally it is written 
as 


Ag = 9 7 8a((g'/79° Og); g= det(gas), (7) 
and div, is the Riemannian divergence operator on vector fields X = X°(x)Oq: 
divg(X) = —g7/?0,(g'/?X*). (8) 


Note the relation we already have used in eqt. (6) and will be used repeatedly; 
namely: 


div,(X) = —6X, (9) 


where 6 is the co-differential operator (see (23) below), and X is the one-form 
conjugate to the vector field X, i.e. Xa = Jag X®. 

We now take V to be a Cartan connection with torsion [10,46], which we 
additionally assume to be compatible with g, i.e. Vg = 0. Then o(V) = 
strace(V?). Let us compute this. Denote the Christoffel coefficients of V as 
T34; then, 


r4 = Pa +1/2K¢,, (10) 


where the first term in (10) stands for the Christoffel Levi-Civita coefficients of 
the metric g, and 


KB, T Tay + SB T S70 (11) 
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is the cotorsion tensor, with S3, = 9°’ ge.Ty,, and Tz, = 13, —IYg the skew- 
symmetric torsion tensor. 

Let us consider the Laplacian operator associated with this Cartan connec- 
tion, defined -in extending the usual definition- by 


H(V) = 1/2traceV? = 1/29’ V aV p, (12) 


where V stands for the covariant derivative operator with respect to IT; then, 
o(V) = H(V). A straightforward computation shows that that H(V) only 
depends in the trace of the torsion tensor and g: 


H(V) = 1/243 + 9°? Qgôa = Hol(g, Q), (13) 


with Q = Tada? , the trace-torsion one-form. 
Therefore, for the Cartan connection V defined in (10), we have that 


ayy strace(V?) z iA, +0, (14) 


with Ô the vector-field conjugate to the 1-form Q: Q( f) =< Q,grad f >, 
f: M — R. In local coordinates, 


Q* = 9°" Qo. 
We further have: 
1 y A 
X = B— 9% On, — 15 
(V) = B- 50°{ ha, - 0, (15) 
Therefore, the invariant decomposition of L is 
1 1 
5 trace(V") + Xo(V) = 549 +b, (16) 
with 
p= Brg) 7 ha (17) 
24 aps Y 


Notice that (15) can be thought as arising from a gauge transformation: b= 
b—Q, with b the 1-form conjugate to b. 
If we take for a start V with Christoffel symbols of the form 


2 a a 
Toy = a + (n—1) {63 Qy m IBy Q } (18) 
with 


Q=b, ie. Q=b, (19) 
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we have 
X0(V) =0 
and 


Ao(g,Q) = 0(V) = strace(V?) = Z trace((V9)?) +Q= whe +b. (20) 


Therefore, for V as in (18) we obtain a gauge theoretical invariant representation 
for L given by an operator whose first order term is incorporated into its symbol: 








E e E T trace((V°)?) + Q = Ho(9, Q). 


or more shortly, the expression we shall follow along this article 
1 r 
Holg,Q) = strace((V9)?) + Â. (21) 


where Q is the vectorfield given by the g-conjugate of the one-form Q = Qgdz®, 
i.e. with components ĝe? = gP Qa. 

The restriction we have placed in V to be as in (18), ie. only the trace 
component of the irreducible decomposition of the torsion tensor is taken, is 
due to the fact that all other components of this tensor do not appear at all 
in the laplacian of (the otherwise too general) V. In the particular case of 
dimension 2, this is automatically satisfied. In the case we actually have as- 
sumed that g is Riemannian, the expression (21) is the most general invariant 
laplacian (with zero potential term) acting on functions defined on a smooth 
manifold. This restriction, will allow us to establish a one-to-one correspon- 
dance between Riemann-Cartan connections of the form (18) with (generalized 
Brownian) diffusion processes. These metric compatible connections we shall 
call RCW geometries (short for Riemann-Cartan-Weyl), since the trace-torsion 
is a Weyl 1-form [10]. Thus, these geometries do not have the historicity prob- 
lem which lead to Einstein’s rejection of the first gauge theory ever proposed by 
Weyl. 

To obtain the most general form of the RCW laplacian, we only need to apply 
to the trace-torsion one-form the most general decomposition of one-forms on 
a smooth compact manifold. This amounts to give the constitutive equations 
of the particular theory of fluctuations under consideration on the manifold M; 
see [22,26,49]. The answer to this problem, is given by the well known de Rham- 
Kodaira-Hodge theorem of global analysis (in Fluid Mechanics it is known with 
the acronym Helmholtz-Hodge [5]), which we present now. 

We consider the Hilbert space of square summable w of smooth differential 
forms of degree k on M, with respect to volg. We shall denote this space as 
LF. The inner product is 


<<w,¢>>:= | < w(x), (x) > vol,(x), (22) 


M 
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where the integrand is given by the multiplication between the components 
Wa,...a, Of w and the conjugate tensor:g@1 ... gtr ba... By alternatively, we 
can write in a coordinate independent way: < w(x), ¢(x) > volg = w(x) A*d(x), 
with « the Hodge star operator, for any w,¢ € L?*. 

The de Rham-Kodaira-Hodge operator on L?* is defined as 


A, = —(d + ô)? = (dô + ôd), (23) 





where 6 is the formal adjoint defined on L?*+! of the exterior differential oper- 
ator d defined on L?**: 


<< fb, w >>=<< ¢,dw >>, 


for ¢ € L?-*+! and w € L?*. Then, ô? = 0 follows from d? = 0. 

Let R: (TM &TM)& TM —TM be the (metric) curvature tensor defined 
by: (V9)?Y (v1, v2) = (V9)?¥ (v2, 01) + R(v1,v2)Y (x). From the Weitzenbock 
formula [14] we have the decomposition of A, into the Laplace-Beltrami term 
and a Weitzenbock term 


Ai ¢(v) = trace (V9)? a(-, =) = Ric, (v, br); 


for v € TyM and Ric,(v1,v2) = trace < R(—,v1)ve,- >x . Then, ^o = 
(V9)? = A, so that in the case of k = 0, the de Rham-Kodaira operator 
coincides with the Laplace-Beltrami operator on functions. 

The de Rham-Kodaira-Hodge theorem states that L>! admits the following 
invariant decomposition. Let w € L>!; then, 


w=df+A,+ Ao, (24) 
where f : M — Ris a smooth function on M, Aj is a co-closed smooth 1-form: 
5A, = -divg A, = 0, and Ag is a co-closed and closed smooth 1-form: 

A> = 0, dA = 0. (25) 


Otherwise stated, Ag is an harmonic one-form, i.e. 
A Ag = 0. (26) 
Furthermore, this decomposition is orthogonal in L*"', i.e.: 
<< df, Ay >>=<< df, Ag >>=<< Aj, Ag >>= 0. (27) 


Remark 1. Note that A, + Ag is itself a co-closed one-form. If we con- 
sider an augmented configuration space R x M for an incompressible fluid, 
the de Rham-Kodaira-Hodge is applied to the fluid’s velocity described by a 
time-dependant 1-form satisfying NS. If we consider instead a four-dimensional 
Lorentzian manifold M provided with a Dirac-Hestenes spinor operator field 
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(i.e. a section of the spinor bundle over M), one needs the whole decomposition 
(24) associated to an invariant density p of the diffusion (i.e. a solution of the 
equation Ho(g, Q)'p = 0) to describe two electromagnetic potentials such that 
when restricted to the spin-plane of the DHSOF, they enforce the equivalence 
between the Dirac-Hestenes equation for the DHSOF on a manifold provided 
with a RCW connection, and the free Maxwell equation on the Lorentzian space- 
time [26,60]. 


3 Generalized Laplacians on Differential Forms 


Consider the family of zero-th order differential operators acting on smooth 
k-forms, i.e. differential forms of degree k (k = 0,...,n) defined on M: 


H;(9,Q) := 1/2Ax + Lo, (28) 


Furthermore, the second term in (28) denotes the Lie-derivative with respect to 
the vectorfield Q. Recall that the Lie-derivative is independant of the metric:for 
any smooth vectorfield X on M 


Lx =ixd+ dix,, (29) 


where ix is the interior product with respect to X: for arbitrary vectorfields 
X1,...,X,—1 and ¢ a k-form defined on M, we have (ix¢)(X1,...,Xp-1) = 
o(X,X1,...,X,-1). Then, for f a scalar field, ix f = 0 and 


Lx f = (ixd+dix)f =ixdf = 9(X,df) = X(f). (30) 


where X denotes the 1-form associated to a vectorfield X on M via g. We shall 
need later the following identities between operators acting on smooth k-forms, 
which follow easily from algebraic manipulation of the definitions: 


dA, = Agyid, k =0,...,n, (31) 
and 
Ak = Ak-10, k= 1,...,N, (32) 
and finally, for any vectorfield X on M we have that dLx = Lxd and therefore 
dHi.(9,Q) = Ax+ilg,Q)d, k=0,...,n. (33) 
In (28) we retrieve for scalar fields (k = 0) the operator Ho(g, Q) defined in 
(21). 


Proposition 1. Assume that g is non-degenerate. There is a one-to-one 


mapping 
V ~œ Helg, Q) = 1/2An + Le 
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between the space of g-compatible affine connections V with Christoffel coeffi- 
cients of the form 


2 
ra= {gb + Goa (8G - 99, 0%} (34) 


(n= 


and the space of elliptic second order differential operators on k-forms (k = 
0,...,n) with zero potential term (other than the Weitzenbock term [14]). 


4 Riemann-Cartan-Weyl Connections and the 
Laplacians for Differential Forms 


In this section we shall construct the diffusion processes for scalar fields. 
In the following we shall further assume that Q = Q(r, x) is a time-dependant 
1-form, so that we have a time-dependant RCW connection on M, which we 
think of as a space manifold. The stochastic flow associated to the diffusion 
generated by Ho(g, Q) has for sample paths the continuous curves T +> z, E€ M 
satisfying the Ito invariant non-degenerate s.d.e. (stochastic differential equa- 
tion) 


dx, = X(x,)dW, + Q(r, x,)dr. (35) 


In this expression, Q is the g-conjugate of Q, the diffusion tensor X = (X3 (x))is 
a linear surjection X(x) : R™ —> T,M satisfying XS X = g%, and {W (7), T > 
0} is a standard Wiener process on R”. Thus < W, >= 0 and < WW} >= 
6ij7, where < — > denotes expectation with respect to the zero-mean standard 
Gaussian function on R™ (m > n). Here r denotes the time-evolution parameter 
of the diffusion (in a relativistic setting it should not be confused with the time 
variable), and for simplicity we shall assume always that r > 0. Consider the 
canonical Wiener space Q of continuous maps w : R > R”,w(0) = 0, with the 
canonical realization of the Wiener process W (T)(w) = w(r). The (stochastic) 
flow of the s.d.e. (35) is a mapping 


FL: MxQ—>4M, 7>0, (36) 


such that for each w € Q, the mapping F (. ,w) : [0, o0) x M — M, is continuous 
and such that {F,(x) : 7 > 0} is a solution of equation (35) with Fo(x) = x, for 
any xz E€ M. 

Let us assume in the following that the components X73, O°, a,fG=1,...,n 
of the vectorfields X and Q on M in (35) are predictable functions which further 
belong to C,”""* (0 < e < 1, m a non-negative integer), the space of Hoelder 
bounded continuous functions of degree m > 1 and exponent €, and also that 
Q°(r) € L'(R), for any a = 1,...,n. With these regularity conditions, if we 
further assume that {2(7) : 7 > 0} is a semimartingale on a probability space 
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(Q, F, P), then it follows from Kunita [24] that equation (35) has a modification 
(which with abuse of notation we denote as) 


F,(w):M—>M, F (w)(x)= F,(2,w), (37) 


which is a diffeomorphism of class C™, almost surely for r > 0 and w € Q. We 
can obtain an identical result if we assume instead Sobolev regularity conditions. 
Indeed, assume that the components of o and Ô, of € H*+?(T*M) and Ô? € 
Hs*+(T*M), 1 < i < m,1< < n, where the Sobolev space H*(T*M) = 
W?(T*M) with s > +m (c.f. [55]). Then, the flow of equation (35) for fixed 
w defines a diffeomorphism in H*(M, M) (see [55]), and hence by the Sobolev 
embedding theorem, a diffeomorphism in C™(M,M) (i.e. a mapping from M 
to M which is m-times continuously differentiable as well as its inverse.) In any 
case, for 1 < m we can consider the Jacobian (velocity, or ”derived”) ) flow of 
{x,:7 > 0}. It is a random diffusion process on TM, the tangent bundle of 
M 





Remarks 2. In the differential geometric approach due to V. Arnold [70 
and Ebin-Marsden [9], for integrating NS on a smooth manifold as a pertur- 
bation (due to the diffusion term we shall present below) of the geodesic flow 
in the group of volume preserving diffeomorphisms of M (as the solution of 
the Euler equation), it was proved that under the above regularity conditions 
on the initial velocity, the solution flow of NS defines a diffeomorphism in M 
of class C™. The difference of the Arnold-Ebin-Marsden classical differential 
geometry approach with the one presented here, is to integrate NS through a 


time-dependant random diffeomorphism ? associated with a RCW connection. 
3 





Let us describe now the jacobian flow. We can describe it as the stochastic 
process on the tangent bundle, TM, given by {v; := Tx, F>(vo) € Tr, (o) M, 
vo € Tx, M}; here T,M denotes the tangent space to M at z and Tr F>» is the 
linear derivative of F, at xo. The process {v,,7 > 0} can be described (see [27]) 
as the solution of the invariant Ito s.d.e. on TM: 


du, = V9Q(r, v;)dr + VIX (v,)dW; (38) 





2 As we shall see, this result which follows straightforwardly from the most remarkable re- 
sults due to Baxendale and Elworthy [55], makes apparent a stochastic extension of Einstein’s 
Principle of General Covariance by which all the equations of Physics have to be invariant 
(covariant in the language of physicists) under transformations by classical diffeomorphisms. 
So underlying a gauge theory constructed in terms of RCW connections (say the equivalence 
between the non-linear massive Dirac-Hestenes invariant equation for a Dirac-Hestenes spinor 
operator field and the sourceless invariant Maxwell equations on a Lorentzian manifold [26,60], 
for which we stress that analytical continuation in the time variable of Lorentzian manifolds 
to yield Riemannian metrics is necessary), we have an associated active family of random 
diffeomorphisms. 

3 As wellknown, Hoelder continuity regularity conditions are basic in the usual functional 
analytical treatment of NS pioneered by Leray [45] (see also Temam [7]), and they are further 
related to the multifractal structure of turbulence [41]. Furthermore, this diffeomorphism 
property of random flows is fundamental for the construction of their ergodic theory [72,76,77]. 
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If we take U to be an open neighborhood in R” so that TU = U x R”, then 
v, = (x7, Ù) is described by the system given by integrating equation (35) and 
the invariant Ito s.d.e. 


dò, (£+) = VIX (a7)(t,)dW, + V9Q(r, a7) (G-)dr, (39) 


with initial condition tp = vo € T,(o). Thus, {v; = (2,,0,),7 > 0} defines a 
random flow on TM. 

Theorem 2: For any differential 1-form ¢ of class C!'?(R x M) (i.e. ina 
local coordinate system ¢ = aq(T,x)dx%, with aa(T,.) € C?(M) and aal., £) € 
C1(R)) we have the Ito formula (Corollary 3E1 in [27]): 


(vr = o(v0) + i: (VIX (vs)d Ws + f Ê + h(g, Q]olvs)as 





Os 
$ | V9 G(X («)dW,) (v5) 
+ [| srace do(x(e,)-,V9X(w,)) (Ids (40) 


In the last term in (40) the trace is taken in the argument — of the bilinear 
form and further we have the mappings 


VIY : TM > TM; V?¢:TM —> TM. 


Remarks 3. From (40) we conclude that the infinitesimal generators (i.g., 
for short in the following) of the derived stochastic process is not 0; + Hı (g9, Q), 
due to the last term in (40). This term vanishes identically in the case we 
shall present in the following section, that of gradient diffusions. An alternative 
method which bypasses the velocity process although is related to it, is the 
construction of the generalized Hessian flow further below. Both methods will 
provide for the setting for the implicit integration of NS and the kinematic 
dynamo. 


5 Riemann-Cartan-Weyl Gradient Diffusions 


Suppose that there is an isometric embedding of an n-dimensional com- 
pact orientable manifold M into a Euclidean space R™:f : M — R”, f(a) = 
(fl (x),...,f™(a)). Suppose further that X(x) : R” — T,M, is the orthogonal 
projection of R™ onto TyM the tangent space at x to M, considered as a subset 
of R™. Then, if e1,...,em denotes the standard basis of R”, we have 


X = X'e;, with X’ = grad f',i =1,...,m. (41) 
The second fundamental form [25] is a bilinear symmetric map 


Ox : TaM Xx TaM > vM, £ € M, (42) 
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with v,M = (T,M)+ the space of normal vectors at x to M. We then have the 
associated mapping 


A; : ToM x vM —> T,M, < Az(u,¢),v >Rm=< arlu, v), C >Rm, (43) 


for all € vM, u,v € T M. Let Y (x) be the orthogonal projection onto vy M 


Y (x) = e— X(x)(e),x € M,e € R™. (44) 

Then: 
VIX (v) (e) = Az(v, Y (x)e), v € TM, £ € M. (45) 
For any x € M, if we take e1,...,€m to be an orthonormal base for R™ such 


that €1,...,€m E€ ToM, then for any v € TyM ,we have 
either VIX (v)e; = 0, or X(x)e; = 0. (46) 


We shall consider next the RCW gradient diffusion processes, i.e. for which 
in equation (35) we have specialized taking X = grad f. Let {v, : T > 0} be the 
associated derived velocity process. We shall now give the Ito-Elworthy formula 
for 1-forms. 

Theorem 3. Let f : M — R™ be an isometric embedding. For any differ- 
ential form ¢ of degree 1 in C!?(R x M), the Ito formula is 


o(v-) = (vo) + k V(X (x5)dWs)us + is (Az(us, Y(a5)dWs) 


+ [PIR + moOd (a7) 


ie. 0, + Hı(g, Q), is the i.g. (with domain the differential 1-forms belonging to 
C14(R x M)) of {v; : T > 0}. 

Proof: It follows immediately from the facts that the last term in the r.hs. 
of (40) vanishes due to (46), while the second term in the r.h.s. of (40) coincides 
with the third term in (47) due to (45). 

Consider the value ®, of a k-form at x € M as a linear map: ®, : AT, M —> 
R. In general, if E is a vector space and A: E — E is a linear map, we have 
the induced maps 


APA? APE > AFE, AF (ot A... Awt) = Avt A... A Ao; 
and 


(dA*)A: AFE > AFE, 


k 
(dAFJA(wt A... Av®) = vI A... AVIA Avd AVITAL. AoE. 
j=l 
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For k = 1,(dA)A = AA. The Ito formula for k-forms, 1 < k < n, is due to 
Elworthy (Prop. 4B [27]). 

Theorem 4. Let M be isometrically embedded in R™. Let Vo € APT,,,.M. 
Set V- = A*(T'F,)(Vo) Then for any differential form ¢ of degree k in Cl?(R x 
M),1<k<n, 


o(V;) 


II 


avo + | Č YAX (z)dW8)(V) 
0 
+ f (dA) Ae, (=, Y (£)dW,)(V:)) 


$ if (2 + He(g, Q)|o(Ve)ds (48) 





Os 


i.e., O, + Hy(g,Q) is the i.g. (with domain of definition the differential forms of 
degree k in C1?(R x M)) of {V; : 7 > 0}. 

Remarks 4. Therefore, starting from the flow {F, : r > 0} of the s.d.e. 
(35) with i.g. given by 0, + Ho(g,Q) , we obtained that the derived velocity 
process {v(T) : r > 0} given by (38) (or (35) and (39)) has Hı (g, Q) as i.g.; 
finally, if we consider the diffusion of differential forms of degree k > 1, we get 
that 0, + H;(g, Q) is the i.g. of the process A’ u(r), i.e. the exterior product of 
degree k (k = 1,...,n) of the velocity process. In particular, 0; + H2(g,Q) is 
the i.g. of the stochastic process {v(r) A u(r) : T > 0}. 

Note that consistently with the notation we have that {A°v, : 7 > 0} is the 
position process {£ : T > 0} untop of which {A*v, : 7 > 0}, (1 < k <n) 
is fibered (recall, A°(M) = M). We can resume our results in the following 
theorem. 

Theorem 5. Assume M is isometrically embedded in R™. There is a one to 
one correspondance between RCW connections V determined by a Riemannian 
metric g and trace-torsion Q with the family of gradient diffusion processes 
{AFv : 7 > 0} generated by Hz (g,Q), k=0,...,n 

Finally, for isometrically embedded manifolds, f : M — R™, we are now in 
a situation for presenting the solution of the Cauchy problem 


o 
C = Hilo, Qz)(2)4,7 € (0.7) (49) 
with the given initial condition 
(0, x) = do(x), (50) 


for @ and ġo k-forms on a smooth compact orientable manifold isometrically 
embedded in R™, ¢@ being time-dependant. From the Ito-Elworthy formula 
follows that the formal solution of this problem is as follows. Consider the 
diffusion process on M generated by Ho(g, Q): For each 7 € [0, T] consider the 
s.d.e. (with s € [0,7]): 


dx” = X(a7*)dW, + Q(t — s,x7*)ds, where X = grad f, (51) 
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with initial condition 


Bae: (52) 
and the derived velocity process 
{op = (af, 07"),0 < e <r}, (53) 
satisfying further 
do) = VIX (177 (07 dW, + VIQ(T — 8,277) (87°) ds, (54) 
with initial condition 
age = v(x). (55) 


Then, the C1? (formal) solution of the Cauchy problem defined in [0, T] x M is 
lT, £) (A*u(2)) = Ex[bo(at*) (Aor), (56) 


where A*v(x) is a shorthand notation for the exterior product of k linearly 


independant vectors on T,M and in the r.h.s. of (56), A*ét’ denotes the 
exterior product of the k flows having them as initial conditions. 


6 The Navier-Stokes Equations and Riemann- 
Cartan-Weyl Diffusions 


In the sequel, M is a compact orientable ( without boundary) n-manifold 
with a Riemannian metric g. We provide M with a 1-form u(r,x) = u,(x) 
such that du; = 0 and satisfying the invariant Navier-Stokes equations (NS) 
(9,53,74], 

OE pig has = uh 0 (57) 

— 7 ur] — vAu = 0, 

OT Ur 
where P is the projection operator to the co-closed term in the de Rham- 
Kodaira-Hodge decomposition of 1-forms. We have proved in [66], that we 
can rewrite NS in the form of a non-linear diffusion equation* 


—1 
zy “7Y (58) 





4For a detailed proof see the accompanying article by the author in the representations for 
NS in the smooth boundary case. While in the boundaryless case P commutes with Aj, in 
the case of M with smooth boundary this is no longer true so that we have to take PAju; 
instead of the viscosity term in (57) (c.f. page 144, [9]) , and we are left with the non-linear 
diffusion equation (58) in any case. 
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which means that NS for the velocity of an incompressible fluid is a a non- 
linear diffusion process determined by a RCW connection. This connection has 
2vg for the metric, and the time-dependant trace-torsion of this connection is 
—u/2v. Then, the drift of this process does not depend explicitly on v, as it 
coincides with the vectorfield associated via g to —u,, i.e.—t,. Let us introduce 
the vorticity two-form 


Q, =du,,7 > 0. (59) 


Now, if we know 2, for any 7 > 0, we can obtain u, by inverting the definition 
(59). Namely, applying 6 to (59) and taking in account (23) and (28), we obtain 
the Poisson-de Rham equation 


H: (g, 0)ur = —60,,7 > 0. (60) 


Thus, the vorticity Q, is a source for the velocity one-form u+, for all 7; in the 
case that M is a compact euclidean domain, equation (60) is integrated to give 
the Biot-Savart law of Fluid Mechanics [1,39]. Now, apply d to (58); we obtain 
the evolution equation (c.f. [66]): 


ae = H(2vgq, Ta (61) 

Theorem 6. Given a compact orientable Riemannian manifold with metric 
g, the Navier-Stokes equation (57) for an incompressible fluid with velocity one- 
form u = u(r,x) such that du, = 0, assuming sufficiently regular conditions, 
are equivalent to a diffusion equation for the vorticity given by (61) with u+ 
satisfying the Poisson-de Rham equation (60). The RCW connection on M 
generating this process is determined by the metric 2vg and a trace-torsion 
1-form given by —u/2v. 

Observations This characterization of NS in terms of a gauge structure, 
will determine all the random representations for NS which we shall present in 
this article. 5 We would like to recall that in the gauge theory of gravitation 
[46,57] the torsion is related to the translational degrees of freedom present in 
the Poincaré group, i.e. to the gauging of momentum. Here we find a similar, 
yet dynamical situation, in which the trace-torsion is related to the velocity. 





7 Random Diffeomorphisms and the Navier-Stokes 
Equations 


As an immediate corollary of Theorem 6, we have (on assuming that M is 
boundaryless) the following fundamental result 





5 As explained in detail in [66], C. Peskin has actually derived NS on R? from an ad-hoc 
s.d.e., which actually does not depend in its noise term, which is taken as defined on the 
two-sphere, for reasons of isotropicity [68]. 
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Theorem 7. The lagrangian random flow associated to NS is given by 
integrating the Ito s.d.e. 


de® = [Qu] 2X (2¥")dW (T) — (7,2) dr, 2" = 2,7 € [0,T], (62) 


where we have assumed that the diffusion tensor X and the drift —û, (the g- 
conjugate to u+) have the regularity conditions stated above, so that the random 
flow of equation (62) is a diffeomorphism of M of class C™, m > 1. 

Remarks 5. This is obvious from our Theorem 6 and previous construc- 
tions, since the projection on M of the flow with i.e. given by Ho(2vgq, -4u 
(T > 0) has for i.g. the operator Ho(2vg, -+ u), and thus coincides with equa- 
tion (62). Note that the effect of curvature is already incorporated in this flow, 
which is in fact a diffusion of scalars; in our formalism, it is clear that at an 
operator level, the effect of the (Riemannian) Ricci curvature of M is dealt by 
lifting the diffusion of scalars to that of differential forms of degree higher than 
1, and not by incorporating it at the level of scalar diffusions. 


8 Cauchy Problem for the Vorticity in the Case 

of Isometric Immersion of M 

In the following we assume additional conditions on M, namely that f : 
M — R”™ is an isometric embedding ê 

Let us solve the Cauchy problem for (7,2) of class C™ in [0,7] x M sat- 

isfying (61) with initial condition Q(x). For each r € [0, T] consider the s.d.e. 
(with s € [0,7]) (obtained by time-reversing Lagrangian representation (62) 
above): 


da = (2v)? X (1%7®)dW, — G(r — s, 2%7)ds, (63) 
where 
X=Vf, (64) 


is the diffusion tensor, and further, with initial condition 


and the derived velocity process [ug A aw), 0<s<rTE 
dey) = (2v)? YIX (YO) (dW, — V9G(7 — s, 0%) (0% )ds, (66) 


with initial condition 


~v, T, v(x) 


Ùo = v(2). (67) 


6 Although this section has been elaborated in [66], we have chosen to present briefly its 
main results to allow for an immediate discussion of other results to appear below. 
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Let Q,(x) be a bounded C1? solution of the Cauchy problem; then it follows 
from the Ito formula-Elworthy (48) (with k = 2) that it is given by the expression 


6,,(A?v(e)) = Be[Qo(a¥7*)(A25%7")] (68) 


where the expectation value at x is taken with respect to the measure on the 
process {x¥%7* : r € [0, T]} (whenever it exists): 

Remarks 6. Thus, to compute the vorticity at time 7 on a bivector 
A?vu(x) € A?T* M (x € M), we contract the time-zero vorticity with the runned 
back derived process starting at v(x) and further take expectation values for all 
runned backwards paths that at time 7 start at x. Note that in these representa- 
tions, both for dimensions 2 and 3, we have a coupling of the deformation tensor 
(and furthermore of the Riemannian covariant derivative of the noise term) to 
the original vorticity along the runned backwards paths of fluid’s particles; both 
these terms contribute to the complicated topology of turbulent flows. Further- 
more, these representations account for the Riemannian curvature of M in spite 
that the curvature does not appear explicitly in them. When considering flat 
Euclidean space, R?, where there is no longer curvature and the vorticity equa- 
tion becomes an equation for a (pseudo) scalar field, this deformation due to 
noise and stress of the time-zero vorticity does no longer appear; it is simply 
a transport of the time-zero vorticity along the lagrangian random flow (see 
section 11 below). 


8.1 Integration of the Poisson-de Rham equation 


In (62) we have that u, verifies (60), for every T > 0, Consider the au- 
tonomous s.d.e. generated by Ho(g,0) = 44g: 


dz?” = Xe dW £8” = z. (69) 


We shall solve the Dirichlet problem for equation (60) in an open set U (of a 
partition of unity) of M with the boundary condition u, = ¢ on OU, with ¢ 
a given l-form. Then one can ”glue” the solutions and use the strong Markov 
property to obtain a global solution (cf. [31]). Consider the derived velocity 
process v9(s) = (#9(s),09(s)) on TM, with 09(s) € Tys(s)M, whose ig. is 
Hı(g,0), i.e. from (35) we have: 


db) (29°) = VIX (29 (s)) (59 (s))dW(s), (70) 


with initial velocity 09°) (0) = v(x). Notice that equations (69&70) are ob- 
tained by taking u = 0 in equation (62) and its derived process, respectively, 
and further rescaling by (2v)~2. Then if u, is a solution of equation (60) for 
any fixed 7 € [0,7], applying to it the Ito-Elworthy formula and assuming fur- 
ther that ôN, is bounded, we then obtain that the formal C1! solution of the 


Dirichlet problem is given by (see [66]): 


t(a)(u(2)) = EPIO) f] aO as 
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E foeseg +1/2 i’ O (y) (vf (y))ds]p (s, z, y)volg(y), (71) 


where Te = inf{s : r9” ¢ U}, the first-exit time of U of the process {x%*}, 
and EP denotes the expectation value with respect to p(s, x,y), the transition 
density of the s.d.e. (69), i.e.the fundamental solution of the heat equation on 
M: 


-ply) = Ho(g,0)(y)ply) = 1/2A,pr(y) (72) 


with p(s, x, —) = 6, as s | 0. 

Theorem 9. Assume that g is uniformly elliptic, U has a C?**-boundary, 
gv and 6Q, are Hoelder-continuous of order € on U and u+ is uniformly Hoelder- 
continuous of order e€, for 7 € [0, T]. Then the solution of the Dirichlet problem 
above has a unique solution belonging to C?*(U) for each 7 € [0,7]. Assume 
instead that u, € H'(T*U) for each 7 € [0, T], i.e. belongs to the Sobolev space 
of order 1. If 6Q, € H*-1(Al(T*U)), then u, € H**1(A1(T*U)), for k > 1 and 
r € [0, T]. 

Proof. It follows from an extension of the maximum principle [31,47] to 
differential forms (cf. Prop. 1.5 and comments in page 307 in [53]). 

We remark as we did in Remarks 6, that these representations (68—71) have 
a built-in treatment of the Riemannian curvature. This dependance might be 
exhibited through the scalar curvature term in the Onsager-Machlup lagrangian 
(see [35,44]) appearing in the path-integral representation of the fundamental 
solution of the transition densities of the representations for the vorticity and for 
the velocity. There is further a dependance of the solution on the global geom- 
etry and topology of M appearing through the Riemannian spectral invariants 
of M in the short-time asymptotics of these transition densities [28,29,43,82]. 


9 Kinematic Dynamo Problem of Magnetohy- 
drodynamics 


The kinematic dynamo equation for a passive magnetic field transported 
by an incompressible fluid, is the system of equations (c.f.[56]) for the time- 
dependant magnetic vectorfield B(T, £) = B,(x) on M defined by ig, u(x) = 
w,(x) (for T > 0), satisfying 


O,w + (La, — V” An—-1)u; = 0, (0,2) = w(x),0 < t, (73) 


where v™ is the magnetic diffusivity, and we recall that u = vol(g) = det(g)2dx!A 
... A dx” is the Riemannian volume density ((a1,...,2") a local coordinate sys- 
tem on M), and w € A"-1(R x T*M). In equation (73) u is assumed given, 
and it may either be a solution of NS, or of the Euler equation given by setting 
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v = 0 in (57). From the definition follows that divB, = 0, for any T > 0. Now 
we note that from (28) we can rewrite this problem as 


urur wO, eric nies (74) 
as a linear evolution equation for a (n — 1)-form, similar to the evolution 
Navier-Stokes equation for the vorticity. Now if we assume that there is an 
isometric embedding f : M — R™, so that the diffusion tensor X = Vf, we 
can take the Lagrangian representation for the scalar diffusion generated by 
Ho(2v'"g, — zru), i.e. the Ito s.d.e. given by substituting v™ instead of v 
in the random lagrangian equations (63) and its derived process (65), then the 
formal C+? solution of (73) defined on [0,7] x M for some T > 0, is given by 


r(A” v(x) = Ex[wo(ae'7*)(A" 17" 7) (75) 


Remarks 6. We note that similarly to the representation for the vortic- 
ity, instead of the initial vorticity now it is the initial magnetic field which is 
transported backwards along the scalar magnetic diffusion, and along its way it 
is deformed by the fluid‘s deformation tensor and the gradient of the diffusion 
tensor noise term (this accurately represents the actual macroscopical physi- 
cal phenomena), and finally we take the average for all those paths starting 
at x. For both the vorticity and the kinematic dynamo equations as well as 
the Poisson-de Rham equation, we have a mesoscopic description which clearly 
evokes the Feynman approach to Quantum Mechanics through a summation 
of the classical action of the mechanical system along non-differentiable paths. 
In distinction with the usual Feynman approach, these Brownian integrals are 
well defined and they additionally have a clear physical interpretation which 
coincides with actual experience. 


10 Random Implicit Integration Of The Navier- 
Stokes Equations For Compact Manifolds 


Up to this point, all our constructions have stemmed from the fact that for 
gradient diffusion processes, the Ito-Elworthy formula shows that the random 
process on A?TM given by {A2u, : T > 0} with {v, : T > 0} the jacobian 
process fibered on the diffusion process {A°v, = x, : T > 0} on M given by 
equation (62) , is arandom Lagrangian flow for the Navier-Stokes equation. Our 
previous constructions have depended on the form of the isometric embedding 
of M. This construction is very general; indeed from a well known theorem 
due to J. Nash (1951) further elaborated by de Georgi and Moser, such an 
embedding exists of class C% for any smooth manifold (cf. [53]). (Furthermore, 
our assumption of compactness is for the obtention of a random flow which is 
defined for all times, and gives a global diffeomorphism of M. The removal of 
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this condition, requires to consider the random flow up to its explosion time, so 
that in this case we have a local diffeomorphism of M.) 

There is an alternative construction of diffusions of differential forms which 
does not depend on the embedding of M in Euclidean space, being thus the 
objective of the following section its presentation. A fortiori, we shall apply 
these constructions to integrate NS and the kinematic dynamo problem. 


10.1 The Generalized Hessian Flow 


In the following M is a complete compact orientable smooth manifold 
without boundary. We shall construct another flow in distinction of the derived 
flow of the previous sections, which depends explicitly of the curvature of the 
manifold, and also of the drift of the diffusion of scalars. We start by considering 
an autonomous drift vector field Q (further below we shall lift this condition) 
and we define a flow WE- on ATM (1 < k < n) over the flow of equation (35), 
{F, (x0): T > 0}, by the invariant equation with initial condition Vo € A*TM: 

gI E, Q A x 
AL (Vo) = —1/2RE (WE (Vo)) + (AM VTFOLINWER (V0), (76) 
where i denotes the Riemannian covariant derivative along the paths defined 
by equation (35). These processes are the generalized Hessian processes. 
Proposition 1 (Elworthy [27]). Assume that }R* — (dA)*(V9Q)(.)) is 
bounded below. Define PF : L°A*T*M — L°A‘T*M by 


PEC) = EWES (V)) (77) 


for V € AFT, M, € L©A®T*M. Then {PF : T > 0} is a contraction semigroup 
of bounded continuous forms and is strongly continuous there with i.g. agreeing 
with H;,(g,Q) on C?(M). 

Under the above conditions we can integrate the heat equation for bounded 
twice differentiable k-forms of class C? (0 < k < n) and in the general case of a 
non-autonomous drift vector field Q = Q, (x). Indeed, for every T > 0 consider 
the flow V7 = WE over the flow of {x7 : 0 < s < T}, given by the equation 


das” = X(ao")dW, + Qr—a(a9"")ds, 29" = 2, 


obtained by integration of the equation 


one (vo) = —1/2R* (Vz (vo)) + (dA*)(V9Qr—s(.)) (Vz (v0)), (78) 





with vo = VJ = v(x) € A*T,M. Then, applying the Ito-Elworthy formula we 
prove as before that if @; is a bounded C1? solution of the Cauchy problem for 
the heat equation for k forms: 


0 
ant E Hg(9, Q-)ar (79) 
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with initial condition ag(x) = a(x) a given k-form of class C°, then the solution 
of the heat equation is 


a,(v(«)) = Ezlao(V7 (v(x))], (80) 


with V7 (x) the generalized Hessian flow over the flow {F, (x) : 7 > 0} of {a7 : 
T > 0} with the initial condition v(x) € AT, M. 

To integrate the Poisson-de Rham equation we shall need to consider the so- 
called Ricci-flow WF = W}°(w):TM — TM over the random flow generated 
by Ho(g,0), obtained by integrating the covariant equation (so we fix the drift 
to zero and further take k = 1 in (78)) 


DIWF 
OT 





(vo) = — 5 Ric(WE(09),—),v0 € TeoM (81) 


where Ric: TM OTM — R is the Ricci curvature and Ric(v,—) € T,M is the 
conjugate vector field defined by < Ric(v,—),w >= Ric(v,w), w € TaM. 


10.2 Integration of the Cauchy problem for the Vorticity 
on Compact Manifolds 


Theorem 10: The integration of the equation (61) with initial condition 
Q(0,) = Qo yields 


Q,(v(a)) = By[Qo(VZ (v(@))] (82) 


where {V7 : 7 > 0} is the solution flow over the flow of {x%7* : r > 0} (see 
equation (63)) of the covariant equation 


II 


Dow2;% y 
L -vR (WE ®(v(2))) 


(dA*)(V9a9(.)) (WF “°(v(x))), 8 € [0,7] (83) 


v(x) 


with the initial condition v(x) € A?T,M [58]. In this expression, V%tio(.) is a 
linear transformation, A, between Tž M and T,M, and 


dA?(A):T,M NTM > TyM AT,M 
is given by 
dA’? (A) (vı TAN v2) = Avı TAN U2 + V1 TAN Avo, (84) 


for any v1, v2 E TM, £ E M. 
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10.3 Integration of the Kinematic Dynamo for Compact 
Manifolds 


Substituting the magnetic diffusivity v™ instead of the kinematic viscosity 
in (63) and we further consider {V7 : s € [0,7]} given by the solution flow over 
the flow of {xm : s € [0,7]} of the invariant equation 





DIVE ofa) = V RH] (ole) = (JAY àr (VZ (02), (85) 
with v(x) = Vy € A”-1T,M. Then, the formal C1? solution of (73) is 
wr(v(z)) = Ez|[wo(V, (v(2))]. (86) 


with E, denoting the expectation valued with respect to the measure on {xm} 
(whenever it exists). 


10.4 Integration of the Poisson-de Rham Equation for the 
Velocity 


With the same notations as in the case of isometrically embedded manifolds, we 
have a martingale problem with a bounded solution given by 


ur(v(x)) = EF [o(W 7 (v(2))) + 1/2 ig 50, (WS (v(2))) ds}, (87) 


where v(x) € TM is the initial condition for WF. 
11 Solutions of NS on euclidean space 


In the case that M is euclidean space, the solution of NS is easily obtained 
from the solution in the general case [58,66]. In this case the isometric em- 
bedding f of M is realized by the identity mapping, ie. f(x) = 2,Va € M. 
Hence the diffusion tensor X = I, so that the metric g is also the identity. For 
this case we shall assume that the velocity vanishes at infinity, i.e. uz — 0 as 
|x| — oo. (This allows us to carry out the application of the general solution, 
in spite of the non-compacity of space). Furthermore, Te = co. The solution for 
the vorticity equation results as follows. We have the s.d.e. (see equation (63) 
where we omit the superscript for the kinematical viscosity, for simplicity) 

dx? = —u(r — 8,a7")ds + (2v)2dW,, 29 = 2, 8 € [0,7]. (88) 


S 


The derived process is given by the solution of the o.d.e. (since in equation (66) 
we have VX = 0) 


dit?) = —Vul(r — 8, 27°) (BPP) ds, yor = v(x) € R”,s € [0,7], (89) 
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Now for n = 3 we have that the vorticity Q(T, x) is a 2-form on R?, or still 
by duality has an adjoint 1-form, or still a R?-valued function, which with abuse 
of notation we still write as Q(7,.) : R? > R?, which from (68) we can write as 


O(7, x) = Ey[67"" Qo(277)], (90) 


where E, denotes the expectation value with respect to the measure (if it exists) 
on {a7* : r > 0}, for all x € R, and in the r-h.s. of expression (90) we have 
matrix multiplication Thus, in this case, we have that the deformation tensor 
acts on the initial vorticity along the random paths, and there is no action of 
the gradient noise term; a fortiori, this produces that the random lagrangian 
flow preserves the Lebesgue measure on R3, as it can be easily verified. This 
action is the one that for 3D might produce the singularity of the solution. 

In the case of R?, the vorticity can be thought as a pseudoscalar, since 
Q(x) = Ô, (x)dx! A dax?, with 2, : R? > R, and being the curvature identically 
equal to zero, the vorticity equation is equivalent to a scalar diffusion equation: 





où, hinaa 
z Ho(2v1, ur )Q, (91) 
OT 2v 
so that for Q) =2 given, the solution of the initial value problem is 
O(7, 2) = E,[O(2?*)] (92) 


This solution is qualitatively different from the previous case. Due to a geo- 
metrical duality argument, for 2D we have factored out completely the derived 
process in which the action of the deformation tensor on the initial vorticity is 
present. 

Furthermore, the solution of equation (70) is (recall that X = T) 


rI? = z + Wz, (93) 

and since VX = 0, the derived process (see equation (71)) is constant 
yh?) — y(x), Yr € [0, T]. (94) 
so that its influence on the velocity of the fluid can be factored out in the 


representation (71). Indeed, we have (see equation [66]) 


gi 
ü(a) = EPL] 39e + W.)ds} (95) 
0 

In this expression we know from equation (72) that the expectation value is taken 

A 2 
with respect to the standard Gaussian function, p(s, x, y) = (4rs) = exp( —leew), 
Let us describe in further detail this solution separately for each dimension; for 
the details see [66]. For n = 2 we have 


ula) =~ [SBE (e+ W.W] (96) 
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where WŁ = (Wł, W2)+ = (W2, —W1). Instead, for n = 3 we have, 
Te 1 as 
u(x) = -f — EP [Q(x + Ws) x Wsļds (97) 
0 


where x denotes the vector product and W = (W1, W?, W3) € R. These rep- 
resentations were obtained as well in a rather involved non-invariant analytical 
approach by Busnello [54]. 


11.1 Integration of the Kinematic Dynamo Problem in 
Euclidean space 


With the notations in this section, the kinematic dynamo problem in 3D can be 
solved as follows. As for the vorticity, the magnetic field is for n = 3 is a 2-form 
on R?, or still by duality has an adjoint 1-form (so the argument turns to work 
out as well for 2D), or still a R3-valued function, which with abuse of notation 
we still write as &(7,.) : R3 — R?, which from equation (92) we can write as 

(T, £) = E,[67*"wo(a7*)), (98) 
where E, denotes the expectation value with respect to the measure (if it exists) 
on {a7* : r > 0}, for all x € R, and in the r-h.s. of expression (98) we have 
matrix multiplication Thus, in this case, we have that the deformation tensor 
acts on the initial magnetic field along the random paths of the magnetized fluid 
particles. This action is the one that for 3D produces the complicated topology 
of transported magnetic fields. This solution was obtained independently by 
Molchanov et al [50] and further applied in numerical simulations (see Ghill and 
Childress [51] and references therein). The important problems of the dynamo 
effect and of intermittency in magnetohydrodynamics, has been discussed in 
terms of random lagrangian flows and their Lyapunov stability, by Baxendale 
and Rozovskii [72]. 


12 The Navier-Stokes Equation is Purely Noise 
For Any Dimension Other than 1 


12.1 Motivations 


We have given up to now a derivation of diffusion processes starting from 
gauge theoretical structures, and applied this to give implicit representations 
for the invariant Navier-Stokes equations. These constructions were possible as 
they stemmed from the extremely tight relation existing between the metric- 
compatible Riemann-Cartan-Weyl connections, and the diffusion processes for 
differential forms, built untop of the diffusions for scalar fields. As we saw al- 
ready this stemmed from the fact that there is a one-to-one correspondance 


Quantization in Astrophysics ... 355 


between said RCW connections and the scalar diffusion processes {x+ : T > 0} 
with drift given by Q and diffusion tensor X. As we can easily check from 
expression (34), this construction is valid for n 4 1. This could lead to conjec- 
ture that in a gauge theoretical setting and further applying stochastic analysis, 
one could do away with the drift, in any dimension other than 1. This is the 
case , as proved in a more general context of diffusions on a vector sub-bundle 
of the tangent space, by Elworthy-LeJan-Li [71]’ Being this the case, then we 
can apply this construction to the Navier- Stokes equation, which thus in any 
dimension other than 1 would turn to be representable by random lagrangian 
paths which do not depend explicitly on the velocity of the fluid, since they 
would be purely noise processes. 

Retaking the chain of structures previously described, we start by presenting 
an alternative representation for the RCW connections, to further describe the 
representation of the laplacians on scalars and its extension to differential forms, 
and the driftless random lagrangian flows. 


12.2 The push-forward LeJan-Watanabe connection 


Consider the surjection map K : M x R™ — TM, linear in the second 
variable, which we assume that it has a right inverse Y : TM — M x R™. Here, 
Y is the adjoint of K with respect to the Riemannian metric on TM induced by 
K, Y = K*. Write K(x) = K(a,.): R" — TM. For u € TM, let Z“ € T(TM) 
(the space of sections of the tangent bundle) defined by 


Z”(x) = K(x)Y (n(u))u. (99) 


Proposition 3. There is a unique linear connection V on M such that for 
all uo € TyM, x E€ M, we have that 


VuZ” =0. (100) 
It is the pushforward connection defined as 


nZ := K(zo) d(Y ()Z()) (vo), vo € Tr, M, Z E T(TM), (101) 





TIt is interesting to remark that in the monograph [71], the same chain of ideas developed 
here were persued to give a general mathematical elaboration. As the reader might have 
noticed, the sequence is: linear connections with torsion (albeit skewsymmetric torsion in 
[71]) , laplacians on scalars defined from these linear connections as generators of diffusion 
processes for scalar fields, the extension of these laplacians to generate diffusions of differential 
forms, and in Elworthy-LeJan-Li goes further to study the decomposition of noise and, finally 
the stability profile. (This last slab of this chain was applied, as stated above, to characterize 
the dynamo effect and intermittency in MHD [72].) While the line of research presented 
in this article was elaborated independently [10,59], having the Ito-Elworthy formula as the 
connecting thread just as in [71], the coincidence underlines the naturality of this chain of ideas. 
We would like to remark that the skew-symmetric torsion considered in [71] and references 
therein, in a context of studies in gravitation, is related to spin [57, 69]. 
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where d is the usual derivative of the map Y(.)Z(.): M > R™. 
Proof. The above definition defines a connection. Let V be any linear 
connection on TM. We have 


Z(.) = K(.)Y(.)Z(.). (102) 
Then, for v € Teo M, 


VyZ = K(a9)d(Y(.)Z(.))(v) + Vol KY (20) Z(a0))] = Vo Z + Vy Z700, 
N (103) 
Since V is a connection by assumption, and since the map 


TM x TM > TM, (v,u) — V.Z (104) 


gives a smooth section of the bundle Bil(TM x TM; TM), then V is a smooth 
connection on M. Taking V = V we obtain a connection with the desired 
property. 

Theorem 11. Let Y be the adjoint of K with respect to the induced metric 
on TM by K. Then, V is metric compatible, where the metric is the one induced 
by X on TM, which we denote by g. Moreover, since M is finite-dimensional, 
any metric-compatible connection for any metric on TM can be obtained this 
way from such K and R”. 

Proof: We have 


2g(VoU, U) = 2g( K (xo) (d(Y (.)U(.))(v), U (wo) 


= 2g(d(Y (.)U(.))(v), Y (zo)U (z0)) = a(g(U, U)) (v), (105) 
so that V is indeed metric compatible. By the Narasimhan-Ramanan theorem 
on universal connections [87], any metric compatible connection arises likes this. 
Indeed, V is the pull-back of the universal connection over the Grassmanian 
G(m,n) of n-planes in R™ by the map x +> [ImageY (x) : T,M — R™]. In 
particular, the RCW connections arise from such a construction. c.q.d. 

Remarks 7. Thus, any metric compatible connection, and in particular any 
RCW connection (recall that in Section 2 we imposed the condition of metric 
compatibility from the very beginning, or still, the last term in expression (34) 
ensures the metric compatibility of the RCW connections) can be introduced as 
a push-forward (also called LeJan-Watanabe) connection defined in terms of a 
defining map K for the connection. 

Two connections, V and V? on TM give rise to a bilinear map 
D% :TM x TM — TM such that 


3U =V5U + D®(V,U), U,V €T(TM). (106) 


Choose V? = V9, the Levi-Civita connection of a certain Riemannian metric g. 
Consider instead of expression (106) for V* = V of above: 


VU = VU + D(V,U), (107) 
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where we decompose D into 


D(u,v) = A(u, v) + S(u, v), (108) 
where 
A(u,v) = —A(v, u), S(u, v) = S(v, u). (109) 
Since the torsion tensors T? and T° of any two connections V% and V? respec- 
tively, are connected through the expression 


T° (u,v) + T?(u,v) = D® (u,v) — D® (v, u). (110) 


which for the case of V? = V9 as T? = 0, we can write for D® = D, the identity 


T(u,v) = D(u,v) — D(v,u) + 2A(u, v), T = T°. (111) 


Thus, 


A(u,v) = =T(u,v), u,v, E (TM), =T". (112) 


1 
2 
Therefore, the decomposition in (107) is written in the form 


” 1. = 
V,U =VIU + gf (u,v) + S(u,v), u,v € (PM). (113) 


which for a metric compatible connection is nothing else than the original de- 
composition of the Cartan connection given in (10811). 

Lemma 1. A connection V is metric-compatible if and only if the map 
D(v,.): TM —> TM is skew-symmetric for each v € TM, i.e. 


g(D(v, u1), u2) + g(D(v, Ug), u1) = 0, u1, u2 €T(TM). (114) 
Equivalently, 
ies n 
g(S(ur, u2), v) = z9(T (v, u), u2) + z9 (T (v, u2), u2). (115) 


Consequently, for U1, U2,V in r(T M), we have 


(DV, U1), U2) = 59(F(V, U1), Ua) + 5o(F 0, V), 01) + FoC 0,01), V), 
(116) 
which is decomposition (10). 
Proof. Take V, U1, U2 € T(TM). Then, 


d(g(U1, U2))(V) = g(V¥U1, U2) + g(U1, ViU2) 


= g(V$,U1, U2) + g(U1, V$,U2) — g(D(V, U1), U2) — g(U1, D(V,U2). (117) 
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So, V is metric compatible if and only if 
g(D(V, U1), U2) + g(U1, D(V, U2)) = 0. (118) 
Now, writing D = A+ S we get 
g(A(V, U1), U2) + g(A(V, U2), U1) = —g(S(V, U1), U2) — g(S(V, U2), U1). (119) 
We now observe that for an alternating bilinear map L: TM x TM — TM, 
Cyl[g(L(v, ur), u2) + g(L(v, u2), u1)] = 0, (120) 


where Cyl denotes cyclic sum. Taking the cyclic sum in equation (119) and 
apply (120) to A, we thus obtain Cyl[g(S(V, U1), U2)] = 0 which on further 
substituting in (119) we obtain 


G ACV, U1), U2) + g(A(V, U2), U1) = g(S(U1, U2), V). (121) 


12.3 The Trace-Torsion Is Dynamically Redundant in Any 
Dimension Other Than 1 


Let us return to our original setting of Section 1. We assume a metric-compatible 
Cartan connection, which we now write as V with torsion tensor T. The follow- 
ing result is a reduction of a more general result in [71], valid for sub-bundles 
of TM. 

Theorem 12. Assume M has dimension bigger than 1. Consider the lapla- 
cian on 0-forms Ho(g,Q) where Q is the trace-torsion 1-form of V, 


Q(u) = trace g(F(-,u),-). (122) 
Assume further that we can write the laplacian Ho(g,Q) in the Hormander 
form: 
1 m 
5 2 LvLy, + Lz|aer«m (123) 
i=1 


where Z is a vectorfield on M, V : M x R™ — TM is a smooth surjection, 
linear in the second variable, and V; is defined by 


V(a,e) = V(x)e = 5 V’ (x) <e,e >, (124) 
i=1 
whith e1,...,@m the standard orthonormal basis for R™. (Since VI is metric 


compatible, from Theorem 11 and the transformation rules between Stratonovich 
and Ito calculi, we can always introduce a defining map V for V9 that gives such 
decomposition (c.f. [27])). Then, there exists a map K : M x R™ — TM linear 
on the second variable, such that the solution to the Stratonovich equation 


dz, = K(x) o dW,, (125) 
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has Ho(g,Q) for infinitesimal generator, i.e. 


(M)> (126) 





1 m 
Ho(g, Q) = 9 5 Lx, LK; 
t=1 


where C®(M) denotes the real-valued smooth functions defined on M. In other 
words, the Ito s.d.e. given by (35) admits a driftless representation given by 
equation (125). 
Proof. Set for the original drift vectorfield Q (the g-conjugate of Q), the 
decomposition 
a ee ae 
a a aw, (127) 


A connection V suitable for this is such that 


2A(u,v) = T(v, u) = 2 rac Av)Q(a). (128) 





Consider a bundle map K : M x R™ — TM which gives rise to the metric 
compatible connection V (theorem 11). Consider the s.d.e. 


dx, = K(x) o dW,. (129) 
Its generator is (c.f. [27]) 
1 sue a 
strace( V9)? + sR (K*) (130) 


while by assumption we have 
1 A 
Ao(g,Q) = ztrace( (v9)? o Vi- Z) = = Ftrace( V9)? +Q (131) 


The required result follows after we show 


SO VIK(K’) = -YD KŻ, K’) = trace D(—, —) (132) 


i=l i=l 


equals 20. For this we note that for all v € TM, 


ALS DUR K), o) = AQ SK K’), 0) = J gP, K’), K) = 2490) 

=L t=1 w=1 (133) 
Consequently 

trace(V2)? Se vel (K*)(K*) = trace(V9)? + Q = Ho(g,Q) (134) 


=r 
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and the K so constructed is the required map.c.q.d. 

If we further assume that there is an isometric embedding f : M > R”, 
then we have the remarkable fact that the driftless representation of the scalar 
laplacian is also valid for forms of arbitrary degree (c.f. section 2.4 in [71].), i.e. 
our original operators in (28) can be written as 


1 m 


i=l 





APT* M, VP € {0, seats sis 


where K is a defining map for the RCW connection determined by g and Q. 

Remarks 8. Of course in the above construction, it is unnecessary to start 
with an arbitrary metric-compatible Cartan connection, only matters the trace- 
torsion as already proved. 


12.4 Navier-Stokes Equations Is Purely Geometrical Noise 
In Any Dimension Other Than 1 


We recall that for any dimension other than 1, the Navier-Stokes equation is 
a diffusion process which arises from a RCW connection of the form (34) with 
metric given by 2vg, where g is the original metric defined on TM, and tor- 
sion restricted to the trace-torsion given by zur, where 7 > 0: we shall call 
this connection the Navier-Stokes connection with parameter v, which we shall 
denote as VNS”. Thus the Christoffel coefficients of this connection are (c.f. 
expression (34)) 


rg = ad a) + z [za u(t)y + > gg u(r) (135) 


Let us then consider a defining map K(r): M x R™ — TM, for T > 0 for 
such a connection; from theorem 11 we know it exists. Then, we can write 


1 1 
Ho(2vg, —5-Ur) a 5 So Lx lko: 


2v é 
$=} 





c~(M): (136) 


In particular, for isometrically embedding of M, it follows from our discussion 
above that we can rewrite the spatial term of the Navier-Stokes operator for the 
vorticity as 


1 1 
H2(2vg, =z) ae bE Lgi LK (r);|A2T*M> 
i=l 


and NS (61) takes the form of a purely geometrical- noise equation for the 
vorticity 


an. 


1 m 
ae = 5 EK LK() OT = 0. 
i=1 
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Therefore, from Theorem 12 we conclude that: 

Theorem 13. For smooth compact orientable n-manifolds without bound- 
ary, if we consider an isometric immersion f : M — R”, with n Æ 1, the 
random lagrangian representation given by (61) admits a representations as a 
Stratonovich s.d.e. without drift —û, term 


dx, = K,(a(T)) o dW,. (137) 


Remarks 9. Thus, we have gauged away in the velocity in the dynamical 
representation for the fluid particles. Of course, the new diffusion tensor K(r) 
(T > 0) depends implicitly on the velocity of the fluid, on the kinematical 
viscosity and the metric g. Indeed, K(r) (T > 0) can be computed from the 
knowledge of the Navier-Stokes connection with parameter v, by solving the 
equation 


VNSWZ = K,(x)d(K*(.)Z(.))(v),v € TM, Z €T(TM). (138) 


We can now return to give the random representations for NS for the vor- 
ticity, in terms of this driftless representation. 

Theorem 14. Let f : M — R” be an isometric embedding of M (provided 
with a Riemannian metric g) in Euclidean space, so that (2v)? X = (2v)2grad f 
is the diffusion tensor of a Riemann-Cartan- Weyl gradient diffusion generated 


by 
ke). Se 
Ho(2vg, — ur) = 3 2 Exh: (139) 
Consider 
di ea (a) ea te Se (140) 


and the derived process 


dy 2(2) = VIK, (222) (vere) S dW, vei?) = v(x) € TaM. 
(141) 
Then, NS for the vorticity admits the representation 


Q, (2) (A?0(2)) = Es [Ro (22 (Avn), (142) 


for given initial vorticity Q(0, x) = Qo(x), x € M. 

Remark 10. This representation is none other than expression (68) rewrit- 
ten in terms of the driftless representation for the random Lagrangian fluid flow 
and its Jacobian process given in (63 — 67), so there is actually no abuse of 
notation. 

Remarks 11. While the fusion of stochastic calculus with gauge theo- 
retical structures has set the method to derive in a rather simple way all the 
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representations for NS introduced in this article, Theorems 13&14 are most re- 
markable for reasons we would like to discuss in the following. It is well known 
that the existance of infinite-time and smooth solutions of NS is related to the 
fact that the energy dissipation (represented at the dynamical level by the term 
(2v) 2X («(r))dW(r) appearing in the lagrangian particle paths (equation (62)), 
and further, by its covariant derivative coupling to the original vorticity along 
these paths in the representation for the vorticity) (see the first term in equation 
(66)) competes with the non-linearity of the equation. The physical effect of 
the nonlinearity is precisely the creation of energy due to the viscosity, which 
is described by the drift —û, at the fluid particle paths level, which further 
in the representations obtained in equation (68), appears as a coupling of the 
original vorticity with the fluid deformation tensor transported along the fluid 
particle paths which is further averaged over all the paths (see the second term 
in equation (66)). The physical description of this is that would the diffusion of 
energy prevail on the non-linear creation of energy, the infinite-time existance of 
the solutions would be ensured, and this would still entail the regularity of the 
solutions. In the other hand we have seen that the solutions in flat euclidean 
space in 2D differs from the one in 3D (both for which the gradient noise term 
vanishes and then the random lagrangian representation for NS yields a volume 
preserving diffeomorphism), in that in the former the coupling of the vorticity 
to the deformation tensor can be cancelled out while for the latter, this coupling 
appears clearly in the solution. Thus these representations run parallel to the es- 
tablished knowledge in which the existance of infinite-time and smooth solutions 
of NS for 2D are known, while for the 3D case remains open [61]. Returning to 
Theorems 13&14, it was proved that for NS the velocity can be incorporated into 
the diffusion tensor in this special representation and thus the coupling of the 
deformation tensor to the original vorticity disappears. Thus, for n-manifolds 
(n Æ 1) only the gradient of the generalized noise term (which incorporates the 
velocity, naturally in a non-linear way) couples to the original vorticity, and NS 
turns out to be a purely noise process. Thus, theorems 13 and 14 show that in 
any dimension other than 1, in spite of the complexity that appears in 3D in 
contrast with 2D, their actual behavior in terms of their infinite-time existance 
and regularity of their solutions from this geometric-stochastic approach may 
not be regarded as radically different cases 8. 

Theorems 13414 cannot be regarded as actual proofs of the infinite-time life 
of the solution flows for dimension 3, they rather point out to an original method 
that deserves further investigation regarding this ellusive and difficult problem 





8Perhaps this result should not be surprising, since after all for n-manifolds (in contrast 
with flat euclidean space) there is a coupling of the original vorticity to the deformation 
tensor, both for n = 2 and 3, which is due to the curvature term built-in in the laplacian, 
and thus this common coupling originates in the fact that in this case, the Navier-Stokes 
operator incorporates the Ricci scalar curvature. Of course, curvature is a source for inertia 
and in fluid-dynamics, inertia is believed to be the source for the non-linearity of NS (c.f. the 
discussion in page 23, [81]. 
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(which has only be dealt with through mainly analytical considerations), and in 
principle is valid, ° independently of the dimension of the manifold (other than 
1). 

Remarks 12. Similarly to theorems 13&14, and further replacing the mag- 
netic diffusivity instead of the kinematical viscosity, we can represent the la- 
grangian random paths for the kinematic dynamo problem as a purely diffusive 
process, and integrate the kinematic dynamo in terms of the jacobian of this 
process. Similarly to NS for the vorticity, it appears that the coherent com- 
plex structures associated to the coupling of the fluid deformation tensor to the 
original magnetic field, can be accounted by a representation in which this field 
couples to a generalized diffusion tensor which depends on the fluid’s velocity. 
Of course, these results are valid for arbitrary passive fields transported by the 
either perfect or viscous fluid. 


13 Realization of the RCW Diffusions by ODE’s 


To realize the s.d.e’s by o.d.e’s it is mandatory to pass to the Stratonovich 
pre-prescription, which are well known to have the same transformation rules 
in stochastic analysis that those of classical flows [1,2]. The need for such 
approximations is obvious whenever the noise tensor is not trivial, and thus 
the random integration may be extremely difficult; in the trivial noise case it 
becomes superfluous, as we shall see when dealing with the Euclidean space 
case further below of this article. Thus, instead of eq. (35) we consider the 
Stratonovich s.d.e. (here denoted, as usual, by the symbol o) for it given by : 


dx(t) = X(a(r))odW(r) + be (r, x(T))dr, 
where b@* (r, x(7)) = Q(7, 2(7)) + S(V9, X)(x(7)), (143) 


where the drift now contains an additional term, the Stratonovich correction 

term, given by S(V9, X) = įtr(V% X), where V{X , the Levi-Civita covariant 

derivative of X in the same direction and thus it is an element of TM, so that 

in local coordinates we have $(V9, X)? = Py? ə X. Now we also represent 
Tee 

the jacobian flow using the Stratonovich prescription 


di(r) = V9X(a(r))(8(7)) o dW(r) + V9bE* (7, a(7)) ((7)) dr. (144) 


Now we shall construct classical flows to approximate the random flow {x(r) : 
T > 0}. We start by constructing a piecewise linear approximation of the Wiener 





°This driftless representation is akin to the idea of a static Universe - a Form- as in the 
pre-Socratic philosophers Xhenophanes and Parmenides proposals [62], while the lagrangian 
representation presented here represents Heraclitus ideas with whom we associate the idea of 
dynamics. Remarkably, both conceptions appear to be equivalent in regards of a stochastic- 
geometrical representation of the Universe as long as it is not one-dimensional 
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process. Thus, we set for each k = 1,2,... 





ma) = (EES nw + e- hwy, 
E aro i yai (145) 











e = X (ertr) PE (r) + 69% r rr), (146) 
D L YX (g(r) (tnlr) Er) + VX (r elr) 
er) = wH) -wE ford <r H, (148) 





(otherwise, it is undefined ,) so that “4*(r) exists for almost all values of 7 
(a.e., in short in the following). Since {W;(7T)}xen is differentiable a.e., thus 
{£k(T) : £k(0) = x(0)}nen is a sequence of flows obtained by integration of 
well defined o.d.e’s on M a.e., for all W € Q. We remark that {£k(T)}ken 
depends on the (here chosen canonical) realization of W € Q so that in rigour, 
we should write {x4(7, W,20)}ken to describe the flow; the same observation is 
valid for the approximation of the derivative flow below. With the additional 
assumption that X and Q are smooth, then the previous sequence defines for 
almost all r and for all W € Q, a flow of smooth diffeomorphisms of M, and 
thus, the flow {vg(7) = (xx (7), Oe (7)) : vk(0) = (x(0), v(0))} defines a flow of 
smooth diffeomorphisms of TM. In this case, this flow converges uniformly in 
probability, in the group of smooth diffeomorphisms of TM, to the the flow of 
random diffeomorphisms on TM defined by eqs. (35) and (39) [1,2,11]. 
Returning to KDE (and NSV), we can approximate eqs. (35) and (39) by 











taking the jacobian flow {(a,°"", 0p” w) ey on TM given by 
drg?” FE dW;,(s) —u TS T,0,£ 
e E a e 5X (7 — 5, af"), af" =a, (149) 
~T,8,v(x) 
d T,S, u(x dW, = T,S, £ ~T,S, U| T 
PE = pvr o a O MES) 4 yoek s apear Ods, 
oro = v(x) €T ,M (150) 
dW; Qk 1 2k 
a S en E eaea (151) 


with [z] the integer part of z € (0,1], is the Stroock & Varadhan polygonal 
approximation [11]. Thus, we can write the expression: 


(ula) A...0° l(a) = limp roo Ba [wo (aT E (677" © A... a ap T (152) 
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By replacing v™ by v we have the approximations of the representations of 
NSV. We can proceed identically for the Poisson-de Rham equation, for which 
in account of eqs. (69) and (70) we have to substitute 2v"X by X and b-“* = 
b°-* the latter being the Stratonovich correction term. 


Remarks 1.There is not an unique construction for the approximation of 
these random diffeomorphisms by o.d.e’s; indeed, the noise term can be alterna- 
tively presented in terms of the extension of the Cartan development method, 
as a sequence of polygonal geodesic paths [89]. Furthermore, in the case of 
manifolds being immersed in Euclidean space (which will be the case further 
below) and complete (autoparallels exist for any T), the latter construction can 
be extended to a unified setting in which the random diffeomorphisms of a 
RCW diffusion can be realized (with convergence in probability) by sequences 
of polygonal autoparallel paths, i.e. smooth a.e. curves of the form ven =0, 
where V is a RCW connection. These approximations are irreversible per se in 
distinction with the above ones, since autoparallels just like geodesics can focus 
in a point; they can be constructed through the image of the exponential map of 
V as the image of the parallel random transport by V of a family of linear frames 
in TM; the presentation of these constructions would increase greatly the length 
of this article, and can be found in a somewhat long and intricate presentation 
in Chapter 8, of the masterpiece due to Bismut [89]. This is of great importance, 
as it allows to establish an original understanding of the role of the autoparallels 
of V as we shall argue next. Firstly, autoparallels are not the paths followed 
by spinless particles submitted to an exterior gravitational field described by 
a linear connection with torsion (the latter a common mistake as in [94]) , or 
more restricted, a RCW connection, which is the geodesic flow as proved inde- 
pendantly of any lagrangian nor Hamiltonian dynamics [57]. This resulted from 
applying the ideas of E. Cartan’s classical developing method and symplectic ge- 
ometry, to derive the dynamics of relativistic spinning test-particles on exterior 
gravitational fields turned out to be an outstanding success of this approach, 
yielding extensions of the well known Papapetrou-Dixon-Souriau equations [57]. 
So RCW autoparallel polygonal a.e. smooth paths provide approximations of 
the random continuous of RCW diffusions (or still, of the Feynman path integral 
representation of their transition density), which as we already remarked, not 
necessarily should be thought as spinless particles, furthermore, vis a vis the 
construction of a theory of supersymmetric systems which have these motions 
as their support for the motions of arbitrary degree differential forms; we shall 
address the latter problem in the next Section. 1° 





10Most remarkably, in the path integral representation due to Kleinert of the classical ac- 
tion for a scalar path on a time-sliced Euclidean space which through anholonomic coordinate 
transformation adquires both torsion and curvature, the classical motions appear to be au- 
toparallels and by applying discretization on them, a short-time-t Feynman propagator has 
been built for arbitrary Q which yields the non-relativistic Schroedinger equation where the 
Schroedinger operator is the non-relativistic version of our present Ho(g, Q). Yet, in this work, 
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14 KDE and Random Symplectic Diffusions 


Starting with a general RCW diffusion of 1-forms generated by Hi(g, Q), 
we introduce a family of Hamiltonian functions, Hg(k € N) defined on the 
cotangent manifold T*M = {(z,p)/p:T,M — R linear} by 


Hr = Hx k + Ha, (153) 


with (in the following (—,—) denotes the natural pairing between vectors and 
covectors) 


dW;, 


Hx,r (2, p) = ((p, X(x)), ae (154) 


where the derivatives of W; are given in eq. (151), and 


Holz, p) = (p,b%~* (2). (155) 


Now, we have a sequence of a.a. classical Hamiltonian flow, defined by integrat- 
ing for each k € N the a.a. system of o.d.e.’s 








ant) = Sot = X (e(r) TE +X (alo), (156) 
WO Te oh Vh SE) 
= (pk(T), V802™ (T, &x(T))} (157) 





the rule for discretization is the Hanggi-Klimontovich (post-point) rule and thus it is not Ito’s 
(middle point) nor the Stratonovich (pre-point) rules; see chapters 10 & 11 [94]. Now, the 
appearance in the present article of Ho (g, Q) as the differential generator of a diffusion process 
in terms of which the whole theory is constructed, has to do with the need of a diffeomorphism 
invariant description of a diffusion process and its generator, which requires the introduction 
of a linear connection [89], here a RCW connection whose laplacian is Ho(g,Q). Such an 
approach fixes the discretization rule to be Ito’s, and thus the Brownian integral of the the- 
ory is given by the random integral flow of Ito’s eq. (35), and thus the Feynman integral 
which corresponds by analytical continuation on 7 of the flow of eq. (35) still corresponds 
to a medium-point rule. In the remarkable computational work due to Kleinert (which has a 
number of intriguing postulates for the definition of the Feynman measure such as a so-called 
principle of democracy between differentials and increments; see page 335 in [94]), no connec- 
tion is made between diffusion processes, the Schroedinger wave function and the exact term 
of Q, as it shall appear in the accompanying article to the present one. Another result of this 
approach is that it will yield a modification of the (controversial) coefficient affecting the met- 
ric scalar curvature term (see [94] and references therein), which in the accompanying chapter 
of this book due to the author, will be associated with a generalization of Bohm’s quantum 
potential in a relativistic setting. We would like to remark that in a recent formulation of a 
1 + 1-dimensional relativistic theory of Brownian motion in phase space, it is claimed that 
when studying the equilibrium distribution of a free Brownian particle submitted to a heat 
bath, the post-point rule is the one that leads to the relativistic Maxwell distribution for the 
velocities; see J. Dunkel and P. Hanggi, arXiv:cond-mat/0411011. 
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which preserves the canonical 1-form ppdx, = (pr)ad(x~)* (no summation on 
k!), and then preserves its exterior differential, the canonical symplectic form 
Sp = dpp \dx;,. We shall denote this flow as œ" (w, .); thus ¢*(w,.) : Tx oM > 
I (mM , is a symplectic diffeomorphism, for any 7 € R} and w € o Fur- 
thermore, if we consider the contact 1-form [95] on R x T*M given by yk := 
prdx,—-H x,hdt —Hedr, Vk € N, we obtain a classical Poincaré-Cartan integral 
invariant: Let two smooth closed curves oy and o2 in T*M x {r = constant} 
encircle the same tube of trajectories of the Hamiltonian equations for Hg, i.e. 
eqs. (156) and (157); then TS Vb = Jé yk. Furthermore, if c1 — o2 = Op, where 
p is a piece of the vortex tube determined by the trajectories of the classical 
Hamilton’s equations, then it follows from the Stokes theorem [95] that 


/ w- f n= f pidas f pidis = | dry =0. (158) 
o o2 o o2 p 


Returning to our construction of the random Hamiltonian system, we know 
already that for X and Q smooth, the Hamiltonian sequence of flows described 
by eqs. (156) and (157) converges uniformly in probability in the group of 
diffeomorphisms of T*M, to the random flow of the system given by eqs. (143) 
and (144) and 


dp(t) = —((p(r), V9X(x(r))), dW (r)) — (p(T), V90%™* (r, a(7) dr {159) 


Furthermore this flow of diffeomorphisms is the mapping: ¢,(w,.,.)(a,p) = 
(F,(w, x), F*(w,x)p), where F*(w,x) is the adjoint mapping of the jacobian 
transformation. This map preserves the canonical 1-form pdx, and consequently 
preserves the canonical symplectic 2-form S = d(pdx) = dp A dz, and thus 
or (w,.) : ToM > ToM is a flow of symplectic diffeomorphisms on T* M 
for each w € Q [89]. Consequently, A” S is preserved by this flow, and thus we 
have obtained the Liouville measure invariant by a random symplectic diffeo- 
morphism. We shall write onwards, the formal Hamiltonean function on T* M 
defined by this approximation scheme as 


Hle, p) = ((p,X(2)), 27) + Haan). (160) 


We proceed now to introduce the random Poincaré-Cartan integral invariant for 
this flow. Define the formal 1-form by the expression 


y := pdx — Hodr — (p, X) o dW(r), (161) 


and its formal exterior differential (with respect to the M = T*M variables 
only) 


dNŅy = dp \ dx — dvHg ^ dt — dw (p, X} o dW (7). (162) 
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Clearly, we have a random differential form whose definition was given by Bismut 

[89]. Let a smooth r-simplex with values in R} x T*M be given as 

o: 8 E Sp > (Ts, £s, Ps), where Sp = {s = (s1,...,8,) € [0,c0)", s1 +... + sr < 1}(163) 
with boundary ôo the (r—1)-chain 00 = S771} (—1)'~'o?, where ot are the (r— 

1) singular simplexes given by the faces of ø. ø can be extended by linearity to 

any smooth singular r-chains. We shall now consider the random continuous r- 
simplex, c, the image of o by the flow of symplectic diffeomorphisms œ, i.e. the 

image in R x T*M 


Pl Fas Ws Es, Ps) are (Ts, He 2s) Os, £s)Ps), for fixed w € Q, (164) 


where F, (w, x) and F*(w,x)p are defined by eqs. (35), (37) and (159), respec- 
tively. 

Then, given ao a time-dependant 1-form on M, 9,..., 8m functions defined 
on R x N, the meaning of a random differential 1-form 


y = ao + Bodr + Bi o dW*(r),i=1,...,m, (165) 
is expressed by its integration on a continuous 1-simplex 
C: S — (Ts, Qr, (W, ns)), where ns = (£s, ps) € T*M, (166) 


the image by ¢.(w,.), (w € Q) the random flow of symplectomorphisms on T* M, 
of the smooth 1-simplex ø : s € S4 — (Ts, (£s, ps)). Then, Soy is a measurable 
real-valued function defined on the probability space Q in [89]. Now we shall 
review the random differential 2-forms. Let now ão be a time-dependant 2-form 
on N, thus ão(T,n) which we further assume to be smooth. Furthermore, let 
BolT, n), ---, Bm(T, n) be smooth time-dependant 1 forms on M and we wish to 
give a meaning to the random differential 2-form 


y = Go + dr A Bo + dW (T) A Bi +... + dW” (T) A Bm. (167) 


on integrating it on a continuous 2-simplex c: s > (Ts, r, (w, Nns)), or which we 
define it as a measurable real valued function on 2 in [89]. To obtain the random 
Poincaré-Cartan invariant we need the following results on the approximations 
of random differential 1 and 2-forms by classical differential forms. Given as 
before Qo a time dependant smooth 2-form on N and time-dependant smooth 
1-forms (1,..., Bm on N, there exists a subsequence k; and a zero-measure 
Q subset of Q dependant on do, 41,..., Gm such that for all w ¢ Q, ¢™ (w,.) 
converges uniformly on any compact subset of Ry x R?” to $,(w,.) as well as 
all its derivatives a (w,.) with |l| < m, converges to oe (w,.), and for any 
smooth 2-simplex, o : s > (Ts, Nns) valued on Ry x N, if 








K ~ ~ dW} ~ dw,” 
Tk = Go + dr A (Bo +b- +... Bm") (168) 
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and if c! is the 2-simplex given by the image of a smooth 2-chain by the a.a. 
smooth diffeomorphism $*(w, .) defined by integration of eqs. (156) and (157): 
ch: s — (Ta, 6% (w,ns)), and cis the continuous 2-chain s > (h+, (w, ns)) , then 
ire, y** converges to Í. y. If instead we take a time-dependant 1-forms ag and 
time-dependant functions §,..., 8m on N and consider the time-dependant 


1-form on N given by 
aw} awr 
dt dt 


and for any a.e. smooth 1-simplex c} : s > (Ts, @%,(w,ns)) then there exists 





Yk = ao + (Bo + bı +... Bm )dr (169) 


a subsequence k; and a zero-measure set Q, dependant of ao, 3o,..., 8m, such 
that for all w ¢ Ô, ¢*! (w, .) converges uniformly over all compacts of R+ x R?” 
with all its derivatives of order up to m to those of ¢.(w,.), and if c is the 
continuous 1-simplex c: s > (Ts, @s(W,ns)), then foe, y% converges to fy, 
with y defined in eq. (60). 

Then, we can state the fundamental theorem of Stokes for this random set- 
ting, which is due to Bismut ({89], Theorem 3.4). Let c be a random continuous 
2-simplex image of an arbitrary smooth 2-simplex by the flow ¢ (w,.). There 
exists a zero-measure set 2 C Q such that for any w ¢ Q, then J dy = fact 
for any differential random 1-form y. 

In the following in the case defined by KDE, for which Q = —ùû with ua 
solution of NS or Euler equations, so that we set 


Qo = pdx, bo = -H-a = Ha, bi = —(2v™)? (p, Xi) = pa X$,t =1,...,m,(170) 
where X : R™ — TM with X(x) = gradf with f : M — R’ is an isometric 
immersion of M, then 

KDE = pdx+Hadr— (20)? (p, Xy; o dW*(r) 
paldz® + (b%*)%dr — (20)? X% o dW*(r)), (171) 


is the random Poincaré-Cartan 1-form defined on Rt x NV for KDE. The Hamil- 
tonian function for KDE is 


II 


i dW, 
H(z, p) := [2v™]? ((p, X(2)), eet H_a(z,p), (172) 

with 
Halt, p) = polb-*)* = g*pg(—ug + U™X2V9, XP) (173) 


Ox 


so that the Hamiltonian system is given by the system 


da(t) = [2v]? X (a(r)) o dW (T) + b-™* (r, a(7))dr, (174) 

with b-“*(7,2(7)) = vV%X(2(r)) — G(r, 2(7))) (175) 
dp(r) = —(2v")?)((p(r), V2X(#(r))), dW (r)) 

(p(T), VIb ®Ž (7, a(7)) dr). (176) 


Quantization in Astrophysics ... 370 


As in the general case, we then obtain a Liouville invariant measure produced 
from the n-th exterior product of the canonical symplectic form. Substitut- 
ing v™ by v we obtain the random Poincaré-Cartan invariant ynsy for NSV 
(91,92,96,97]. 

To obtain the invariants of the full Navier-Stokes equations [91,92,96,97], we 
have to consider in addition, the random Hamiltonian flow corresponding to the 
invariant Poisson-de Rham equation, i.e. eq.(60) which we rewrite here 


dz(r) = X(#(r))odW(r) 4+ S(X(#), 9) 0 dW(r), and (177) 
dp(r) = —((p(r), V9X(Z(7))), odW(r)) 
— (P(T), VIS(V9, X)(7, (7) )dr). (178) 


Furthermore this flow of diffeomorphisms preserves the canonical 1-form pdz, 
and consequently ee the canonical symplectic 2-form S = d(pdx) = dp A 
dz, and thus ¢,(w (0) > L e G M is a flow of symplectic diffeomorphisms 
on T*M for bieli w € = Consequently, A” S is preserved by this flow, and 
thus we have obtained the Liouville measure invariant by a random symplectic 
diffeomorphism. We shall write onwards, the formal Hamiltonian function on 


T*M defined by the approximation scheme for the formal Hamiltonian function 


ae £ ~n dWr 
H(E, B) := ((B,X(@), F5) + (p, (V°, X)(a)). (179) 
We now proceed to introduce the random Poincaré-Cartan integral invariant for 
this flow. It is the 1-form 


Poisson ‘= pd% z S(V9, X)(x)dr z (Ď, X) Q dW (7). (180) 


This completes the construction of the random invariants for NS. 


15 The Euclidean Case 


To illustrate with an example, consider M = R”, f(x) = x, Yx € M, and 
then X = Vf = I, the identity matrix, as well as g = X X' = I the Euclidean 
metric, and V9 = V, is the gradient operator acting on the components of 
differential forms. Consequently, the Stratonovich correction term vanishes since 
VxX = 0 and thus the drift in the Stratonovich s.d.e’s. is the vector field 
b7%X = —û = —u (we recall that @ is the g-conjugate of the 1-form u, but here 
g=I S 

We shall write distinctly the cases n = 2 and n = 3. In the latter case we 
have that both the vorticity and the magnetic form, say Q(T, x) are a 2-form 
on R, or still by duality has an adjoint 1-form, or still a R3-valued function, 
which with abuse of notation we still write as Q(r,.) : R3 — R3. Consider the 
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flows which integrates KDE (for NSV we simply substitute v™ by v) is given 
by integrating the system of equations (s € [0,7]) 

dxa™** [av]? o dW (s) — u(r — s,27**)ds,27°* = 2, (181) 

di") = ult — 8,27”) (e) ds, 57) = v(x) (182) 


II 


the second being an ordinary differential equation (here, in the canonical basis of 
R? provided with Cartesian coordinates (z!,x?, £3), Vu is the matrix (84) for 
u(t, x) = (u! (T, x), u? (T, x), u’ (T, 2)), which in account that since fi odW (s) = 
W(r)— W(0) = W(rT), we integrate 


e at [2v""]2 W (8) — J u(t — 7, a7"”)dr, s € [0,7], (183) 
0 


and 


G7 sv(2) = eS VUlT—s,0 


u(x) (184) 
so that the analytical representation for KDE (and alternatively for NSV) in 
R? is 


Q(T, £) = Ey[6777Q9(x7*)}, (185) 


where E, denotes the expectation value with respect to the measure (if it exists) 
on {x27* : T > O}, for all z € R3, which is a Gaussian function albeit not centered 
in the origin of R? due to the last term in eq. (183) and in the r.h.s. of eq. (185) 
we have matrix multiplication Thus, in this case, we have that the deformation 
tensor acts on the initial vorticity along the random paths. This action is the 
one that for 3D might produce the singularity of the solution of NS for 3D. 

We finally proceed to present the random symplectic theory for KDE (and 
alternatively, NSV) on R3. In account of eq. (55) with the above choices, the 
formal random Hamiltonian function is 


Hle, p) = [202 (p, WO 





) + H_a(z,p), (186) 
with 
H_a(z, p) = —(p, u). (187) 


The Hamiltonian system is described by specializing eqs. (174 — 176), so that 
we obtain the Stratonovich s.d.e. for z(t) € R°,Vr > 0: 


dz(r) = [2v™]? o dW(r) — u(r, z(T))dr, (188) 
and the o.d.e 


dp(r) = — (p(T), Vult, x£(T))}dr. (189) 
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If we further set (0) = x and p(0) = p, the Hamiltonian flow preserving the 
canonical symplectic form S = dp ^ dx on Rô is given by 


or(.,-)(@,p) = (#(r),p(7)) = (x + 2v™ |? W(r) — | u(r, a(r))dr, e~7V “2p (190) 
0 
Finally, the Poincaré -Cartan 1-form takes the form 
vKDE = (p, dz — udr — (2)? o dW(r)), (191) 


and the Liouville invariant is SA SAS. This, completes the implementation of 
the general construction on 3D, for KDE (alternatively, for NSV). 

To complete our symplectic representations for NS, we still have to give the 
symplectic structure associated to eq. (60) (Poisson-de Rham) for both R? and 
R°. This structure is the same in both cases, the only difference is in the form 
of the random Liouville invariant. Indeed, the random Hamiltonean system for 
Poisson-de Rham is given by eqs. (177) and (178), which in the Euclidean case 
the former yields eq. (93), while the latter is dp(v) = 0, so that if p(0) = p, 
then the random symplectic flow for Poisson-de Rham equation is given by 


or(.,-)(@,p) = (@(7), B(7)) = (x + W (7), p), (192) 


and the Liouville invariant is SAS for n = 2, and SA SAS for n = 3, where 
S = dp dz is the canonical symplectic form for both cases, for the Poisson-de 
Rham equation. In distinction with the random symplectic invariants for NSV, 
here the momentum is constant, and of course, the position variable does no 
longer depend manifestly on u. 

Remarks 13. Geometrical-topological invariants in magnetohydrodynam- 
ics and hydrodynamics have been widely studied [9,56,70]. We have followed 
the presentation in [91,92,96] which lead to the random symplectic invariants 
of NS, hitherto unkown. The present approach applies as well to the random 
quantization of quantum mechanics through stochastic differential equations, as 
we shall present in the accompanying article, and thus we shall have random 
phase invariants which have been unnoticed till today. 


16 Derivation of the Symplectic Structure for 
Perfect Fluids 


We have seen that NS has an associated Hamiltonian function and a Li- 
ouville invariant, and thus we have in principle the basic elements to develop a 
statistical mechanics approach to NS. The purpose of this section, is to obtain 
the symplectic structure for the Euler equations from our perspective. Indeed, 
note that if we set v = 0 we have a classical limit whose dynamics is described 
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by the characteristics curves defined by the integral curves of —û, i.e. (minus) 
the velocity vector-field. Indeed, if we set the kinematical viscosity v to zero in 
eqs. (174 — 176) we obtain 








ute) = —ii(r, £(T)), (193) 
` = — < p(T), V’u(T,æ(T) >. (194) 


Now, on integrating eq. (193) with some given initial condition x(0), we obtain 
a family (indexed by time) of classical diffeomorphisms of M which to «x(0) 
associates the position x(7) of the fluid particles with velocity vector field given 
by —ti(7, 2(7)); in fact for each 7 this diffeomorphisms preserves the Riemannian 
volume since û is divergenceless. Thus, it follows from our particular case for a 
perfect incompressible fluid obeying the Euler equations (set v = 0 in eq. (57)), 
that the configuration space is given by the volume preserving diffeomorphisms 
of M, which we denote by SDiff(M) which is nothing else than the starting point 
the AEM theory; by contrast in the present approach the configuration space 
for NS are the random diffeomorphisms defined by the lagrangian flow described 
above, which is not volume preserving but in the special case of Euclidean space 
for which X = Id. 

Now SDiff(M) is an infinite-dimensional Lie group, and we are interested -in 
following Arnold- in its Lie algebra, which is the set of divergenceless vector 
fields on M, SVect(M) provided with the usual commutator. Arnold further 
considered the orbits of the coadjoint action of this group on the dual of the Lie 
algebra, as a Hamiltonian system whose Hamiltonian function is (c.f. definition 
7.20 and Lemma-definition 7.21 in [56]) (following eq. (22) above) 


z (ltl) = 5 f (lard vot, (195) 


where [u+] denotes the equivalence class of all 1-forms on M of the type u+ + df, 
with du; = 0 and some function f : M — R, which is nothing else than 


= [ me. Oe eee ; J Hee via (196) 


which coincides with Arnold’s energy function on SVect(M)*, the dual Lie al- 
gebra of SVect(M). From the minimal action principle Arnold obtained finally 
the geodesic equation in SDiff(M). But we can obtain these equations directly 
in our setting if we further set p = u in eq. (194) , so that eqs. (193) and (194) 
turn to be the geodesic equation on SDiff(M): 





d?x(r) i 
Aa Vå, (@ur(2(T)) = 0, (197) 
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which in account of the identity 


1 
Vå, (ny Ur (2) = La, (xy Ur (2) z zlu’), (198) 


we get the Euler equation (see pages 37,38 in [56]) 
1 
Ər Sg Là (x) tr (2) = zalu) (199) 


identically to set v = 0 in NS. Note here that the pressure function p reduces 
to be (modulo an additive constant) —}|u;|?, minus the kinetic energy term of 
u, and the non-appearance of itself the —dp term in the r.h.s. of eq. (199) 
is produced by the fact that our random flows for NS have been constructed 
for the vorticity equation, for which there is no pressure term since d7p = 0; 
otherwise stated, to obtain the Euler equation we have taken u, € [u+] such 
that f =0, and thus the total pressure is 


1 2i = 1 2 
f- 5 (lu Ê) = 5 le 


(see comments in first paragraph after Remark 7.22 in [56]). 

Remarks 13. Thus, we have proved that the random symplectic approach 
to NS yields the classical symplectic approach to the Euler equation, in the case 
of null viscosity, as a particular result of the kinematics of the random viscous 
flow. We may remark that Arnold’s approach stops short of discussing analyt- 
ical representations for NS, yet his symplectic approach has been extended by 
the addition of Wiener processes, to give the representations of NS for the flat 
torus, by Gliklikh [63].Probably the present work could be seen as a natural 
addendum to the joint work by Arnold and Khesin [56], in which prior to the 
introduction of the (random) symplectic geometry, one has to introduce first 
the stochastic differential geometry from which it stems, both aspects being ab- 
sent in this beautiful treatise. We have derived through the association between 
RCW connections and generalized Brownian motions, the most general implicit 
analytical representations for NS, in the case of manifolds without boundaries. 
The case with smooth boundaries and Euclidean semi-space has been treated 
completely in [| ]. Furthermore, in the case without boundary, we have proved 
that the interaction representation of the solutions of NS, and in general of 
diffusion processes, in which the trace-torsion plays the major role of describ- 
ing the average motions, can be gauged away (for any dimension other then 1) 
and transformed into an equivalent representations in which the trace-torsion 
enters in the definition of the noise-tensor, as if the random motion would be 
completely free [5]! Yet, concerning NS the present treatment is still unsatisfac- 
tory, since the representations are implicit, since we have not presented a theory 
in which we would decouple the velocity 1-form (the gauge potential) and the 
vorticity 2-form (the ’curvature’ field strength). We would like to suggest that 
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if this problem might have a solution, then it should be approached through 
the application of Clifford algebras and Clifford analysis, in which through the 
Dirac operator whose square is the NS laplacian, we could integrate the theory 
in terms of the vorticity alone. This would be similar to the Maxwell equation 
as a single equation for the electromagnetic field strength (a 2-form, and not 
in terms of the electromagnetic potential 1-form), as we shall describe in the 
accompanying article that follows the present one. We have discussed in a pre- 
vious chapter in this book, that the Schroedinger equation in spatial 2D, can 
be transformed into the Navier-Stokes equations, and that the Born probability 
density maps into the enstrophy. In forthcoming articles, we shall present the 
relations between fluid-dynamics and turbulence, electrodynamics and quantum 
mechanics. 

The method of integration applied in this article is the extension to differ- 
ential forms of the method of integration (the so-called martingale problems) 
of elliptic and parabolic partial differential equations for scalar fields [24,31,73]. 
The remarkable key for this method is, as we have shown for all given represen- 
tations, the Ito-Elworthy formula of stochastic analysis for differential forms in 
its various expressions.!! 

In distinction with the Reynolds approach in Fluid Mechanics !? which has 
the feature of being non-invariant, in the present approach, the invariance by 
the group of space-diffeomorphims has been the key to integrate the equations, 
in separating covariantly the fluctuations and drift terms and thus setting the 
integration in terms of covariant martingale problems. The role of the RCW 
connection is precisely to yield this separation for the diffusion of scalars and 
differential forms, and thus the role of the differential geometrical structure is 
essential. Yet, as we have shown, we can introduce a push-forward description 
of the RCW connection, such that via stochastic analysis we can gauge away 
the trace-torsion in any dimension other than 1, to obtain equivalent purely 
noise representations for NS. The noise is purely geometrical, incorporating the 
parameters which characterize the random lagrangian flow for scalars of NS in 
its definition. 

A new approach to NS as a (random) dynamical system appears. Given 
a stationary measure for the random diffeomorphic flow of NS given by the 
stationary flow of NS, one can construct the state space of this flow and further, 
its random Lyapunov spectra [72,76,77]. Consequently, assuming ergodicity 
of this measure, one can conclude that the moment instability of the flow is 
related to a cohomological property of M, namely the existance of non-trivial 
harmonic one-forms ¢, which are preserved by the vectorfield @ of class C?, i.e. 
Lad = diad = 0; see page 61 in [27]. We also have the random flows {v, Av; : 
T > 0} and W2:-% on TM ATM of Theorem 7 and Theorem 10 respectively, 





11 Furthermore, this approach and can be extended to the case of smooth manifolds with 
smooth boundaries, yet due to length limitations, we shall discuss it elsewhere [67]. 

12A generalization of the Reynolds approach to random lagrangian flows, completed with 
the k — e theory, is the basis for the studies on turbulence by Pope [75]. 


Quantization in Astrophysics ... 376 


which integrate the heat equation for the vorticity. Concerning these flows, the 
stability theory of NS (57) requires an invariant measure on a suitable subspace 
of TM ATM and further, the knowledge of the spectrum of the one-parameter 
family of operators depending on v, H2(2vg, — Ur); alternatively, one could use 
the expression for the Navier-Stokes operator provided by Theorem 13. These 
operators may play the role of the Schroedinger operators in Ruelle’s theory 
of turbulence, which were introduced by linearising NS for the velocity as the 
starting point for the discussion of the instability theory; see article in pages 
295 — 310 in Ruelle [48]. 

As well known, the stability theory is usually encountered in the framework 
of a major approach to turbulence in fluids, that of classical dynamical systems 
presenting chaotic behavior. In this approach, the aim is to construct of a low- 
dimensional non-random model that describes the asymptotic expression of typ- 
ical solutions of NS under adequate boundary and regularity conditions. Bounds 
on the dimension of these attractors for NS have been computed [48,74,83,84], 
yet the actual construction of the dynamics of these attractors from first princi- 
ples is an open problem under study for NS [81]. More generally, little is known 
about these low dimensional (inertial manifolds) which describe this asymptotic 
dynamics for infinite-dimensional dynamical systems [74]. Of course, ad-hoc 
reductions of NS such as the one that leads to the Lorenz ordinary differential 
equations [84] have been useful to give a qualitative description. Remarkably 
enough, the random approach to NS that we have presented, can also be en- 
countered in low dimensional chaotic classical dynamics. Indeed, it has been 
proved that the solution of o.d.e’s of the form of the Lorenz system, converges 
(in the sense of weak convergence of processes) to the solution of stochastic 
differential equations, and thus representable by a RCW connection. This has 
been proved for the case of inertial manifolds defined on compact manifolds 
with partial dynamics described by complete vector fields generating an axiom 
A flow, having further a non-periodic attractor and with initial conditions dis- 
tributed according to the Sinai-Ruelle-Bowen measure [85]. Thus, also the low 
dimensional chaotic classical dynamics approach to turbulence has the same 
type of structure as the full infinite-dimensional random flows presented in this 
article. 1° 

Finally, it has been established numerically that turbulent fluids resemble 
the random motion of dislocations [4]. In the differential geometric gauge theory 
of crystal dislocations, the torsion tensor is the dislocation tensor [12,86], and 
our presentation suggests that this analogy might be established rigorously from 
the perspective presented here. 

We would like to remark that averaged extensions of the equations of Euler 
and Navier-Stokes are being currently investigated. In these works the averag- 
ing is in the sense of an ensemble of initial conditions taken in an appropiate 








13Tn fact our representations can be realized by rather standard methods in terms of ordinary 
differential equations on M, thus guarranteeing effectively low dimensional realizations [88]. 
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analytical space. Remarkably as well, the extension of the Euler equations can 
be derived as the geodesic flow of an extended metric on the manifold of vol- 
ume preserving diffeomorphims of M; thus this program is an extension of the 
Arnold-Ebin-Marsden approach (see [64,65]). As well in the past years, Gliklikh 
has integrated NS for a viscous fluid in the flat torus, as a stochastic pertur- 
bation of the geodesic Euler-flow [63], thus extending the classical approach of 
Arnold-Ebin-Marsden. 
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The unknown constant in the holographic dark energy model is determined in terms of a recent conjecture. We 


find d = /2. The result is consistent with the present cosmological observations. The holographic dark 


energy is re-explained by considering the quantum uncertainty and discreteness of space-time. We also predict that 


there may exist more dark energy between two adjacent black holes. 
PACS: 98.80.Bp, 98.80.Cq 


Recently one kind of holographic dark energy model is used to explain the observed dark 
energy [1-4]. According to the model, the dark energy density is 
3d*c* 


= (1) 
Pr 80GL,,° 


where c is the speed of light, G is the Newton gravitational constant, L,, is the size of the 


event horizon of our universe, d is an undetermined constant. By comparing with the 
observations, it was found that the holographic model is a viable one in describing dark energy 
[5-9]. Ref [7] obtained d = 0.85 for the flat universe by using the supernova Ia (SN Ia) data and 
the shift parameter. In addition, the value of d smaller than one or the phantom-like holographic 
dark energy is also favored by the analysis results of the angular scale of the acoustic oscillation 
from the BOOMERANG and WMAP data on the cosmic microwave background (CMB) [9]. In 
this paper, we will theoretically determine the constant d in the holographic dark energy model 
in terms of a recent conjecture [10]. The holographic dark energy will be re-explained from a 
different point of views. We will also predict a new quantum effect of black holes. 

According to a recent conjecture on the origin of dark energy [10], the dark energy may 
originate from the quantum fluctuations of space-time limited in our universe. By using the 
uncertainty principle in quantum theory, the quantum fluctuation energy of space-time of one 
degree of freedom limited in our universe is 


_Ah/2 hic 


E= — c= — 2 
e A A 


where is L,, the event horizon of our universe. Since the quantum fluctuations of space-time are 


essentially nonlocal, and one degree of freedom corresponds to two Planck area units in the two 
ends of the event horizon, the whole number of degrees of freedom of such fluctuations in our 
universe is 
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(3) 


where A isthe area of event horizon, L, is the Planck length. Then the energy density of the 


quantum fluctuations of space-time in our universe is 


i Ne 9 Se 
4m, 13 32GL,° 





Pr (4) 


This formula results from the quantum uncertainty and discreteness of space-time. In comparison 
with the formula (1), we can get 


d ~Jm/2 ~0.886 (5) 

This value is in excellent agreement with the analysis result of observational data (see, for 

example, [7]). By inputting the current fraction value ©, = 0.73, we can work out the equation 
of state: 

wa) =—304+ 2 /9,) = —0.98 + 0.25z+ O(z’) (6) 


In addition, we can also determine the current event horizon of our universe: 


Vt pa -i 
L, = H, c=1.04H, c (7) 
(ao) Q, 0 0 





This means that the current event horizon approximately satisfies the Schwarzschild relation 
Ly =2GM /c*, where M = pAb, 13. 


It is noted that d <1 will lead to dark energy behaving as phantom, and seems to violate 
the second law of thermodynamics during the evolution phase when the event horizon shrinks. 
However, the universe inside the event horizon is not an isolated system in case of the existence of 
the quantum process such as the Hawking radiation. The event horizon of a black hole can shrink 
due to the Hawking radiation, the event horizon of our universe can also do. Thus d <1 does 
not violate the second law of thermodynamics when considering the whole universe system. The 
universe inside the event horizon and that outside the event horizon will inevitably exchange 
energy and information due to the quantum process. This may also explain the non-conservation 
of dark energy inside the event horizon of our universe. 

It is generally believed that the holographic form of dark energy is obtained by setting the 
UV and IR cutoff to saturate the holographic bound set by formation of a black hole [1-3]. Thus 
the dark energy can still come from the usual vacuum zero-point energy in quantum field theory. 
However, a simple calculation shows that this may be not right. The lowest frequency of the 


vacuum zero-point energy limited in our universe is 


_ he 


= 8 
aa (8) 


1 


Quantization in Astrophysics ... 387 


According to the holographic principle [13-15], the whole number of degrees of freedom in our 


universe is 








Ny = = (9) 


Then the vacuum zero-point energy density should satisfy the following inequality: 


3m 
>N,_E, =——~ 10 
Prze uI 16GL; ( ) 


This requires that d > J2x /2 inthe holographic form of dark energy. Since the total energy in 


a region of the size L should not exceed the mass of a black hole of the same size, there should 


exist a theoretical upper bound d <1. In addition, the result d 2 2/2 is also ruled out by 


the cosmological observations. This can be shown more directly from the equation of state: 
1 2 
Yee N = s+ 22 Ja o) (11) 


By inputting the current fraction value Q, = 0.73 we obtain w, 2 —0.59. This has been ruled 


out by the observational constraint w, < —0.75. Thus the observed dark energy may not come 


from the vacuum zero-point energy in quantum field theory. The analysis also implies that the 
usual vacuum zero-point energy may not exist [16-18]. Even a holographic number of modes with 
the lowest frequency will give more vacuum zero-point energy than the observed dark energy. By 
comparison, the quantum fluctuations of space-time, which energy density is described by the 
equation (4) and is consistent with the observations, may be the origin of dark energy. Since the 
quantum fluctuations of space-time may be also called quantum-gravitational vacuum fluctuations, 
the vacuum fluctuation energy still exists. It does not come from matter, but from space-time. This 
may have some deep implications for a complete theory of quantum gravity. 

Lastly, we will predict a new quantum effect of black holes in terms of the above analysis of 
dark energy. If the quantum fluctuations of space-time limited in the event horizon of our universe 
do exist, then it will also exist between two black holes. This means that there will exist more 
quantum fluctuation energy or dark energy between two black holes. Consider two black holes 


with the same radius R. The distance between them is L >> R. The quantum fluctuation 


biti he 
energy of space-time of one degree of freedom limited between them is € = J The whole 


2 
number of degrees of freedom of such fluctuations is M ~———~. Then the whole quantum 
Lp 


fluctuation energy of space-time between the black holes is 


ahcR? _ AR 
Epy = NE= — Ey, (12) 
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where Epy is the energy of black hole. The energy density is 


NE hic 


Ry 13 
at ALS ma 


Pear ~ 
It is evident that the density of the quantum fluctuation energy between the black holes is much 
larger than that of the observed dark energy. Such energy can be detected in the local part of the 
universe such as the center of Milky Way. For example, the repulsive acceleration of an object 


27° 
near one black hole is a = aR” where r is the distance between the object and the black 


hole. The repulsive force equalizes the gravitational force of the black hole when r = (RE ye ; 
In conclusion, the unknown constant in the holographic dark energy model is determined in 


theory. We find d = J /2 = 0.886. This value is perfectly consistent with the observational 


data. The holographic dark energy is re-explained by considering the quantum fluctuations of 
space-time. We also predict a new quantum effect of black holes. There may exist more quantum 
fluctuation energy or dark energy between two black holes. 
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This paper presents a simple and purely geometrical Grand Unification Theory. Quantum Gravity, 
Electrostatic and Magnetic interactions are shown in a unified framework. Biot-Savart Law is 
derived from first principles. Unification symmetry is defined for all the existing forces. A 4D 
Shock-Wave Hyperspherical topology is proposed for the Universe together with a Quantum 
Lagrangian Principle resulting in a quantized stepwise expansion for the whole Universe along a 
radial direction in a 4D spatial manifold. The hypergeometrical standard model for matter is 
presented. 


1 Introduction 


Grand Unification Theories are the subject of intense research. Among current theories, 
Superstring, M-Theory, Kaluza-Klein based 5D Gauge Theories have shown diverse degrees of 
success. All theories try to keep the current conceptual framework of science. Kaluza-Klein 
melded both Electromagnetism and Einstein Gravitational equations in a 5D metric. 


Here is presented a theory that departs radically from other theories and tries to bridge the 
conceptual gap as opposed to explore the formalism gap. Most research is concerned on how to 
express some view of Nature in a mathematically elegant formalism while keeping what we 
already know. It has been said that for a theory to be correct, it has to be beautiful. 


This work concentrates on what to say, the conceptual framework of Nature instead. All the 
constructs of science, matter, charge, and energy are dropped in favor of just dilator positions and 
dilaton fields, which are metric modulators and traveling modulations, respectively. There is no 
concept of charges or mass. Mass is modeled a quantity proportional to the 4D displacement 
volume at precise phases de Broglie cycles. Charge sign is modeled by dilaton phase (sign) on 
those specific phases. This mapping is not necessary for calibration; there are no calibration 
parameters in this theory. The mapping is needed to show that the geometrical framework 
replicates current scientific knowledge. 


We propose that dilators are the basic model of matter. They are coherences between two states 
in a rotating four-dimensional double well potential. A single coherence between two 4D-space 
deformation states or fundamental dilator is considered to account of all the constituents of non- 
exotic matter (elements, neutrons, electrons and protons and their antimatter counterparties). This 
coherence is between two deformation states with 4D volumes corresponding to the electron and 
proton, or electron-proton coherence. Here the proton and the electron are considered to be 
the same particle or the fundamental dilator, just two faces of the same coin. 


The equation that describes these states is not the subject of this work. In section 2.9, a detailed 
description of the fundamental dilator is given, as well as the origin of the spin quantization. 


Dilaton are the 5D spacetime waves, traveling metric modulations, created by the alternating 
(back and forth) motion of the fundamental dilator from one state of the double potential well to 
the other. Since these two states have different displacement volumes, spacetime waves are 
created. Displacement volumes are the missing (extra) volume due to spacetime contraction 
(dilation). Let’s say that one has two points separated by a distance L in a 4D space with a dilator 
in the middle. The distance between those two points will change depending upon the phase of 
dilaton. If one considers this maximum distance change along the four dimensions for each of the 
two states, would be able to determine the dilator volume on each state and thus fully characterize 
it. 
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In addition to tunneling back and forth, the proton-electron dilator is considered to be tumbling 
(spinning) as it propagates radially (along the radial expansion direction) and that poses a 
constraint on the spinning frequency. Spin half particles are modeled as having a spinning 
frequency equal to half the electron-proton dilator tunneling frequency. Similarly higher spin 
particle coherences, e.g. spin N, are modeled as having a spinning frequency equal to N times the 
electron-proton dilator tunneling frequency. 


Whenever the word dilator is mentioned within this paper, it will refer to the fundamental dilator 
or fundamental coherence, although there are other coherences in nature and similarly associated 
particle pairs. 


A 3D projection of this volume corresponds to the perceived 3D mass, a familiar concept. 


A logical framework is proposed on the Hypergeometrical Universe’ section. This model 
conceptualize the 3D universe manifold as being a 3D shock wave universe traveling at the speed 
of light in a direction perpendicular to itself, along the radial direction. 


Absolute time, absolute 4D Cartesian space manifold are proposed without loss of time and space 
relativism. Thus there are both preferential direction in space and preferential time, but they are 
both non-observables. 


On the cosmological coherence section, the consequences of the topology of the 
hypergeometrical universe and the homogeneity proposed in the Hypergeometrical Standard 
Model is shown to result in a cosmological coherence, that is, the whole 3D universe expands 
radially at light speed and in de Broglie (Compton) steps. 


When cosmological coherence is mentioned it is within the framework of absolute time and 
absolute 4D space. 


A new Quantum Lagrangian Principle (QLP) is created to describe the interaction of dilators and 
dilatons. Quantum gravity, electrostatics and magnetism laws are derived subsequently as the 
result of simple constructive interference of five-dimensional spacetime waves’ overlaid on an 
expanding hyperspherical universe described in section 3. In the electrostatics and magnetism 
derivation, a one atomic mass unit (a.m.u) electron or fat electron is used. This means that the 
dilatons being 5D spacetime waves driven by coherent metric modulations are sensitive to both 
sides of the dilator coherence. 


Since 3D mass — the mass of an electron or proton from the 3D universe manifold perspective - is 
sensitive only to one side of the dilator coherence, the side of the dilator in phase with the 3D 
shock wave universe, a pseudo time-quantization is proposed in section 2.9. 


Appendix A contains a brief description of the Hypergeometrical Standard Model. It shows that 
hyperons and the elements are modeled as longer coherences of tumbling 4D deformations. 
Nuclear energy is proposed to be stored on sub-coherence local twisting of the fabric of space. A 
more detailed description of the model will be presented elsewhere. 


A grand unification theory is a far-reaching theory and touches many areas of knowledge. 
Arguments supporting this kind of theory have by definition to be equally scattered. Many 
arguments will be presented with little discussion when they are immediate conclusions of the 
topology or simple logic. 
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2 Hyperspherical Universe 


2.1 Quantum Lagrangian Principle 


A new Quantum Lagrangian Principle (QLP) is defined in terms of dilator and dilaton fields. It 
proposes that the dilator is always in phase with the surrounding dilatons at multiples of 27 
wavelength. This simply means that a dilator, trying to change the metric in a specific region of 
4D space, will always do that in phase with all the other dilators. The fundamental dilaton 
wavelength will be called de Broglie wavelength and will be shown in the section 2.9 to 
correspond to the Compton wavelength, since motion along the radial direction is at lightspeed, of 
a one atomic mass unit particle. 


2.2 Topology 


The picture shown in Figure 1 represents a cross section of the hyperspherical light speed 
expanding universe. The universe is considered to be created by an explosion, but not by a three- 
dimensional explosion. Instead, it is considered the result of a four-dimensional explosion. The 
evolution of a three-dimensional explosion is an expanding two-dimensional surface. The 
evolution of a four-dimensional explosion is an expanding three-dimensional hypersurface 
on quantized de Broglie steps. The steps have length equal to the Compton wavelength 
associated with the fundamental dilator (one atomic mass unit). All times are made 
dimensional by the multiplication by the speed of light. 


R in 





Figure 1. Shows the cross-section XT and XR for the expanding universe. The universe length along X is represented 
by the band. X (or Y or Z) is displayed along the perimeter of the circle. Also shown in the diagram is ® (cosmological 
time) and radial time projection R. 


Definitions: 


e Cosmological time ® represents an absolute time frame, as envisioned by Newton and 
Mach - it is a fifth dimension in the hypergeometrical universe model. 
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e The radial direction is a preferential direction in 4D space. It is the radial expansion 
direction. This direction doubles as a direction on 4D Space and a projection of the 
cosmological time. Since they are related by the expansion speed (light speed), one can 
think about the radial direction as the radial time — an absolute time projection. 


e Similarly, T is any other propagation direction and also a projection of proper time, here 
called dimensional time. For small velocities with respect to the fabric of space (see 
description below), the dimensional time approximately matches the 4D direction of 
propagation (artan (v/c)~arctanh(v/c)~v/c). This maps our local frame proper time to a 
4D direction of propagation and it is the source of the relativism in the theory of 
relativity. Different angles of propagation reflect different relative velocities. Notice that 
although this argument made use of a preferential 4D direction, it could be done using 
any possible referential frame. Within the 3D space, one can only observe the relative 
angle and relative velocity. 


e This mapping done because of the consideration that a Lorentz transformation can be 
thought as a rotation around the directions perpendicular to proper time and velocity by 
an imaginary angle of arctanh (v/c). On a 4D spacetime, when one considers a proper 
frame of reference, one only travels in time. The addition of a fourth spatial dimension 
means also that when one is in one’s proper 3D frame of reference one is also 
propagating along either the directions R/® or r/t. 


e R keeps a simple relationship with the dimensionalized cosmological time ® (identical 
module relationship). 


e The fabric of space (FS) is just the region of 4D space — a traveling boundary- where the 
3D hypersurface (shock wave universe) stands at any given time. It is different from the 
rest of the 4D space because it contains imprinted in local deformations, all particles in 
the universe. 


e Fabric of space is used in two manners: a) as the locally non-twisted 4D space — pointing 
to this traveling boundary-, where local proper time projection t and direction of 4D 
propagation points in the radial direction ®/ R and b) the subject of deformation. 


e Under these conditions one can define a referential frame that is standing still with 
respect to the FS while traveling at the speed of light outwards radially. This is a 
preferred referential frame. Two preferred referential frames far apart in 3D space will 
recede from each other at the Hubble’s speed (see section 2.5). 


e After the shock wave universe passes through, the 4D space returns to it relaxed 
condition. 


e There are two kinds of deformations in 4D space: compression and torsion. The 
compression is what happens in dilators or particles. They represent coherence between 
two compression deformation states. 


e Torsional states are related to absolute state of motion of neutral matter and are defined 
by the local tilt of the perpendicular to the FS region inhabited by it. The FS can be 
under torsional forces in the region near dilators. The region where a dilator exists will 
persist under stress (tilted) as the dilator moves towards a region where that stress can be 
relaxed. 


e Far from matter, there should be only residual torsional deformation due to the 
evanescing dilatons. On the other hand, the region of space where a “zero spin particle” 
or neutral matter exists, the local environment is permanently deformed through 
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interactions with other bodies’ dilatons. Deformation will last until the all the interacting 
bodies reach regions where their relative velocity matches the Hubble velocity of that 
part of the Fabric of Space. 


e The angle between R (®) and r (t) defines the local FS deformation. 
e The angle between T’ (r°) and T (r) defines the relative degree of local FS deformation. 


e “Volumetric” and “superficial” dilatons are 5D and 4D spacetime waves define in 
analogy to volumetric and superficial sound waves. Instead of having pressure or density 
modulations as in sound waves, one has metric (or 4D space) modulations. 


e Since the hypersurface is our three-dimensional universe, a “superficial” dilaton is a 
spacetime disturbance that propagates along the FS. Associated zero spin dilators will 
propagate always in perpendicular to the FS, although they might move sidewise between 
de Broglie expansion steps. 


e A “volumetric” spacetime dilaton is free to redirect its k-vector on any direction. 
Associated non-zero spin dilators will be able to freely change their propagation direction 
in addition to the sidewise motions at each de Broglie expansion step. 


e Dilatons and dilators are used interchangeably in certain situations since the QLP requires 
the dilatons to always be in phase (surf) the surrounding dilaton field. 


Figure 1 displays one time dimension (®) and three time projections (R, t and T’). Each reference 
frame has its own proper time projection. This figure also shows that the four-dimensional 
spacetime is curved, being the radius of curvature given by the dimensional age of the universe. 
This simple figure eliminates the need for cosmological constant questions, considerations about 
gravitational collapse or anti-gravitational acceleration of the expansion of the three-dimensional 
universe, since the universe is proposed to be four-dimensional plus a cosmological time ®. In 
this model, the shock wave hyperspherical universe is clearly finite, circular (radius of curvature 
equal to the dimensional age of the universe, that is, the speed of light times the age of the 
universe). It is also impossible to traverse, since it is expanding at the speed of light. The 
Cosmic Microwave Background is assigned to a Doppler shifted view of the initial Gamma 
Radiation Burst’. 


2.3 Origins of the Hyperspherical Expansion 


The clues for the creation of this models lies on relativity and quantum mechanics. Relativity 
states that the energy of a particle with rest mass mp and momentum p is given by: 


E=mc? =c] p +m? 2.1) 


where m is the mass in motion. This equation has implicit assumptions which can be brought into 
light by considering it a momentum conservation equation instead: 


p2= (mef = p2 +m 2e? (2.2) 


Where P is the four-momentum of the particle in motion (at the speed of light) traveling such that 
itS Tparticle Makes angle œ with the static reference frame Tobserver. Implicit in equation (2.2) is that 
the particle is actually traveling along a four-dimensional space (timed by a fifth time dimension) 
and has two linear momentum components: 


a) Three-dimensional momentum p 
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b) Perpendicular momentum moc in the direction of radial time. 


In addition, the particle travels at the speed of light in along a hypotenuse with an inertial mass m. 
Now it starts to become clear that the motion of the particle is actually in a five dimensional space 
(four physical dimensions and a time) and at the speed of light, being the three dimension motion 
just a drift. The trigonometric functions associated with a relativistic Lorentz transformation are 
given in terms of velocity by: 


cosh(@) == a (2.3) 
Ie 
v 
sinh( œ) == = (2.4) 
1--> 
Cc 
tanh(@) = p = X (2.5) 
C 








Manipulating equation (2.2) and using m=m COsh® one obtains: 
me)? = (m? F m, 2c (2.6) 
mo cosh(a)c}” =(myv cosh(o) F +m 2c? (2.7) 
my cosh(ct)c)” = (mp sinh(a)c +m 2c? (2.8) 

-)-( l J- 1 j (2.9) 

A, Acprme Az Prime 

With 
1 _ moc de Broglie wavelength for the particle on its own reference frame, traveling at the 


A hn speed of light in the proper time projection T direction. 


Projection on the tprime direction. 
= + cosh(@y 
4, Prime T 


1 





i Projection on the xprime direction. 
=—sinh(&) 
A, Prime “T 


1 


Equation (2.9) is the basic equation for the quantization of relativity. It describes the motion of a 
particle as the interaction of two waves along proper time projection and three-dimensional space. 





The 1, p-ime > that is, the projection on the T’ axis of the wave propagating along the t axis (resting 
reference frame) is given by: 
A 
“= cosh(@) (2.10) 
T Prime 
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A, 





5 = sinh(@) (2.11) 


‘x Prime 


This means that the projected de Broglie time-traveling wavelength is zero when the relative 
velocity reaches the speed of light. Zero wavelengths means infinite energy is required to twist 
spacetime further. The rate of spacetime twisting with respect to proper time relates to the power 
needed to accelerate the particle to a given speed. From equation (2.5), acceleration in the 
moving reference frame can be calculated to be: 


; d tanh(& 
AcceleratiOnp ne = C? A (2.12) 
dT prime 
In the particle reference frame the acceleration has to be given by Newton’s second law 
: d tanh(@ 
Force = M Acceleration, e = M c° een) (2.13) 


dt 


Prime 


This means that any force locally twists spacetime, and not only gravitation as it is considered in 
general relativity. It also shows that as the relative speed between the two reference frames 
increases towards the speed of light, the required force to accelerate the particle approaches 
infinite. The same reasoning can be done for the concomitant rotation perpendicular to RX, 
resulting in the replacing the minus sign by a plus sign on equation (2.9) and the recasting 
equations (2.10) and (2.11) in terms of trigonometric functions as opposed to hyperbolic 
functions. Rotations around TX or RX result in a real angle œ= arctan(v/c). 


Figure 2 below displays the particle as a de Broglie wave oscillating as a function of 
cosmological time ®, propagating along R. This is a proper reference frame plot, that is, the 
particle is at rest at the origin with respect to the fabric of space and only travels along the radial 
time direction R. 


de Broglie time-propagating wave 


Figure 2. This model shows a de Broglie oscillation as a 
function of Cosmological Time ® using the proxy of time R. 
The diagram below represents the same observation 
from a moving frame of reference (relative velocity 
c times tan(a)): 
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ME de Broglie observed time-propagating 
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Figure 3. Projection of de Broglie Wave in the moving frame of reference. 


Energy Conservation of de Broglie Waves: 


The total kinetic energy, calculated in terms of de Broglie momenta, is equal to the Relativistic 
Total Energy value of a free particle. The total energy is Moc’ in the proper reference frame and 
equal to: 


aa ( h E h ) ae seated) (so) oe ane (2.14) 
M,| (4 A M, A A M At 


‘x Prime t Prime t t 











in the moving referential frame. 


Phase Matched de Broglie Wave Interpretation of a Particle 


Let consider a particle as a de Broglie wave. In its own referential, it just propagates in the 
direction of radial time R, as in figure 2. On a moving reference frame, shown in figure 3, the de 
Broglie wave is decomposed in two: 


1 _ cosh(@) 
A 





e One with wavelength propagating along x 


‘x Prime T 


1 _ sinh(@) 


e A second with wavelength propagating along T. 





T Prime r 


Their nonlinear interaction results in: 


W(x, 7) = cost xcosh(a) cosh Tsinh@)) (2.15) 
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W(x, 7) = soos (xcosh@)—rsinh@))) + oost (xcosh@)+zsinh@))) (2.16) 


A 
or two waves propagating in the direction of œ and —a with wavelength equal to ———_. Thus 
cosh(@) 
a particle can be described as a phase matched wave propagating along its dimensional time 
direction as the hyperspherical universe expands as a function of cosmological time. 


2.4 The Meaning of Inertia 


From equation (2.12) it is clear that inertia is a measure of the spring constant of spacetime, that 
is, how difficult it is to twist spacetime. Any change in the state of motion also changes the 
direction as referred to the absolute referential frame R®, which means that inertia is also a 
measure of how difficult it is to locally twist the fabric of space. 


Notice that Newton’s first equation (equation 2.13) can be recast as an equation stating that the 
strain on the fabric of space is the same on both projections shown in figure 1. 


d tanh(@, ) _ d tan(@p ) 
dt dr 


identical. 





since tanh(æ_) = tan(@,) = ~ and r and Tt are numerically 
c 


To obtain the force (stress) needed to create such a strain, one needs to multiply the strain by the 
area subject to it. In the 4D hyperspherical paradigm, this means that the mass is proportional to 
the 3D projection of the 4D displacement volume associated with the objects (particles). 


This identity is used thoroughly during the grand unification calculations on section 3. 


2.5 Why do things move? 


The relaxation of a fabric of space deformation is considered within this theory to be the cause of 
inertial motion. Two objects would act upon each other and then distance themselves until their 
interaction is vanishingly small. Under those conditions their distance would grow until they 
reach their Hubble equilibrium position, that is: 








= x 
y= C Hubble L tubbleEqui librium (2.17) 
v*4DRadiusOfTheUniverse 
L hubbleEquilibrium = (2. l 8) 
c 
Where it is clear that the Hubble constant is given by: 
c 
CeT (2.19 
mwe 4A DRadiusOfTheUniverse i 


The 4D radius of the universe is shown in Figure 1, and it is equal to the age of the universe times 
c. At that point, 4D space would be relaxed and their distance would grow governed by the 
universe expansion. Even though matter would be standing still with respect to the FS, their 
relative motion would continue at the Hubble speed forever. The fraction of the universe that is 
relaxed at any given time and direction can be measured from the distribution of Hubble 
constants. The narrower the distribution of Hubble constants from a given region of the 
Universe, the more relaxed that region is. Needless to say, this is the underlying reason for 
Newton’s first law. The proposed topology implies that the Big Bang occurred on all points of 
the shock wave universe (or the currently known 3D Universe) at the same time. Since matter is 
considered to have rushed away from each and every point of the 3D universe in a spherically 
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symmetric manner, the Hubble constant has to be a constant for the average. Other cosmological 
implications will be discussed in a companion paper. 


Equation (2.16) might seem obvious but it is not. There are questions about why the Hubble 
constant is not constant. In this theory it is clear that the Hubble constant relates to the average 
velocity in a given region of space and thus it should not be a constant applicable to each and 
every observation. 


2.6 Why is the Speed of Light the Limiting Speed 


In this model, in a de Broglie universe expansion step, the furthest a dilator can move is one de 
Broglie wavelength sidewise, that is, along the spatial direction (see Figure 1). That would result 
in a 45 degrees angle with respect with R. 

The proposition of this theory is that this is the real reason for Lorentz transformations asymptotic 
behavior and that inertia is really a measure of the difficulty to bend local 4D space. In section 2.3 
it became clear that they are the same rotation, driven by the change in velocity. 

From Hubble considerations and from examining Figure 1, it is clear that the maximum absolute 
speed is 1*c, but cannot be measured because one can never see or reach anything beyond one 
radian in the shock wave universe. 


2.7 Hypergeometrical Standard Model 


A new model for matter is proposed. In this initial model, the elements, protons, electrons and 
neutrons and their antimatter counterparties are recast as being derived from a single particle. 
This particle is expressed in geometrical terms as being a coherence between two 4D deformation 
stationary states from a rotating 4D double potential well. This coherence is called a dilator. As 
the dilator oscillates between sides of the potential well, it creates a traveling modulation of the 
metric or 5D spacetime waves or dilatons. Spin is modeled not as an intrinsic degree of freedom, 
but as an extrinsic tumbling or rotation of the dilator. Since the dilaton frequency is defined 
just by the gap between the fundamental dilator states, it frequency does not depends upon 
the mass of the dilator. Dilatons travel through the 4D space. 3D projections are known as de 
Broglie matter waves. This is an important concept since a corollary is that a monochromatic 
(same velocity) flow of electrons will produce a coherence dilaton field, superimposed on the 
dilaton random black body background. This will be used to explain the double slit experiment in 
the Conclusions section. Planck’s constant is the connection between the 3D dilaton projection 
wavelength and the particle 3D linear momentum. Planck’s constant ensures that for the 3D 
observed mass and velocity, the de Broglie wavelength will match it fundamental dilaton 3D 
projection. Mass is considered to be proportional to dilator maximum 4D volume. Calibration is 
made to replicate Gauss’ electrostatics law, Newton’s gravitational law and Biot-Savart law of 
magnetism. Since mass is proportional to a 4D volume and volume depends upon lengths, which 
are Lorentz invariant , the 4D-mass volume representation is also Lorentz invariant. 4D-mass is 
defined as being the total mass or 4D volume displaced in an oscillation cycle. Since the dilator 
oscillates between states corresponding to an electron and a proton, its 4D mass will be one 
atomic mass unit. 3D-mass is the mass or 4D displacement volume perceived in the 3D Space at 
given phases of the de Broglie expansion. 


Dilators with spin zero are modeled to couple with superficial wave, and thus their position 
changes from one de Broglie cycle to the next just by the displacement governed by a new 
quantum Lagrangian principle. Its propagation direction continues to be perpendicular to the 3D 
universe hypersurface. Dilators with non-zero spin are modeled to couple with volumetric wave, 
and their position changes from one de Broglie cycle to the next just by the displacement 
governed by the Lagrangian principle. In addition, its propagation direction is redirected by the 
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angle covered by this transition. Since the change in angle is defined with respect to the last step 
k-vector, charged particles are to sense a much higher acceleration than zero spin particles 
(matter). This is the proposed reason behind the strength difference between gravitation 
and electromagnetic Forces. 


2.8 Cosmological Coherence 


The coordinated actions of dilators implicit in the proposed Lagrangian principle mean that even 
though the dilator is a 5D spacetime wave generator it behaves as a wave, thus implicitly 
replicating wave behavior. Its position is determined at each de Broglie step according to the 
local dilaton environment. 


The concept of 4D spacetime deformation coherences generating waves is created in analogy 
with electromagnetic waves being created by electronic coherences. In the case of spacetime 
coherences, the coherences for the fundamental dilator (proton-electron dilator) are never 
dephased. Dephasing would result in proton or electron decay or disappearance. The states 
corresponding to the proton and to the electron are considered to be the ground states for each one 
of the two wells, thus they cannot decay further, only dephase. 


All matter in gravitational and electromagnetism studies here modeled are composed of protons, 
electrons and neutrons, thus are composed of this fundamental dilator. Although current 
understanding of charged particles associates with them a gravitational mass, their gravitational 
field could never be measured. If it were to exist, their electric field would be 10°% times larger 
than their gravitational field. 


In this model, charged particles have no gravitational field, since in this model there is only one 
kind of interaction and two kinds of responses. 


The Quantum Lagrangian Principle means that all matter, charged or not, is synchronized with 
the surrounding dilatons, thus generating a cosmological coherence. 


This idea of a cosmological or macroscopic coherence might seem unexpected but it is built-in in 
the concept of field. Fields are constructs derived from electromagnetism and gravitation 
equations. In a purely geometrical theory, which has been the goal of many scientists and 
philosophers for thousands of years, there should be only a few constructs: space, space wave 
(metric modulations), and local and global symmetry rules (angular and linear momentum 
conservation) adapted to the appropriate constructs. There shouldn’t be mass or charge in a purely 
geometrical theory, only displacement volume and phase. Returning to the concept of fields, 
when one consider gravitation/electrostatics to be an extensive properties of mass/charge, one is 
implicitly adding the corresponding wave amplitudes within an implicit geometrical theory 
without regard to their phases, that is, fields imply coherences. This is a fine point that has been 
missed since nobody planned to eliminate the concept of mass and charge to build a geometrical 
theory. Einstein’s gravitation theory used mass to deform spacetime. Kaluza-Klein also used 
mass to deform spacetime and created a compact dimension to store the electromagnetic fields. In 
this theory, coherent dilatons controls dilators motions in a mutually consistent cosmic 
symphony. 


Figure 3 displays two inertial systems with the same origin. System with distinct origins would 
have an additional phase-shift due to the retarded potential interaction. This is the reason why all 
the waves in a multi-particle body can have their amplitudes added together, as opposed to having 
their amplitudes averaged out to zero due to a random phase relationship. It shows that a particle 
state of motion does not modify its phase relationship with the expanding hypersurface (3D 
Universe). The particle is always phase matched to the rest of the universe. This is the meaning 
of physical existence. Our concept of existence is based on interaction. If a particle had a de 


Quantization in Astrophysics ... 401 


Broglie wavelength different from the one of the fundamental dilator, its interaction would 
average out to nothing. No interaction means no material existence. A neutrino is an almost 
perfect example of this pattern — it still interacts a little. The phase matching condition implies 
that the entire universe is in phase (lived the same number of de Broglie cycles) as it propagates 
along the radial direction R. This also means that the universe is thin along the radial direction of 
propagation (much less than one de Broglie wavelength thin). 





The number of de Broglie cycles a particle passes through is independent upon the angle a 
(relative velocity). This means that any dilator of a given type is always in phase with 
another of the same type, irrespectively of its trajectory through the universe. It also means 
that protons, electrons, neutrons created in the dawn of the universe kept the same phase 
relationship with all the other protons, electrons and neutron of the universe throughout the 
ages. The same is true for any particle created at any time. De Broglie wavelength, phase 
and intensity are properties shared by particle classes. 











This coherence is essential in creating a quantum gravity theory and it is essential to the 
hypergeometrical theory. In fact, cosmological coherence is a hypothesis and a corollary of the 
hypergeometrical theory, because one could not construct a geometrical theory without a 
cosmological coherence due to the extensive property of gravitational, electrostatic and magnetic 
fields. 


2.9 Quantization of Time and the Fat Electron 


The theory makes use of a fat electron, that is, a one atomic mass unit electron in the derivations 
on sections 3.1 and 3.2. 


The derivations are done in the 5D spacetime and yield the acceleration for a single particle 
subject to one kilogram mass or to one kilogram of charge. Notice that acceleration is not force. 
To obtain a force, which is a 3D concept, one has to multiply by a 3D mass. To understand why 
one would use a one atomic mass unit electron, and what are the 3D and 4D masses, one has to 
see the process in 4D. First one needs to understand neutron decay to have some representation of 
the electron and proton 4-D deformational states. 


The hypergeometrical standard model for the neutron decay process is shown next: 
neutron -> proton + electron + anti-neutrino 
Where the 4D deformation states are given: 
(2/3,-1/3,-1/3) -> (2/3, 2/3,-1/3) + (0,-2/3,-1/3) + (0,-1/3, 1/3) (2.20) 
respectively. 
Conversely: 
proton + electron -> neutron + neutrino 
(2/3, 2/3,-1/3) + (0,-2/3,-1/3) -> (2/3,-1/3,-1/3) + (0,1/3, -1/3) (2.21) 


The representation of the neutron decay is presented here just to showcase how one thinks about 
nuclear chemistry in the hypergeometrical universe framework. The “quark” numbers are not 
meant to be considered the quark composition of the particles. It is an equation of 4D volume 
conservation and the numbers represent the three axis lengths of a 4D ellipsoid of revolution. 
Negative numbers just means that they have opposing phases. The total 4D volume of all 
particles in the universe should add up to zero. Any particle can be described through these types 
of equations and that will be discussed elsewhere. Notice that no number was given to the fourth 
dimension. There is no mentioning of the residual length of the fourth coordinate for simplicity, 
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but it is certainly smaller than the others, thus the resulting skinny profile when the dilator is 
rotated by 90 degrees. This assignment was done considering the lowest 4D volumes or lowest 
numbers, the number ONE can be decomposed for representing the nuclear reaction (neutron 
decay). 


This is clearly unorthodox, since the electron is not supposed to have a quark composition. 


Spin -0.5 Electron Spin -0.5 Proton 





Figure 4. The figure above show an electron-proton dilator as it tumbles during two de Broglie wavelength universe 
expansion, with the two possible initial phases. The left (right) scheme corresponds to an electron (proton). 


The red dot indicates that the coherence is on the proton side (2/3, 2/3,-1/3), while the green 
rectangle indicates that the coherence is on the electron side (0,-2/3,-1/3). Spin has been modeled 
as an extrinsic rotation perpendicular to RX. Spin half (N) means that the dilator performs half 
(N) rotational cycle for each de Broglie expansion step. Notice that the representation of spin as a 
AD rotation is distinct from orbital momentum L and total Momentum J. This is a four- 
dimensional space theory and one has to have angular momentum conservation in four 
dimensions, thus the rules for total angular momentum conservation are valid. 


Orbital momentum L and total angular momentum J are 3D concepts and will result from the 
projection of the equations of motion solution on the 3D hypersurface. Quantum mechanics 
replication is outside the scope of this paper. The behavior required by the quantum Lagrangian 
principle has the similar traits to the Bohr model. If one considers that in the prescribed QLP 4D 
trajectories, the electron riding the 4D dilaton wave will also ride its 3D projection -the 
corresponding de Broglie matter wave- then it becomes clear that QLP will immediately 
reproduce the Bohr hydrogen model and more. 


2.9.1 3D and 4D Masses 


Now one can define the 3D and 4D masses. From Figure 4, it is clear that what distinguishes an 
electron from a proton is a rotational (spin) phase. This means that our 3D interactions (material 
existence) support a pseudo time-quantization or intermittent interaction on quantized time steps. 
Thus 3D masses are the masses one observes at de Broglie expansion phases 0, 27, 47.... It is 
worthwhile to notice that on the de Broglie expansion phases m, 3m, Sm.. (when the dilator 
character changed totally and the 4D volume reaches a maximum) the 3D projection is minimal. 
In the case of an electron, the de Broglie expansion phase a corresponds to a skinny or laying 
down proton (nothing to grab). In this work, we are not presenting the equations of motion of the 
AD tunneling rotor, since they are not necessary for the understanding of the physical model. 
They are not needed either for the proposed grand unification theory. One only needs to know 
that 4D volumes are associated with electrons and protons and that electrons and protons are the 
two sides of the tunneling system. One also has to keep in mind that the 3D projection of this 4D 
volume is proportional to the corresponding 3D mass or simply particle mass. The derivation of 
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3D volumes from 4D volumes is done through simple local Cartesian projections, thus are trivial. 
The detailed shape of these states also doesn’t matter for this discussion. One only needs to know 
that the thickness (radial dimension thickness) of these states is much smaller than the de Broglie 
(Compton) wavelength of the dilator (one a.m.u. particle) to understand that when the tunneling 
rotor (dilator) is rotated by 90 degrees, it should show a much smaller volume from the 
perspective of the 3D universe. 


What would be the meaning of a 4D Mass? 


Remember that in a geometrical theory, mass has to be related to a 4D displacement volume. 
From the point of view of four-dimensional waves being generated by coherently located dilators, 
it doesn’t matter if the proton or electron are standing up or laying down, the 4D volume is the 
same. This means that the 4D mass of an electron is equal to the 4D mass of a proton - 
approximately one atomic mass unit. One atomic mass unit corresponds to a standing-up proton 
and a standing-up electron which is the exactly the mass of a hydrogen atom. This is an 
approximation because of the relativistic shrinking of volume as a function of relative motion. 
The correction factor should be, in terms of 4D volumes, equal to (standing-up electron + laying- 
down proton)/(standing-up electron + standing-up proton). In other words, a standing-up electron 
(proton) has a different perceived 4D volume than a laying-down electron (proton). This 
correction factor should be related to the electron gyromagnetic ratio. From there, one should be 
able to derive an instantaneous tangential speed. For sake of completeness, I will present briefly 
the other relevant particles: 


Spin 0.5 Electron Spin 0 Neutron 





Figure 5. The left (right) scheme corresponds to a spin-plus half electron (spin-zero neutron). 


A zero spin neutron is just a combination of the two dilator rotational states such that the total 
angular momentum and charge is zero. Its physical meaning is a transition state in the nuclear 
chemistry reaction described in equation (2.21). It is also, the closest representation to the 
archetypical gravitational particle. In this theory, electrons and protons join to form neutral 
matter. Neutral, zero spin matter is the matter that shows only gravitation. Figure 5 shows how 
the rotating dilator would interact to create this state. It is shown to showcase reasoning behind 
Hund’s law. Hund’s law states that particles should form pairs of zero spin, that is, one electron 
of spin +0.5 joins another with spin -0.5 in and electronic orbital. This is supposed to have a 
lower energy than if you put each electron by itself in each orbital. Figure 6 shows a spin -0.5 
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neutron, the only one observed in nature. It seems that the neutron as a whole is rotating, but this 
corresponds to a combination of a spin +0.5 proton with a spin +0.5 electron. Since this 
combination is the only one observed in nature, it should mean that it has higher energy or higher 
4D volume. Remember that one is considering the reaction in reverse, that is, one is considering 
adding one electron to a proton to yield a neutron and a neutrino- an endothermic reaction. 


The difference in energy or conversely 4D volume is the emitted neutrino described in equation 
(2.21). The neutrino also carries the extra angular momentum. 


Figure 6. The figure above shows an electron-proton dilator 

dimmer (neutron) as it tumbles during a two-de-Broglie- 
Spin -0.5 Neutron wavelength universe expansion. The scheme corresponds to 
spin-minus half neutron. 


If one adds a Spin -0.5 proton to a Spin +0.5 electron 
you get a Spin 0 neutron, which subsequently decays 
and emits a neutrino. The neutrino corresponds to 
the transition from spin-zero to a spin-half neutron. 
Since one would expect that the change in volume 
between the two states to be minimal, the neutrino is 
expected to have a lower tunneling frequency and 
thus being non-interacting, in fact, very little 
interaction, massless, chargeless and thus 
immaterial. 





Normally, one only speaks of spin projections along 
the 3D space directions. Since one has a physical model of a tumbling 4D dilator in a 4D space 
one has to define a direction of motion. Negative and positive spins are assigned to clockwise and 
counterclockwise rotations to keep angular momentum conservation in the 4D space. 
Antiparticles differ from their counterparties just by a 180 degrees dilation phase shift. Other 
nuclear chemistry reactions should have similar representation being the only difference the 
dilator coherence. 


2.10 The Meaning of a Charge 


From section 2.9 it becomes obvious what is the meaning of a charge. It is only the in-phase sign 
of the dilation. A proton is positive because it is dilated as a proton — it has proton 3D mass or 
proton 4D Volume, when observed by the shock wave universe. An anti-proton would have the 
same 3D mass but the 4D displacement volume would be negative, that is, the modulation in 
metric had the opposite effect on 4D Space. The difference in 4D Volume on specific phases is 
why a proton and an electron do not annihilate each other, as do a proton and an anti-proton. 


3 Force Unification 


3.1 Quantum Gravity and Electrostatic Interaction 


Let’s consider a body and a particle interacting through their four-dimensional waves. The body 
will always have a kilogram (of mass or charge) and the particle will always be a one a.m.u. 
(atomic mass unit) particle (~neutron). For the gravitational interaction, this particle will have 
zero spin, while it will have spin half for the electrostatic interaction. Although the four- 
dimensional wave interaction is taking place on the hypersurface of a four-dimensional expanding 
hypersphere, one will make use of cross-sections to calculate interference patterns. Interference 
is considered on each de Broglie expansion of the hyperspherical universe. Notice that spacetime 
waves and their sources will be described in detail in a paper of this series. One can briefly 
describe the source of waving as a four-dimensional particle (four-dimensional ellipsoid of 
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revolution or particle X for simplicity). The X particles are characterized by four axes lengths. 
Three axes lengths correlate with the quarks composition of matter. The fourth-axis always points 
in the radial time direction. Needless to say, different quarks (axis lengths) and different 
rotational states around the four axis will be sufficient to maps all known particles (photons, 
mesons, neutrinos, etc). Volume (mass) tunnels in an out of the three-dimensional space for 
spinning particles (particles with non-zero spin) and out and in towards the radial time dimension. 
Spin is considered to be a special rotation, since the rotation axis is perpendicular to radial time 
and one of the spatial coordinates. That gives spinning a different effect; it brings the particles in 
and out of the fabric of space, thus allowing for a realignment of the k-vector of associated 


spacetime waves. Let’s consider the interaction through a two-dimensional cross-section (X x T). 
Particle one (one a.m.u “zero spin neutron” or fat electron) sits on x=0, while particle two (the 
body of 1 Kg) sits on x=Ro. The four-dimensional dilatons are embedded in a fifth dimension 
(cosmological time). A position in this space is defined by the following vector: 


ra 


r.p 


F=| ry using director cosines ©, B and y. (3.1) 


T 
p 


At time zero, the positions for particles 1 and 2 are given by: 


0 R 
0 0 
F, -|0 and R =| 0 (3.2) 
0 0 
0 0 
After a de Broglie cycle, one has these three vectors: 
0 r R 
0 0 0 
i(A) = 0 and F=! 0 and R=!| 0 (3.3) 
A, A, A, 
A, A, A, 
F (A )is the unperturbed crest of the four-dimensional wave of particle 1 after a de Broglie cycle. 
r is the position of the same crest under the influence of particle 2. 
The k-vector is given by: 
100 0 oy! l 
aaO 1 9 9 0 0 ; 0 Si 
k=g ki =l0 0o 1 0 of0|=4|0 (A) 
y A 1 A\_y 
0 0 0 -I1 0 l 1 
000 0 1 > > 
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Where gø.. is the local metric of the five-dimensional space. Again, cosmological distances 
L 


would require a further refinement and the usage of a non-local metric. This is not required in the 
calculation of near-proximity forces. In the derivation of the Biot-Savart law, g_ will be 
y 


rewritten with regard the corresponding non-zero relative speeds. Notice the ⁄2 phase dependence 
on k-vector, corresponding to the fifth dimension for a half-spin fat electron. 


And 

100 0 01 1 

010 0 ofo 0 
be o 1 0o OO AZZ eo 
A, Te 

000 -1 of1 =i 

000 0 Iho 0 


for a “static zero spin neutron ” forward time traveling wave. Notice that the dilaton and the 
dilator are treated as one due to the QLP. Where 


e N=1Kg of Matter =1000 Avogrado’s Number=6.0221367360E+26 particles of type 1. 
° ı = h*1000*Avogrado/(1 Kg x c)= 1.3310E-15 meters ( in the MKS system). 

© A=Aixe h/(1Kg x c)}= 2.2102E-42 meters ( in the MKS system). 

© Gravitational 1S the gravitational constant = 6.6720E-11 m’.Kg!.s” 

Single electric charge (1.6022 —19 Coulomb). 


e qe is the effective value of the single electric charge= charge divided by a corrective 
factor of 1.004145342= 1.59556231E-19 Coulomb 


e & =permittivity of the vacuum = 8.8542E-12 C”.N''.m? (MKS) 
Starting with the standard MKS equation for electrostatic force between two one Kg bodies of 


electrons (one a.m.u. “electrons” or “protons”) = x Coulombs, one obtains: 


F — 


Electrostatic 








1 (xCoulomb)’ 1 N IK i (q, * Coulombs * per * particle} 
Imeter* 


4mé,  \meter* 47e, \ |\Kg 


Electrostatic 


2 2 
: í K (4. * Coulombs * per * partite) (ike) 





i ATE, lKg meter” 
G Brectrostatic a SE y = 8.29795214E + 23 (3.5) 
i ATE, 
Corcrosaic _ 8.297952 14E +25 _ 1 74369786E +36 (3.6) 
G 6.672E —-11 


Gravitational 
The dilaton for a single particle can be represented by: 
cos(ky F) 
1+P. f (ky 7-7) 





Y (x,y,z, T,®)= (3.7) 


where 
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e || means absolute value 
© f(k P= olk 7-27) k, #| 
e Where 9 is the Heaviside function. 


e P (absolute value of the phase volume) is 3.5 for a particle with spin half and 3 for 
neutral matter. The meaning of P is that for one de Broglie wavelength traversed path by 
the hyperspherical universe, a propagating spacetime wave spread along by a factor of 
P2zx (77 for charged particles and 6r for neutral-zero spin matter). 


Similarly, for a 1 Kg body located at position R : 


M.N.cos(k,.(R—7)) 
1+ P.f(k,,R-7) 





W (x,y,z, T,®) = (3.8) 


where the effect of the 1 kg mass is implicit in the kz-vector and expressed by the factor N. The 
wave intensity scales up with the number of particles (N). One kilogram of mass has 1000 moles 
of 1 a.m.u. “zero-spin neutrons”, or |k2| = 1000.Avogadro. |kı|=N. |kı|, where 


e M=l1 for neutral matter-matter or antimatter-antimatter interactions or opposite charge 
interactions 


e M=-1 for neutral matter-antimatter interactions or same charge interactions 


To calculate the effect of gravitational/electrostatic attraction, one needs to calculate the 
displacement on the crest of each particle or body wave due to interaction with the dilatons 
generated by the other body. 


This is done for the lighter particle, by calculating the derivative of the waveform and considering 
the extremely fast varying gravitational wave from the macroscopic body always equal to one, 
since the maxima of these oscillations are too close to each other and can be considered a 
continuum. 


The total waveform is given by: 
cos(ky I) M*N 
= > + = 





jC Vs2,T®) (3.9) 


a ta 


The term f (k, R-F ) contains the treatment for retarded potentials, but for simplicity we will 


neglect differences in dimensional time between R and ?. Equation (3.9) is the one and only 
unification equation, that is, it is the four-dimensional wave equation that yields all the forces, 
when one consider four-dimensional wave constructive interference. It shows that anti-matter will 


have gravitational repulsion or anti-gravity with respect to normal matter. The derivative for Wi is 
given by: 


OW (x,y,2,7,P) 


E (3.10) 
k 
ox í 


1 








t=4 


k (7) << 2n. 


V(P.f (ky 7 —7y)) =0 due to |i, 





Similarly 
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OW (X,¥,2,7,0) ~ N*M (3.11) 
ax t=A, Phy R? 





Solving for x: 


N A A,N*M 8.12 


x= 
Pk?k, R? — P(2aY R? 





There are two regimen of spacetime travel and they are depicted in Figure 7 below: 


Figure 7. This figure shows the geometry of a surface bound particle. This 
is a X versus T cross-section of the hyperspherical expanding universe. 
Notice that the two circles represent a one de Broglie expansion of the 
hyperspherical universe. 


At each de Broglie step both types of particles (zero and non- 
zero) change position by the same amount x and that defines a 
change in k-vector direction. The difference is with which 
referential that change in angle occurs. In the case of 
volumetric waves (non-zero spin particles), the k-vector is 
allowed to change by the angle oj, while in the case of 
superficial waves (zero spin particles), the k-vector changes 
just by the amount given by Ow since its k-vector has to remain 
perpendicular to the fabric of space. Tan(q) is given by tan(a,) 
=x/A, or by tan(Oo) =x/A1*( A1/Ro) depending upon if the interaction is such that the particle k- 
vector shifts as in &; or it just acquires the radial pointing direction as in Œo. A further refinement 
introduced by equation (3.13) below introduces a level of local deformation of the de Broglie 
hypersurface or fabric of space. A change in angle Q corresponds to a much smaller angle 
change between the radial directions (by a factor A,/Ro = 9.385E-42, with Ro (circa 15 billion 
light-years) as the dimensional age of the Universe). The experimental spacetime torsion due to 
gravitational interaction lies someplace in between 1 and 10’, thus showcasing a level of local 
deformation of the fabric of space. From figure 7, one calculates tan(œ) as: 


x AAN 
t =—d=——= 
an(@) A, P(2x) R 2 





(3.13) 





Where 9.385.107” E <1 and M=1. It will be shown that the upper limit is valid for 
Ry 

charged particle interaction, while the lower limit modified by a slight deformation of the fabric 

of space will be associated with gravitational interaction. For the case of light, one has the 

following equation: 


tan(@,) =1 (3.14) 


That is, light propagates with proper time projection/propagation direction t at 45° with respect to 
the radial time/direction. To calculate the derivative of tan (&) with respect to T, one can use the 
following relationship: 
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tan(@,) AN 





3) 
—tan(@,)= = (3.15) 
oT o) A P(2x)R? 
Acceleration is given by: 
d c° A,N 
a=c° — tan(@,)=———_6 (3.16) 
a P(22)° R? 


To calculate the force between two 1 Kg masses (1000 moles of 1 a.m.u. particles) separated by 
one meter distance one needs to multiply equation (3.15) by 1Kg (N particles/Kg* 1Kg): 


F=G 





N 2, 
Ay ies 5 
Ukey a 5 like) ga 
(Lmeter )* PQzy (1meter )? 


Calculated (6 


For 6=1 and P=3.5 one obtains the Getectrostatic (3.5). 


lia 
if epee f 
G coming Oee =8.297952148 +25= G (3.18) 


P (27 y Electrostatic 
Where one made use of A\=NA, and considered the absolute value. It is important to notice that 
the derivation of the Gcatculatea never made use of any electrostatic property of vacuum, charge etc. 
It only mattered the mass (spacetime volumetric deformation) and spin. Of course, one used the 
Planck constant and the speed of light and Avogadro’s number. By setting 5=1 one recovers 
the electrostatic value of G! 


To analyze gravitational interaction, let’s consider that Hubble coefficient measurements estimate 
the universe as being around 15 Billion Years old or 1.418E26 meters radius. To obtain the 
elasticity coefficient of spacetime, let’s rewrite ô= (A,/Ro)& on equation (3.17) and equate the 
Geatculated tO GGravitational for two bodies of 1 Kg separated by 1 meter. 





F=G 





| N Ja 
s (meter )? P(2z) R,” (meter )? 
0 


Gravitaion al 








Where P =3 since we are considering a spin-zero interaction. Solving for &: 











3 
a = P(2z) R oC Gravitaion al — 8.567 x10* (3.20) 
e AS 
lKg j) ` 








If we consider that the force is given by mass times acceleration: 


2 Ətan(6)_ m ee A 





F = M yass y = M yass = x (3.21) 
Mass™ x Mass aA Ai R, č 
m 2 
F= Mec gyn mus| 2799 Universe | -X (3.22) 


The natural frequency of spacetime oscillations is: 
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2 
Giri 1 |c č (3.23) 
Q = = 32.14 KH 
Universe mn A Z 


Notice that this is not dependent upon any masses. That should be the best frequency to look for 
or to create gravitational waves. Of course, Hubble red shift considerations should be used to 
determine the precise frequency from a specific region of the universe. At last one can calculate 
the value of the vacuum permittivity from equations (3.5) and (3.18) as: 


SIR NG 


: = 8.85418782 E -12 (3.24) 
Cd, 


Eo 


Not surprisingly, there is a perfect match between theoretical and experimental (8.85418782E-12 
C’°.N'.m” ) values. The correction factor used to calculate the effective charge per particle is due 
to the effect of non-zero spin on matter, thus related to the particle gyromagnetic ratio. It is 
important to notice that this derivation don’t use any parameterization. The “gyromagnetic ratio” 
and the “FS elasticity” are predictions of the theory, which uses only electron charge, speed of 
light, Avogadro’s number and Planck’s constant to relate it to non-hypergeometrical physics. 


The complete gravitation equation is given by: 





apr j a 

§ mm 

Gravitaional = 3 a ! = (3.25) 
PQA R | R 


Quantum aspects can be recovered by not using fast oscillation approximations. It is also 
important to notice that equations (3.8) and (3.9) can be used to calculate the interaction between 
any particles (matter or anti-matter) or to perform quantum mechanical calculations in a manner 
similar to molecular dynamic simulations. The quantum character is implicit in the de Broglie 
wavelength stepwise quantization. It is also relativistic in essence, as it will become clear when 
one analyzes magnetism next. 


3.2 Magnetic Interaction 


The Derivation of the Biot-Savart Law 

Let’s consider two wires with currents i, and iz separated by a distance R. Let’s consider in on the 
element of length dl, as the result of a moving charge of mass of 1Kg of fat electrons (one a.m.u. 
electrons). This is done to obtain the correct scaling factor. 


Without loss of generality, let’s consider that the distance between the two elements of current is 


given by: 
1 0 
1 0 
R- lıl-pRgî and Faha (3.26) 
v3 0 0 
0 0 


The velocities are: 
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Êi B, 

7, =v 7 atid V, =Vo) Yo O27) 
0 0 
0 0 


Due to the spin half, one has after a two de Broglie cycles: 


plpa) = i 
r v R 
—.(1+4 B, V3 — 0 
4, g" Cc Pane) and R= J3 and z= 0 (3.28) 
| aay) 1 “| 
B č 2 NEI A, 
2A, 2A, 2A, 
2A, 2A 








Since one expects that the motion of particle 2 will produce a drag on the particle 1 along particle 
2 direction of motion. 
The figure below showcase the geometry associated with these two currents. 





Figure 8. Derivation of Biot-Savart law using spacetime waves. 
Notice also that the effect of the 2 spin is to slow down the rate of phase variation along the 


dimensional time T in half. 
In the case of currents, the velocities are not relativistic and one can make the following 
approximations to the five-dimensional rotation matrix or metric: cosh() =1 and sinh(,) =v;,/c 


where v; is the velocity along the axis 1. 


The k-vectors for the two electrons on the static reference frame are given by: 
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l Pe ae i (3.29) 
E ae Oi . 
1 0 0 -a1 oL B e 
c Be 1 +B vi 
y L 
0 1 @ apt ae 
ea ae es e 
1 A} 0 0 1 -n+ of- 4, Aa Te 
i 3 is yk | 
a gil ye j o i fas" +p lay 1 
C C C yý 
0 0 0 0 12|] 1 
g 2 
Similarly: 
1 v2 ] 
B ag 
1 v2 
BE (3.30) 
p a2 1 v9 
2 Ay B Y2 i 
v9 v9 v2 
a ard 2 igs eta 
1 
li; 2 J 
The wave intensities at 7 are: 
( d) cos(ky I) aa 
VW X,Y,Z,T, = Pe ee i 
i 1+P. f (ky ,F-79) 
M .cos(k,. (R -F 
y(x, y,Z,7,B) = eee) (3.32) 


1+ P.f(k,,R-7) 
Where N= 1000 Avogadro, = de Broglie wavelength of a one a.m.u (atomic mass unit) particle, 


A.=de Broglie wavelength of a 1Kg particle= 1,/N. 
Now one can calculate: 



































i ] (3.33) 
ee. ray 
1 y ait Sav) 
an e 
aisle 1 oY Bit?) op RVR IL, 
k F-E +4, 1+——+ + 
l poi ra A a a 
— (147,73) 
vi vi vi NEY c 
a res E E 0 
C C Cc 
1 0 
| 1 | 
7 VR VR VW. (3.34) 
pee el +24 12 hoz 
1 A c Cc c2 
ZR R VI>). (3.35) 
vk (F-7))=v(k j)=°™ it, 24 12 lR 
1 1 Ee @ 2 
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V(P.f(k,7-7)) = 0 due to k, r-7) << 27. 
Similarly: 
peZ R r 
C 
lg w B -p02 a3) 
v3 2e Fell 2 fy V3) a 
k Py ~ 2m 1 vy V3 V3 2 ~ 2aR V>.R 
(RF) =F at LTE Se 
K v3“ e Riri Woe Ape e 
v9 v2 J3 B3 ( +2 2n 3) 
azp 0 
1 0 
L 2 i 
1 V2 
Aya. 
3 2 1 
Te Ç -lq 2 BB) . f 
vran R-P) sayy 2 V3 2m yo lg 
A, 3 c -lq soy B) A, c 
v v. v. B % 
E Nay ae er 2h B 
2¢ 2e 2e 0 
1 0 
2 
Hence: 
Vy ( z0) VFP). ea 
No Vank a = = sin(k, 7 
l +P SF-A) 
2 Fie VaR TY 
vasarad] 1+ I: + 2: + 12 rR 
A c g c2 
And 
k, R-F a (àY ViR) p 
k, R-F V,.R\R c lp 
(HPL, R-A p| oR 
A, c 
Thus, 
A V,.R\ Pp RI VR VR WS. 
a2 1- RR-2 -2-2 9 12 
Pea 27 c |R2 ={a2a c c = 2 F 
2 ESA eA Pe aN 2] > 
am) | AR DR 1D ox} P R 
A, € i c i c2 
A „È lok RAS: Jo, 7R 7 R „2R 7 R E V 7 R 
5 2 c c c2 c c c c c o2 2 
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(3.36) 


(3.37) 


(3.38) 


(3.39) 


(3.40) 


(3.41) 


(3.42a) 


































































































RR-21— . since v2=0 (3.42b) 
= 2 R 
ep sfa 7] R2 
Q2aPP R 
„DR OR [PRIER 
ce ee Whos since v1=0 (3.42c) 
mar 
pe 2af P R? 
aa i =v2= 42 
: 7 2) (Ra) F since vl=v2=0 (3.42d) 
PP xP P R? 
(3.42f) 
A VR| VR F nn i VaR 
a . E 2 c c é Ê 
Total "ee" Top i "pe "op J Ç ‘| 2af Pp R2 
Where p stands for proton and e for electron. 
VW. VR\V.,.R 
212a 152 
oa c2 c ĝ (3.43) 
a 
aP P R? 
r= a21 (et oR)! | R (3.44) 
2) ogBpc2 R 


Where non-velocity dependent and single velocity dependent contributions where neglected due 
to the counterbalancing wave contributions from static positively charged centers. 








The force is given by: 
a 2otn@) 2 r 4 aya) — 722 Le ela apa E 3.45 
Fac? OO a oan ee psn bi olin )a) (3.45) 


Where one took into consideration that a particle with spin half has a cycle of 2 A, instead of A). 
The Biot-Savart law can be written as: 


tt dicks (di,.dl, )x,, 








d 22 (3.46) 
4r [X | 
Comparing the two equations one obtains: 
A 
Ho 2 5 (3.47) 
4r (27) qe P 
Thus 
Hy = Os (3.48) 
im aP 


From equation (3.24) 
_2Pr° Nq; 
oe cn 


1 
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Thus 


2 2. 
fe er tye EA N yl (3.49) 
0 0 2 2 2A 2: 
2P2 de C Ai c 





Thus one recovers the relationship between uo and £o. 


3.3 Grand Unification Supersymmetry 


As the dimensional age of the universe becomes smaller, the relative strength of gravitation 
interaction increases. Conversely, one expects that as the universe expands gravity will become 
weaker and weaker. This and the four-dimensional light speed expanding hyperspherical 
universe topology explain the acceleration of expansion without the need of anti-gravitational 
dark matter. 


For gravitation the spring coefficient is given by: 


2 4 
2. dtan) _ neutron” 8.56610" A, 











= = = 3.50 
neutron i ay neutron dA Veal Ro ‘i K ( ) 
Similarly for electrostatic interaction, one has: 
= ee 2 dtan@) _ ™neutron© EP (3.51) 
neutron x neutron dA 12 1 e 
Ko 8.566104 2 
Thus © = 1 (3.52) 


Ko Ro 

Thus when Ro was smaller than 8.566104 times A, (3.8E-19s), gravitational and electromagnetic 
interactions had equal strength. They were certainly indistinguishable when the radius of the 
universe was one de Broglie wavelength long. This section is called Grand unification 
supersymmetry, because condition (3.52) plays the role of the envisioned group theoretical 
supersymmetry of the grand unification force in future theories. Of course, it has a geometrical 
interpretation. At that exact radius, an elastic spring constant of the fabric of space allows for a 
change in the local normal such that it is parallel to the redirection of k-vector of a freely moving 
dilator. This is not what most scientists in this field expected but science is not about 
expectations. 


4 Conclusions: 


The hypergeometrical theory, a model that considers the interference of four-dimensional wave 
on the hypersurface of a hyperspherical expanding universe was introduced. 


The complexity of the present description of the universe in our sciences*® is assigned to the fact 
that one is dealing with four-dimensional projections of a five dimensional process. Our inability 
to realize that made the description unnecessarily complex. 


These are the ingredients for a new and simple formulation of Physics: 


e Anew quantum Lagrangian principle (QLP) was proposed. 
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e Quantum gravity, electrostatics and electromagnetism were derived using the same 
equations (QLP), same framework. The theory is inherently quantum mechanical. 


e The quantum version of this theory is readily achieved just by eliminating the high mass 
or short wavelength approximation on equation (3.9). It is outside the scope of this paper 
to implement hypergeometrical universe quantum algorithms. In a fully geometric 
theory, there are no energy or mass quanta. Motion is quantized by the QLP. All the 
other quantizations can be recovered from that. 


e Two fundamental parameters of the universe were calculated from the first principles 
(permittivity and magnetic susceptibility of vacuum). 


e Biot-Savart law was derived from the first principles. 


e Grand unification supersymmetry conditions for the time when all forces were equal were 
derived from simple geometrical considerations. 


e The fabric of space can be considered to be the regions of the hypersphere where the 
normal to its local space is pointing in the radial direction. Any region where that 
happens has a distinct and yet undistinguishable character. It is distinct because it is 
pointing in the direction of the universe expansion, but it is indistinguishable within the 
four-dimensional (relativistic) perspective. All reference frames are equivalent within a 
four-dimensional perspective. They become distinct but not distinguishable under a five- 
dimensional analysis. 


e The natural frequency of spacetime oscillations is derived to be 32.14 KHz. 


e Mach’s non-local gravitational interaction explanation for inertia is replaced by a 
hypergeometrical local fabric of space distortion argument. 


e Mach’s and Newton’s absolute times are assignable to the cosmological time. That time 
is absolute but can only be measured by observing the expansion of the four-dimensional 
hyperspherical universe. 


e 3D and 4D masses were defined in terms of 3D projections of a 4D volume at specific 
phases of the hypergeometrical universe expansion 4D masses were the corresponding 
mass within a de Broglie expansion cycle 


e Pseudo time-quantization was proposed. 


e A fundamental dilator corresponding to both the proton and the electron was proposed. 
Particles were modeled as coherences between two 4D deformation states of a rotating 
AD double potential well. 


e Dilatons from the fundamental dilator were proposed to be light speed traveling metric 
modulations generated as the dilator tunnels from one state to the other, thus changing 
character from electron to proton and vice-versa. Anti-matter was proposed to be the 
same dilator just with a negative phase. 


e Since all non-exotic matter (elements, electrons, neutrons, protons, anti-elements, anti- 
electrons, anti-neutrons and anti-protons) were proposed to be composed of the same 
dilator, a cosmological coherence is derived. 


e Exotic matter (hyperons) is proposed to be the more complex coherences shown in 
Appendix A. Nuclear energy is proposed to be stored in deformations of the fabric of 
space resulting from mismatch of tunneling and tumbling processes within a complex 
coherence period. The mismatching would result in a tilted state at the de Broglie phases 
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of the Cosmological Coherence. It is proposed that interaction of these particles with the 
Universe through the QLP, requires that the beginning and final states to be flat on the 
3D hypersurface and that any distortion to be distributed among sub-coherences. The 
amount of tilting on the individual sub-coherences is recovered at the moment of decay. 


e Higher degrees of internal tilting can be achieved by non-fundamental sub-coherences. 
The higher the degree of internal tilting the lower the element or isotope lifetime. 


e The only “force” is due to dilaton-dilator interactions subject to the quantum Lagrangian 
principle. There is no need for intermediating virtual particles to convey different forces. 


e Particle decay, as opposed to collisional reactions, can be explained by nonlinear optics 
methods or standard barrier tunneling methods — quantum chemistry methodology. Of 
course, to create quantum chemistry methodology one has to have the Schrodinger 
equation for the 4D deformation rotating double well potential. This is outside the scope 
of this paper. 


e There is a dilaton bath from which one can envision virtual dilators popping into 
existence, but it is not clear they are needed at all. Current science does not have the 
dilaton field, thus under those condition, virtual particles are need to explain nuclear 
chemistry. Notice that a dilator field is a matter field, that is, it is a function of the 
proximity of matter and not a property of empty space. It decays as one goes away from 
matter and thus it doesn’t blow up as vacuum zero point fluctuations would. This is at 
the heart of the solution to the action-at-distance paradox. The photon decay is due to 
dephasing of the electronic coherence due to interaction with the dilaton black body field 
from the detectors themselves. Since the radiation arriving from the detector on the 
emitting molecule is polarized (by the polarizers), the outgoing photon will know its 
polarization at the moment of emission and not at the moment of interaction with the 
polarizers. This eliminates the need of infinite velocity and thus eliminates the action- 
at-distance paradox. 


e The black body radiation due to dilators thermal fluctuations is not polarized and 
normally average to nothing. Thermal fluctuations are uncorrelated and isotropic. Any 
coherent motion will have a corresponding dilaton coherence along their 4D trajectory 
and a de Broglie projection in the 3D universe. This 3D de Broglie projection is real, that 
is, it is independent upon a single electron and at the same time it is dependent upon each 
and every electron in the coherent flow. The double slit experiment is done with a 
monochromatic flow of electrons passing through two slits. Due to the QLP, electrons 
will travel or surf the 4D dilaton field. That will have a 3D projection, which means that 
the electron will also surf the 3D projection of this dilaton field. We propose that the 
electron does not pass the two slits at the same time. It surfs a de Broglie dilaton 
projection that will create an interferometric pattern after the slits. Since the electron 
follows the dilaton field before and after the slits, it will follow the interferometric pattern 
and deposit accordingly. Thus the electron in the double slit experiment does not need 
to pass through both slits at the same time. 


e Dilatons and standard collisional excitation should suffice in this theory. In the same way 
that electronic transitions can be created by collisions, dilator collisions can create 4D 
deformation transitions. These transitions, if accompanied with the creation of new 
coherences will interact with the existing universe otherwise they would just disappear. 
The appropriate description of the 4D deformational rotating double potential well and 
the dilator rotational dynamics will be described elsewhere. 
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e A refinement on the fundamental dilator model is to consider it a four-dimensional 
ellipsoid of revolution with a 3D projection of the 4D volume proportional to the particle 
mass and three axes’ length quantum numbers equal to the corresponding quark 
composition. This is a zero 4D Volume sum rule for all the particles in the universe. 
Matter is energy and energy cannot be destroyed. 4D displacement volumes can! They 
have signs and any cosmogenesis theory basic on them will be able to reduce the whole 
universe to a fluctuation of zero. A simple hypergeometrical universe cosmogenesis 
theory will be presented in a companion paper 


e Since quarks are modeled as quantum numbers (axis lengths) of a volume, they cannot be 
separated in the same way one cannot separate the X dimension from a three-dimensional 
object. Structured scattering, which has been used as an indication of the existence of 
quarks, can be easily understood as an indication of the existence of a form or shape, that 
is, particles are not spheres. Other dimensions of the standard model are modeled as 
rotations. Spin is modeled as a rotation perpendicular to radial direction and one spatial 
coordinate (x, y or z). Three/two additional dimensions are captured as rotational degrees 
of freedom for rotation along the three/two spatial axes. 


e Matter and anti-matter should present anti-gravitational interaction, that is, they should 
repel each other with the corresponding gravitation strength. 


e Planck’s constant has a new meaning within this theory. It is the proportionality constant 
that ensures that the de Broglie wavelength, relating the observed 3D mass and 3D 
velocities, matches the 3D projection of the 4D dilaton. Notice that the 4D dilaton 
wavelength (frequency) depends only upon the gap between the two states of the 
fundamental dilator. This mapping is done through the linear momentum equation 
h=m.v.À . 


Cosmological Conclusions: 
The hyperspherical expanding universe has profound cosmological implications: 


e The expanding hypersphere clearly shows in geometrical terms that any position 
(cosmological angle) in the hypersurface (3-D universe) has a Hubble receding velocity. 


e The HubbleVel, the Hubble cosmological expansion velocity at a cosmological angle 0 
(see Figure 1) is given by 


o HubbleVel=c@ 


o This means that the three-dimensional space is expanding at the Hubble 
cosmological expansion velocity (speed of light per radian) as the hypersphere 
moves outwards along the radial time direction. 


o The corresponding elicited motions to all interactions in the universe are just 
side-drifts from a light-speed travel along the radial time direction. This explains 
why the speed of light is the limiting speed in our Universe. It is the only 
velocity anything can move. 


Conclusions about Time 


e This model contains one absolute time, the Cosmological Time and time projections for 
each inertial frame of reference. 


e Although absolute, one cannot measure time using the Cosmological Time, unless one 
observes directly the Hyperspherical Expansion of The Universe. 
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e Our universe corresponds to the XT cross-section shown in figure 1. There one can only 
measure the relative angle between T and T’, and thus only the relative passage of time. 








Hence time can be both Absolute and Relative and both Einstein and Newton were right. 








Astronomical Conclusions: 


e The entire Universe is contained in a very thin three-dimensional hypersurface of a four- 
dimensional hypersphere of radius c*[Age of The Universe]. 


e The thickness of this hypersurface varies depending upon which dilator state is in phase with 
the 3D Universe. Electrons thickness is about 2000 times higher than the one for the proton. 


e The average radius of curvature of this hypersurface is exactly the speed of light times the 
age of the Universe, or R=15 billion light-years or so. 


AnR* 
e The visible Universe volume is given by: VisibleUniverse Volume = aye 


e The whole (Visible plus Invisible) Universe should have a volume of 


4m(aR)° 
3 


UniverseVolume = . The actual radius of the Universe is nR or around 47 billion 


light-years. 


e Beyond the visible Universe lies the Never-to-be-Seen-Universe, whose linear dimension is 
actually (27-2) times the dimensional time radius of the hypersphere. 37/2R of the Universe 
linear dimension can never be reached 


e Of course, the four-dimensional light speed expanding hypersurface topology also explains 
why the Big Bang radiation comes from all directions and why one cannot ever locate a 
simple point where the Big Bang occurred. The Big Bang will always seem to have occurred 
in any direction if one looks far enough (the dimensional age of the Universe) and that is the 
result of four-dimensional explosion dynamics. 


e The other topology derived conclusion is that if one could “see and measure velocity using 
Cosmological Time” farther than the dimensional time radius of the Universe, galaxies would 
be traveling at speeds faster than the speed of light with respect to us. 

This wouldn’t be the case if we measure any velocity using cross-reference time Tt. Under 
those circumstances the maximum velocity is always c. 


e The fact that it is impossible to “see” any farther than the dimensional radius of the Universe 
means that the postulate of Relativity remains semi-solid. If one travels far enough but not as 
far as the age of dimensional radius of the Universe, one still could travel at absolute speeds 
faster than the speed of light. 


e The highest absolute receding speed of this Universe is tc, which is the real speed bump in 
the whole Universe. Absolute receding speeds are measure with respect to the Cosmological 
Time È. 


e Since the receding speed of the Big Bang is equal to the speed of light, all its electromagnetic 
energy is Doppler shifted by the time they arrive at us, thus one cannot ever observe the Big 
Bang with a telescope. On the other hand, one can probe the initial dynamics by looking as 
far as one can with a large telescope. 
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e The Cosmic Microwave Background is likely to be Doppler Shifted Gamma Radiation and 
not Blackbody Equilibrium Radiation. 


e Another corollary of this theory is the Hubble conclusion about an expanding hyperspherical 
Universe. The speed of light divided by the average numerical value for the Hubble constant 
is the inverse of the Age of the Universe (e.g. 16.4 Billion years, 55 Km/s per megaparsec 
with one megaparsec = 3 million light years). The averaging is necessary since if one looks 
at any direction, there will be debris from the Big Bang (Galaxies) of different sizes traveling 
towards and from your direction. 


e The topology offers the revolutionary perception that while we see ourselves at rest we are 
actually traveling at the speed of light in a direction perpendicular to all the three dimensions 
we can perceive in our daily life. General Relativity and present Cosmology has no qualms 
associating a Black Hole with a disturbance of spacetime continuum. Since we could easily 
fall into a Black Hole, it is not surprising that we should be modeled as a disturbance of the 
spacetime continuum in a similar manner. Like any disturbance, there is a natural 
propagation velocity, in our case that velocity is c (the speed of light). 


e One can easily see that the Big Bang occurred when the Universe was an infinitesimally 
small circle across each one of the three dimensions, thus it spanned the whole Universe. It 
occurred on all places at the same time. This is the basis for the non-locality of the Big Bang 
in a three-dimensional Universe projection. This means that in our Universe, the Big Bang 
occurred exactly where we are no matter where we are. The heat, horrendous explosion and 
debris has long since left this region and now one only can see the beginning of the Universe 
if one looks very far away to see the debris that traveled the age of the Universe and are only 
now reaching us. This is a quite surprising and elegant conclusion. 


e Due to the topology of a four-dimensional Big Bang, the center of the Universe is a location 
in the radial direction and not in 3D space. 


e Unlike motions along other directions of the four dimensional space, travel along the radial 
time occurs only at the speed of light. 


e The visible Universe corresponds to a hyper-cap in this hypersphere. The hyper-cap radius is 
also the age of the Universe, which is also the average radius of curvature of the hypersphere. 
Thus the Universe is not only finite but also curved: a perfect circle. 


e Despite of that one cannot travel around it (due to its expansion at the speed of light) and due 
to the limit imposed on the highest traveling speed in this Universe. Finite, circular but 
impossible to traverse. 


e Jn addition, the hypersphere model makes any point in the Universe equivalent to another; in 
the same way that no point on the surface of an expanding balloon is closer to the origin of 
times (its center or the point in space defined by the balloon when it was very small). 


e The fact that we cannot see the past or travel there is because it does not exist any longer, due 
to the extremely thin character of the hyperspherical Universe. It is only a de Broglie 
wavelength thick. Needless to say, one cannot either travel to the future because it doesn’t 
exist yet. We can only reach the future when it is the present, since we are traveling there 
even as we speak. 


e Beyond the Big Bang lies more of the same (Universe), albeit invisible Universe. The 
furthest visible part of the Universe is the Big Bang, that doesn’t mean that one could 
traveling faster than the speed of light go there and see it first hand. It only means that if we 
travel at the speed of light in any direction, the cosmic microwave background will Doppler 


Quantization in Astrophysics ... 421 


shift into gamma rays (a possible tremendous inconvenience for light speed travelers) and one 
will be able to actually see the beginning. From Figure 1, it is clear that the hypersphere is 
uniform and that traveling in any direction wouldn’t bring us into the past. The hypersphere 
travels inexorably into the future. 


It becomes clear that the Hubble expansion theory has to be modified to accommodate a four- 
dimensional Big Bang. The change is that in a four-dimensional explosion the Big Bang 
occurred in each and every point of the initial circumference, that is, the Big Bang occurred 
in each and every point of the Universe at the same time. From each and every point, energy 
and matter were ejected by tremendous forces. This means, that at any given point of the 
Universe there is a three dimensional isotropic expansion and thus the average Hubble 
constant is equal to the inverse of the dimensional age of the Universe times the speed of 
light. In a three-dimensional Big Bang, matter would expand radially from a single point, 
thus the Universe would be highly anisotropic and the Hubble constant would be a constant. 


Finally, the relativistic effects and inertia are due to local distortions of the curvature of this 
hyperspherical surface. The highest distortion one can create is to travel at the speed of light. 
That corresponds to having one’s proper dimensional time vector Tt at 45 degrees with the 
three-dimensional space. Different regions of the hypersurface have different tangents with 
respect to an originating point, thus flow of observed time will depend upon how fast and 
how far you travel. One does have receding velocities that are larger than the speed of light, 
indicating the Relativity is a local approximation of Universe dynamics. 


Appendix B showcase modifications to Relativity that allows for the higher than the speed of 
light receding speeds expected in a hyperspherical expanding Universe. It also shows the 
correct way to add receding speeds over Cosmological distances. 


Grand Unification Conclusions 


The meaning of physical existence is being phase-matched along the radial direction. 


Appendix B shows that one can see all the way up to the Big Bang (or thereabouts), but one 
can only reach a Cosmological angle of 7/4 due to the Universe expansion. 


Quarks are modeled as positive and negative axes’ length of the ellipsoid of revolution. A 
negative axis length means that the four-dimensional wave generated along that axis direction 
has a negative phase (180 degrees phase shift). The directionality of waves will only play a 
role when one discusses polarized matter (see DeltaPlus and SigmaPlus hyperons in 
Appendix A). From this description it becomes evident that antimatter should produce anti- 
gravity. This is supported by the grand unification equations presented in section 3. 


Appendix A indicates that the conversion of matter to antimatter is done through half- 
neutrinos interaction with matter. Cross-section for neutrino splitting might be low, thus 
explaining why there is an asymmetry in the proportions of matter and antimatter in the 
Universe. 


The light speed, fast expanding hypersphere model of the Universe allows for the existence of 
an infinite number of other hyperspherical expanding Universes, separated by dimensional 
time intervals. The source of “matter and energy” will be explained in the Cosmogenesis 
paper of this series. Although there is an allowance, it will be described that the Big Bang 
occurred simultaneously with Dimensional Transitions. This seems to preclude the 
coexistence of Hyperspherical Universes. 
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e The fate of the Universe is continuous expansion. It will become clear how the Universe 
recycles itself and what is the meaning of recycling in the Cosmogenesis paper. 


Fundamental Conclusion: 


A last conclusion worth mentioning is a modification of Newton’s first law: 

In the absence of interactions, a body (locally deformed FS region) will drift within the 
hypersurface (3-D universe) until t and R are parallel again or conversely until it reaches a 
point where its drift velocity equals the Hubble velocity of that region of space. 


Notice that the apparent motion will still exist since the fabric of space is expanding and any 
place in the 3D universe has a Hubble expansion velocity. Although moving relatively to its 
original position, the body remains static with respect to the fabric of space (t parallel to R). At 
that point, the local deformation ceases to exist and the body drifts with the expansion at the 
Hubble velocity. In other words, motion is a way for 4D space to relax; in the same way a 
tsunami is the means for the sea to regain a common level. 


Appendix A- Hypergeometrical Standard Model 


Here is a brief description of the Hypergeometrical Standard Model. A full description will be 
published elsewhere. 


The Fundamental Dilator is modeled as a coherence between two 4D deformational stationary 
states of a double potential. 


The quantum numbers, associated with the 4D deformational states, are modeled as axes’ lengths 
of a 4D ellipsoid of revolution. Negative values correspond to 180 degrees in phase with respect 
to a dilator with a positive axis. This means that when the positive dilator is expanding the 4D 
space, the negative dilator is shrinking 4D space. 


Below is a diagram showing the states involved with the fundamental dilator. 


Electron Model 


E-State 
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Where p=(2/3,2/3,-1/3),e=(0,-2/3,-1/3),e*=(0,-1/3,-2/3) are a subset of states involved in the three 
most common “particles”= proton, electron and neutron. Below is another representation of the 
electron and positron. Notice that the first and last elements of the coherence chain are the same 
and that the coherence repeats itself for its lifetime. In the case of a proton/electron, that lifetime 
is infinite, since that coherence is between two ground states. 

This is an effort to represent a tumbling 4D object which changes shape as it tumbles. Notice that 
the sidewise states have no 3D projection. Since in the theory, there is an absolute time, one can 
define an absolute phase and that is what distinguishes an electron from a positron. Later it will 
be clear that more complex coherences involving the e* state (neutrino) will result in a phase shift 
of the tunneling process with respect to the tumbling process, thus modifying which state is in 
phase with the shock-wave universe. 

The colors are shown only for states that have both a 3D projection and the same frequency as the 
fundamental dilator. 

Another important element of the model is the bolden of the first axis length (e.g. p=(2/3,2/3,- 
1/3)). This means that the spin is a tumbling process around and rotational axis perpendicular to 
both the radial direction (perpendicular to all three spatial coordinates and the x coordinate). This 
defines a 4D angular momentum which has to be conserved. More complex coherences like the 
ones associated with Delta and Sigma particles differs just by the final spin and thus by how the 
sub-coherences tumbles to make up the final amount of spinning. 
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Proton Model 


Similarly for a proton: 
Proton State 
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Here is the representation of a proton and an antiproton. 
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NeutrinoElectron Model 
Here is the electron neutrino model. Notice that there are no color associated with the neutrino 
states since they have zero 3D volume (they are 2D objects spinning around the a 


Neutrino State 
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Where p=(2/3,2/3,-1/3),p*=(2/3,-1/3,2/3),e=(0,-2/3,-1/3),e*=(0,-1/3,-2/3) 
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Neutron Model 


Below is the Neutron model. It is worthwhile to notice that the Electron-Proton and Proton- 
Electron transitions (transmutation coherences) are not in phase with the tumbling process and 
thus lead to a mismatch between the Neutron overall tumbling and a number of full rotations. 
This means that due to those sub-coherences, there is kinetic energy stored in the form of a local 
fabric of space twisting. The angle error at the end of the coherence is the sum of those two 
contributions. The electron and the proton coherences are by definition in phase with the 
tumbling process. 

The shift in phase is such that the electron/proton fabric of space twisting is 42.77/-0.07294 
degrees for a neutron at rest, respectively. This is the fabric of space twisting that would result in 
the observed relative velocities after neutron decaying. Notice that twisting the fabric of space 
results in an increase in the mass or 3D projection of the 4D volume displacement associated with 
different states, and thus explains the extra mass involved in the neutron formation. The same 
reasoning is applicable to all particles and elements. The elements and isotopes are modeled as 
simple coherences involving only the fundamental dilator (electron and proton) and these two 
transmutation coherences. 
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E-State Electron- Proton Proton - 
Proton State Electron 
Transition Transition 





Where p=(2/3,2/3,-1/3),p*=(2/3,-1/3,2/3),e=(0,-2/3,-1/3),e*=(0,-1/3,-2/3). 
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The extra energy or mass associated with the neutron is due to the dephasing created by the 
Electron-Proton Transition and vice-versa. The total angle is balanced between the two 3D 
footprints (electron and proton masses) to be 42.77/-0.07294 degrees, thus resulting in a 
dephasing angle by Electron-Proton Transmutation of around 21.4 degrees. 





r 


Thus the available kinetic energy after neutron decay is the difference in twisting between these 
two coherences. 
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Spin Differences between Hyperons 


The hyperons® below differs only by the spinning direction of their sub-coherences”. 








Hyperon Symbol Mass Decay Spin 
Name (MeV/c’) Process 

DeltaPlus A‘ 1232 n +n 3/2 
DeltaPlus At 1232 n+p 3/2 
DeltaZero A° 1232 mtn 3/2 
DeltaZero A’ 1232 n+p 3/2 
DeltaMinus A’ 1232 mon 3/2 
LambdaZero A’ 1115.7 n+p 1/2 
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ElectronProtonElectron Transition 


Electron- 
Proton- 
Electron 
Transition 


Coherence 
Lifetime 
6x10” 


6x10” 


6x10” 


6x10” 


6x10” 


2.60x10!° 





(7) 


Coherence 
Decomposition 
(0,2/3, 1/3). 
(0,-1/3,1/3). 
(2/3,2/3,-1/3). 
(0,-2/3,-1/3). 
(0,-1/3,1/3) 
(2/3,2/3,-1/3) 
.(0,1/3,2/3) . 
(0,-1/3,-2/3) 
(2/3,2/3,-1/3). 
(0,-2/3,-1/3). 
(0,-1/3,1/3). 
(0,1/3,2/3) . 
(0,-1/3,-2/3) 
(0,-2/3,-1/3). 
(0,1/3,-1/3). 
(2/3,2/3,-1/3) 
(0,-2/3,-1/3). 
(0,1/3,-1/3). 
(2/3,2/3,-1/3). 
(0,-2/3,-1/3). 
(0,-1/3,1/3) 
(0,-2/3,-1/3). 


Neutrino State 


LambdaZero 


SigmaPlus 


SigmaPlus 


A’ 


yt 


yt 


1115.7 


m+n 
0 
n+p 
x 
m +n 





1/2 


1/2 


1/2 


2.60x10! 


0.8x10!° 


0.8x107° 


(0,1/3,-1/3). 
(2/3,2/3,-1/3) 
(0,1/3,2/3) . 
(0,-1/3,-2/3). 
(2/3,2/3,-1/3). 
(0,-2/3,-1/3). 
(0,-1/3,1/3) 
(2/3,2/3,-1/3). 
(0,1/3,2/3). 
(0,-1/3,-2/3) 
(2/3,2/3,-1/3). 
(0,-2/3,-1/3). 
(0,-1/3,1/3). 
(0,2/3, 1/3). 
(0,-1/3,1/3) 


This means that in the case of A”, four sub-coherences are tumbling in one direction while the 
one left is tumbling in the opposite direction. Since each sub-coherence has spin half angular 


momentum, the resulting spin is 3/2. 


In the case of the X*, three sub-coherences tumble in one direction and two sub-coherences 
tumble on the opposite direction, resulting in spin 2. One expects that the amount of strain on 
the fabric of space will correlate with the coherence lifetime or life of the particle and thus that £* 
would have a lower amount of accumulated dephasing with the fundamental dilator tumbling than 


At 
Hyperon 
Name 
DeltaPlus 


SigmaPlus 
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Symbol 


At 


Lt 


Mass 
(MeV/c’) 


1232 


1189.4 


Decay 


Process 
n +n 


T 


ob 


+n 


430 


Spin 


3/2 


1/2 


Coherence 


Lifetime 
6x10” 


0.8x10°° 


Coherence 
Decomposition 
(0,2/3, 1/3). 
(0,-1/3,1/3). 
(2/3,2/3,-1/3). 
(0,-2/3,-1/3). 
(0,-1/3,1/3) 
(2/3,2/3,-1/3). 
(0,-2/3,-1/3). 
(0,-1/3,1/3). 
(0,2/3, 1/3). 
(0,-1/3,1/3) 


Appendix B- HU Corrections to Relativity 


Let’s consider velocity addition as a function of cosmological angle 0. 














io 


Figure B1. Hyperspherical Universe Model displaying two reference frames. 

The two velocities are given by their angles with the Cosmological Radial direction. From simple 
trigonometry, one obtains: 

Q, +(180° —@,)+(180° —@,)+4=360° Or a,, =a,+a,-0 

This means that when 0 = @, + @, the two parties will never meet. There are two special case of 
interest: 


e The two bodies are traveling at the speed of light (&,=0.=1/4). Under those conditions 
0=7/2. This means that two traveling parties departing up to a cosmological angle 0=7/2, 
can meet half-way if they travel at the speed of light. 


e The other case is when one is deciding to explore some of the Universe and travel at the 
speed of light (,=7/4, O)=0). This means that one can only explore one quarter of the 
Universe length in any direction. 
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e The correct relativistic velocity addition rule can be written as: 


tan(@,) + tan(@, ) 





tan(@) 








tan(@,,) = “2 = tan(@, +æ, -0) = 1+ tan(q@, ) tan(@, ) 
c tan(@,) + tan(@, ) an(8) 
1+ tan(q@, ) tan(@, ) 
Or 
v, +v, —ctan(9(1+ “2) 
= c 
Y= 





viv,  tan(@ 
jp, +V,) 


Cc 


Relativity fails for cosmological distances. It is worth emphasizing that for tan(0)=1 (8=45°), 


independently upon the local velocities vı and v2, the perceived velocity vız is always -c. 








viv 
v +v, -c+ => 
c 
Vp = =-C 
jpt 1 
+—<- (v +v,) 
c c 


Thus for 0=45°, anything at that cosmological angle will be rushing away at the speed of light. 
Beyond that cosmological angle, relative time references and relative velocities are meaningless 
since there can not ever be communication or energy exchange between these two sites. There is 
a subtle difference between communication and travel and seeing the cosmological past, which 
has to do with the nature of light. 

It is important to distinguish that the above derivation has to do with places one can travel or 
reach in terms of cosmological angles and not places one can see. One can see all the way to the 
beginning of times (with Doppler Shifted Vision — by upconverting the cosmic microwave 
background through fast traveling or other photonic means). The beginning of the Universe will 
always stare us in the eye, sitting at one radian or at the Beginning of Time. Gamma Radiation 
Doppler Shifted from the Big Bang is proposed to be the pervasive Cosmic Microwave 
Background. 
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1 Introduction 


Three anomalies associated with the solar system, namely Pioneer anomaly 
[3], the evidence for shrinking of planetary orbits [7, 8, 9], and flyby anomaly 
[4] are discussed. The first anomaly is explained by a universal 1/r distri- 
bution of dark matter, second anomaly finds a trivial explanation in TGD 
based quantum model for planetary orbits as Bohr orbits with Bohr quanti- 
zation reflecting macroscopically quantum coherent character of dark matter 
with a gigantic value of Planck constant [11]. Fly-by anomaly can be under- 
stood if planetary orbits are surrounded by a flux tube containing quantum 
coherent dark matter. Also spherical shells can be considered. 


2 Explanation of the Pioneer anomaly 


The data gathered during one quarter of century ([2, 3]) seem to suggest 
that spacecrafts do not obey the laws of Newtonian gravitation. What has 
been observed is anomalous constant acceleration of order (8 + 3) x 107g 
(g = 9.81 m/s? is gravitational acceleration at the surface of Earth) for the 
Pioneer/10/11, Galileo and Ulysses [3]. The acceleration is directed towards 
Sun and could have an explanation in terms of 1/r? long range force if the 
density of charge carriers of the force has 1/r dependence on distance from 
the Sun. From the data in [2, 3], the anomalous acceleration of the spacecraft 
is of order 
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õa ~ .8 x 10719 , (1) 


where g ~ 9.81 m/s? is gravitational acceleration at the surface of Earth. 
Using the values of Jupiter distance Ry œ .8 x 10!? meters, radius of Earth 
Rp ~ 6 x 10° meters and the value Sun to Earth mass ratio Ms/Mp ~ 
.3 x 10°, one can relate the gravitational acceleration 


GMs Ms R} (2) 
R2 Mpg R 





a(R) = 


of the spacecraft at distance R = Ry from the Sun to g, getting roughly 
a œ 1.6 x 107°g. One has also 


ô 
RAS RIO (3) 
a 


The value of the anomalous acceleration has been found to be ar = 
(8.744+1.33) x 1078 cm/s? and given by Hubble constant: ap = cH. H = 82 
km/s/Mpc gives ap = 8 x 1078 cm/s?. It is very difficult to believe that this 
could be an accident. There are also diurnal and annual variations in the 
acceleration anomaly [4]. These variations should be due to the physics of 
Earth-Sun system. I do not know whether they can be understood in terms 
of a temporal variation of the Doppler shift due to the spinning and orbital 
motion of Earth with respect to Sun. 

One model for the acceleration anomaly relies on the presence of dark 
matter increasing the effective solar mass. Since acceleration anomaly is 
constant, a dark matter density py = (3/47)(H/Gr), where H is Hubble 
constant giving M(r) œ r?, is required. For instance, at the radius Ry of 
Jupiter the dark mass would be about (da/a)M(Sun) ~ 1.3 x 1074M (Sun) 
and would become comparable to Msun at about 100R; = 520 AU. Note 
that the standard theory for the formation of planetary system assumes a 
solar nebula of radius of order 100AU having 2-3 solar masses. For Pluto 
at distance of 38 AU the dark mass would be about one per cent of solar 
mass. This model would suggest that planetary systems are formed around 
dark matter system with a universal mass density. The dependence of the 
primordial dark matter density on only Hubble constant is very natural if 
mass density perturbations are universal. 

In [4] the possibility that the acceleration anomaly for Pioneer 10 (11) 
emerged only after the encounter with Jupiter (Saturn) is raised. The model 
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explaining Hubble constant as being due to a radial contraction compensat- 
ing cosmic expansion would predict that the anomalous acceleration should 
be observed everywhere, not only outside Saturn. The model in which uni- 
versal dark matter density produces the same effect would allow the required 
dark matter density pa = (3/42)(H/Gr) be present only as a primordial 
density. The formation of dark matter structures could have modified this 
primordial density and visible matter would have condensed around these 
structures so that only the region outside Jupiter would contain this density. 


3 Shrinking radii of planetary orbits and Bohr 
quantization 


There are two means of determining the positions of planets in the solar 
system [7, 8, 9, 10]. The first method is based on optical measurements and 
determines the position of planets with respect to the distant stars. Already 
thirty years ago [10] came the first indications that the planetary positions 
determined in this manner drift from their predicted values as if planets 
were in accelerated motion. The second method determines the relative 
positions of planets using radar ranging: this method does not reveal any 
such acceleration. 

C. J. Masreliez [8] has proposed that this acceleration could be due 
to a gradual scaling of the planetary system so that the sizes L of the 
planetary orbits are reduced by an over-all scale factor L — L/X, which 
implies the acceleration w — %/2w in accordance with the Kepler’s law 
wx 1/ L?/2. This scaling would exactly compensate the cosmological scaling 
L — (R(t)/Ro) x L of the solar system size L, where R(t) the curvature 
parameter of Robertson-Walker cosmology having the line element ds? = 
dt? — R(t) (4452 + ran?) 

According to Masreliez, the model explains also some other anomalies in 
the solar system, such as angular momentum discrepancy between the lunar 
motion and the spin-down of the Earth [8]. The model also changes the rate 
for the estimated drift of the Moon away from the Earth so that the Moon 
could have very well formed together with Earth some five billion years ago. 

The Bohr quantization for planetary orbits predicts that the orbital radii 
measured in terms of M4 radial coordinate rm are constant. This means that 
planetary system does not participate cosmic expansion so that the orbital 
radii expressed in terms of the coordinate r = rm /a shrinking. Therefore the 
stars accelerate with respect to the Robertson-Walker coordinates (t, r, Q)) 
defined by the distant stars since in this case the radii correspond naturally 
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to the coordinate r = ry/a giving dr/dt = —Hr m so that cosmic expansion 
is exactly compensated. This model for the anomaly involves no additional 
assumptions besides Bohr quantization and is favored by Occam’s razor. 


4 Fly-by anomaly 


The so called flyby anomaly [4] might relate to the Pioneer anomaly. Fly- 
by mechanism used to accelerate space-crafts is a genuine three body effect 
involving Sun, planet, and the space-craft. Planets are rotating around sun 
in an anticlockwise manner and when the space-craft arrives from the right 
hand side, it is attracted by a planet and is deflected in an anticlockwise 
manner and planet gains energy as measured with respect to solar center of 
mass system. The energy originates from the rotational motion of the planet. 
If the space-craft arrives from the left, it loses energy. What happens is 
analyzed in [4] using an approximately conserved quantity known as Jacobi’s 
integral J = E — wé,-7 x U. Here E is total energy per mass for the space- 
craft, w is the angular velocity of the planet, €, is a unit vector normal to 
the planet’s rotational plane, and various quantities are with respect to solar 
cm system. 

This as such is not anomalous and flyby effect is used to accelerate space- 
crafts. For instance, Pioneer 11 was accelerated in the gravitational field of 
Jupiter to a more energetic elliptic orbit directed to Saturn ad the encounter 
with Saturn led to a hyperbolic orbit leading out from solar system. 

Consider now the anomaly. The energy of the space-craft in planet-space- 
craft cm system is predicted to be conserved in the encounter. Intuitively 
this seems obvious since the time and length scales of the collision are so 
short as compared to those associated with the interaction with Sun that the 
gravitational field of Sun does not vary appreciably in the collision region. 
Surprisingly, it turned out that this conservation law does not hold true in 
Earth flybys. Furthermore, irrespective of whether the total energy with 
respect to solar cm system increases or decreases, the energy in cm system 
increases during flyby in the cases considered. 

Five Earth flybys have been studied: Galileo-I, NEAR, Rosetta, Cassina, 
and Messenger and the article of Anderson and collaborators [4] gives a nice 
quantitative summary of the findings and of the basic theoretical notions. 
Among other things the tables of the article give the deviation 0&5 of 
the energy gain per mass in the solar cm system from the predicted gain. 
The anomalous energy gain in rest Earth cm system is A€g œ v- AV and 
allows to deduce the change in velocity. The general order of magnitude is 
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Av/v ~ 10~° for Galileo-I, NEAR and Rosetta but consistent with zero for 
Cassini and Messenger. For instance, for Galileo I one has vgo,5 = 8.949 
km/s and Av.o,g = 3.92 + .08 mm/s in solar cm system. 

Many explanations for the effect can be imagined but dark matter is 
the most obvious candidate in TGD framework. The model for the Bohr 
quantization of planetary orbits assumes that planets are concentrations of 
the visible matter around dark matter structures. These structures could 
be tubular structures around the orbit or a nearly spherical shell containing 
the orbit. The contribution of the dark matter to the gravitational potential 
increases the effective solar mass Mef s- This of course cannot explain the 
acceleration anomaly which has constant value. 

For instance, if the space-craft traverses shell structure, its kinetic energy 
per mass in Earth cm system changes by a constant amount not depending 
on the mass of the space-craft: 





AE GAM, 

= Svop = AVy = = . (4) 
Here R is the outer radius of the shell and vo, is the magnitude of asymp- 
totic velocity in Earth cm system. This very simple prediction should be 
testable. If the space-craft arrives from the direction of Sun the energy in- 
creases. If the space-craft returns back to the sunny side, the net anomalous 
energy gain vanishes. This has been observed in the case of Pioneer 11 
encounter with Jupiter [4]. 

The mechanism would make it possible to deduce the total dark mass 

of, say, spherical shell of dark matter. One has 











AM _ Av 2K 
Ms > UVoo,E V á 
2 
Uso. E GMs 
K = > = l 
Poia © 


For the case considered AM/Mg > 2x10~° is obtained. One might consider 
the possibility that the primordial dark matter has concentrated in spherical 
shells in the case of inner planets as indeed suggested by the model for 
quantization of radii of planetary orbits. Note that the amount of dark mass 
within sphere of 1 AU implied by the explanation of Pioneer anomaly would 
be about 6.2 x 10~°Mg from Pioneer anomaly whereas the mass of Earth 
is Mg œ 5 x 10-©Mg. Since the orders of magnitude are same, one might 
consider the possibility that the primordial dark matter has concentrated 
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in spherical shells in the case of inner planets as indeed suggested by the 
model for quantization of radii of planetary orbits. Of course, the total 
mass associated with 1/r density quite too small to explain entire mass of 
the solar system. 

In the solar cm system the energy gain is not constant. Denote by V; £ 
and Uy p the initial and final velocities of the space-craft in Earth cm. Let 
Av be the anomalous change of velocity in the encounter and denote by 0 
the angle between the asymptotic final velocity Uy s of planet in solar cm. 
One obtains for the corrected Eg „s the expression 





Es = (Tse + Up + Ad)? — (Tip + Bp)’ . (6) 


1 
2 


This gives for the change ĝEg s 





DEJ, S 


K 


(Us E + Dp) - AT ~ vf sAv x cos(0s) 
Uso, sAv X cos(0s) . (7) 


Here væ,s is the asymptotic velocity in solar cm system and in excellent 
approximation predicted by the theory. 
Using spherical shell as a model for dark matter one can write this as 





M 
06 pe) m cos(Og) . (8) 


The proportionality of Eg, g to cos(0s) should explain the variation of the 
anomalous energy gain. 

For a spherical shell Av is in the first approximation orthogonal to up 
since it is produced by a radial acceleration so that one has in good approx- 
imation 





Egs ~ tg: AT Tsp: AT vs sA x cos(Og) 
= væ FAv X cos(0p) . (9) 
For Cassini and Messenger cos(@s) should be rather near to zero so that 
Uoo,E and væ,g Should be nearly orthogonal to the radial vector from Sun in 


these cases. This provides a clear cut qualitative test for the spherical shell 
model. 
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Abstract 


In the framework of Quaternion (Q-) Theory of Relativity im- 
plying invariance of the 6D-space-time vector “interval” the kine- 
matics of two frames is considered under condition that one frame 
is inertial and the other is subject to action of harmonic force. Us- 
ing mathematical tools of Q-relativity the cinematic problem is 
completely solved from the viewpoint of each frame, i.e. distance, 
velocity and acceleration are found as functions of observers’ time. 
Majority of cinematic relations are revealed to be represented by 
exact expressions: elementary functions and series; some relations 
though are found only approximately. Observed motions are of 
course not harmonic functions. Clock paradox is discussed. 


I. Introduction: Q-relativity in short 

There are many types of physics theories based on more than 
three space-time dimensions, but the only one, Einstein- 
Minkowski 4D theory, has comprehensive reasons for number of 
its dimensions. All others, beginning from 5D Kaluza-Klien theory 
up to 21D supergravity or to 2nD Calabi-Yau string theory spaces, 
are heuristically postulated. It is worth mentioning that several at- 
tempts to build “symmetric” 6D-relativities (3D-space + 3D-time) 
were made by Cole, Starr, Pavshic, Recami and others (see e.g. [1] 
and ref. therein). But the symmetry introduced also “ad hoc” to- 
gether with abelian character of multiplication inherited from Ein- 
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stein’s relativity lead in these theories to a series of interpretational 
difficulties. 

Differently from these patterns 6D-theory of Q-relativity (or 
Rotational Relativity) suggested in 1996 [2,3] does not result from 
phenomenological considerations but is extracted from quaternion 
mathematics as its modest but quite natural part. The extraction 
goes through following six steps. First, basic multiplication rule for 
Q-numbers is discovered to be form-invariant under Q-units 
transformations composing rotational group SO(3,C). Second, and 
this was pointed out by W.Hamilton, three “imaginary” Q-units, 
behave exactly as a Cartesian vector triad. Fourth, it is shown that 
real rotations from SO(3,C) save form of Q-vector (with real 
components) defined in a Q-triad. Fifth, similar form-invariance 
property is observed for biquaternionic (BQ) vectors under mixed 
real-imaginary rotations reducing the initial group to SO(1,2); this 
distinguishes the set of BQ-vectors with definable norm. All these 
facts have purely mathematical nature with no evident relevance to 
physics. But knowledge that SO(3,C) and its subgroup SO(1,2) are 
closely related to Lorents group hints to make the sixth “physical” 
step: the BQ-vector components are taken for space and time “dis- 
placements”, space-time acquires 3+3-symmetric geometry, and 
the basic BQ-vector turns out nothing else but a specific 6D Q- 
square root of the interval of Einstein’s relativity. Since no limita- 
tions are found for rotation parameters one is free to operate with 
inertial as well with non-inertial Q-frames. 

So, Q-Relativity exploits the fact of SO(1,2)-invariance of 6D- 
space-time biquaternionic vector “interval” 


dz = (idt, + dx,)q, 
with definable real norm 
dz? =dt? — dx’. 


If a Q-frame composed of “imaginary” vector Q-units 
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x! = dy = {41599593 i 


is observed from another analogous Q-frame 2, then the dz- 
invariance results in a simple relation for time and space “dis- 
placement” vectors 


idt'q, =idtq, + dxq3, 


vectors dt and dr obviously orthogonal to each other. The last 
condition naturally distinguishes scalar time out of 6- 
dimensionality, and allows regarding physical situations. The Q- 
frames may depend in general on 6 real parameters representing 
spatial rotations and boosts; in their turn the parameters are not 
banned to be variable e.g. dependent on time of observers hiding at 
the origins of the frames which are in this case non-inertial but 
nevertheless well described in the Q-approach. Technological tool 
of the theory is a Rotational Equation (RE) of the type 


PHO 


where O is a combination of real R and hyperbolic H rotations 
from SO(1,2) “converting” the frame of the observer 2 into the 
observed frame’. From the RE cinematic effects of Q-frames 
relative motion are easily calculated, among them all effects of 
Einstein’s Special Relativity and a number of non-inertial motion 
effects, e.g. hyperbolic motion and Thomas precession [4]. 

The Q-relativity also represents a good mean to study non- 
inertial clock behavior once largely discussed [5]. A desirable 
model to illustrate the problem is a “fast” linear harmonic oscilla- 
tor. In Sect.2 definition of a relativistic harmonic oscillator is given 
and full cinematic problem is solved from the viewpoint of inertial 
and oscillating observers. Sect.3 is devoted to discussion of twin 
paradox issues associated with the solution. 





* The multiplication rule for Q-units is qq, =p, + Eq; Where Oy, , Ep 


are Kroneker and Levi-Civita 3D symbols, summation convention is assumed. 
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II. Linear harmonic oscillator problem in Q-relativity 

Mathematical tool of Q-relativity allows studying behavior of 
non-inertially moving clock. A natural model of such a clock is a 
harmonic oscillator, “spring pendulum’, arranged so that initial 
and final positions of its «massive body» (too, a body of reference 
of non-inertial harmonically moving observer) precisely coincide 
with position of immobile inertial observer, and relative velocity of 
the two observers at these moments is zero. 

Let ÈX be inertial frame and ~&’ represent non-inertial frame 
whose body of reference is subject to action of a periodical har- 
monic force along a straight line. Since kinematics of the system is 
the focus of this study nature of the force here is of no importance. 


CASE A. 2’ IS OBSERVED FROM È 
If inertial frame È is modeled by a constant Q-triad q, whose 


vector q, is aligned with frames relative velocity, then rotational 
equation interconnecting two frames in question has the form 


VSO ys (1) 
with HY” being 3x3-matrix of simple hyperbolic rotation (about 


axis parallel to q;) and variable parameter y(t’) depending on 
time of moving observer 


coshy -—isinhy 0 
HY =\isinhw coshy 0), 
0 0 1 
The first row of Eq.1 
q; =coshyq, —isinhyq,, 


under standard conditions 


f 


dt 
cosh y = ae (2) 


V =tanhy (3) 
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is equivalent to biquaternionic vector basic in Q-theory of relativ- 
ity (fundamental velocity equals unity: c = 1) 


dz = idt'q, =idtq, + dxq, (4) 
so that X-time and &’-time are aligned respectively with q,, and 


qr. Eq.4 yields main cinematic vector characteristics, i.e. for X’- 
observer one readily finds relative Q-vector velocity 











, aL 
idt! 
and Q-vector acceleration 
' dy' dqy . ' 
a= = =-10)7Q =a qy. 5 
de idt rzq2 q> (5) 


where the only non-vanishing component of Q-connection [3] 





dy 
Ory = 1 
sae 
is computed as 
oat : 
dt’ 


Thus value of Q-acceleration (5) aligned with qy is simply ex- 
pressed through velocity parameter 


d 


ae a 





It is natural to attribute to Q-frame a type of motion corresponding 
to the type of acceleration “felt” by observer in this frame. Well 
known example is the hyperbolic motion where non-inertial ob- 
server subject to constant acceleration feels constant force acting 
on him [6]. Similarly motion of X’ is represented as harmonic one 
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if X'-acceleration, force per unit mass, obeys harmonic, e.g. cosine, 
law measured in its own time” 


aE- cost’: (6) 
dt 
here is a real constant (amplitude is chosen in this form for fu- 
ture commodity reasons), acceleration is maximal for ¢’=0. Inte- 


gration of Eq.6 gives dependence of hyperbolic parameter on 
proper &’-time 


y(t')= BsinQ't’. (7) 


Constant of integration, initial phase, is chosen zero so that at the 
beginning and the end of oscillation period relative velocity vanish. 
It is worth noting here that the hyperbolic parameter, not velocity 
itself, has to be a harmonic function. 


=’(~) time ratio 

Now complete cinematic problem for the regarded mechanical 
system can be solved, i.e. coordinate, velocity and acceleration of 
x’ are to be found as functions of X-observer’s time. But prelimi- 


nary integration of the time-correlation equation resulting from 
Eq.2 


dt'=dt cosh y(t"), 
is necessary to determine X'-X observers’ times interdependence 
t= | cosh y(r’) dt' = | cosh(B sin O't’) de" . (8) 


An easy analysis shows that the integral can be computed exactly, 
not in elementary functions but as series. First, one applies well- 
known development of hyperbolic cosine 


u”, u|<o, 





cosh u =1+ i 
Hal (2n)! 





** Phase of the oscillation is chosen so that at initial and final moments of oscil- 
lation period velocity vanishes. 
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last condition being always fulfilled since u = J sin Q't'<œ. Sec- 
ond, one uses the following table integral 


2 2 2n—2k 
Jain yay= 2 "+S oe D 1) i ae (9) 


And third, the substitution y=Q't' in Eq.9 gives the sought for 
result of integration in Eq.8 


wo Bb" D"; 2n\ sin@n—2k) Q't' 
fat Das HF "rs yr 4 2 vf N-22) } (10) 


This result compels to recall that obtaining exact solutions in 
framework of relativity theory is a remarkable feature of simple 
and correctly formulated physical problems such as hyperbolic or 
circular motion. The relativistic oscillator problem seems to belong 
to the distinguished set. 

















One oscillation is completed when 9'T'=2z, T' being oscilla- 
tion period measured in X’. Corresponding ~-time interval, “pe- 
riod” T , is straightforwardly found from Eq.10 


an 1 (2n 
A rhis n =e }} (11) 


as well as respective cycle frequencies ratio 


2n 1 2n 
ao a7} =~ 


Eq.12 tells that 2-observed periodic motion possesses less fre- 
quency than oscillations felt by X’-observer; the fact sounds con- 
ventionally in relativity: moving clock is apparently slow. 














Inversion of Eq.10 is evidently hardly possible, so expression 
of X’-time as a function of Ł-time t'(t) is looked for in approxima- 
tion. First several terms of series in Eq.10 are written as 


Quantization in Astrophysics ... 446 





2 
rÉ G yor )+ 
(10a) 
p‘ À 1 1 x at a yf 
3t sin 4Q't' — 2 sin 20't' | |+... 
8-4! Q'\4 


Dimensionless factor 2 may be given in the form 





B=V,/e<<l, 


where V, can be any characteristic value of relative velocity, e.g. 
mean value for 2 of period. Then the following ratios connecting 


frequencies and times are written up to the terms including # : 


q-—2_., (13a) 
1+ B°/4 
2 
r=- i-si), (13b) 


Substitution of Eqs.13 into expression for velocity parameter 
(Eq.3) allows to find approximate solution of the cinematic prob- 
lem for Ł-observer. 


='(~) Velocity 


Velocity value of the frame X’ observed from È is (fundamental 
velocity c is explicitly shown) 


V(t) =ctanh(PsinQ't')=V, sin of 1-26" oe cos? or) . 


At the beginning and at the end of period velocity acquires mini- 
mal value V(T)=0, i.e. at these moments the two frames are really 


immobile relative to each other. Maximal value of the velocity 


V(T/4)= r[1-40" | 


may be regarded as “V-amplitude” 
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~ 1 
V= n{1-36"} 
and final expression has the form 
ri) 2V sina 1+ 7p? coso) (14) 


meaning that the periodic process observed from È definitely has 
no harmonic character. 


X'(È) Acceleration 


Value of >-observed acceleration of +’ is found as 


dV (t) 
dt 





a(t) = =F oscal1-Zp* +28 cos? ar 


Minimal value acceleration acquires at the middle of period 
a(T/4)=0, 
and maximal value, “a-amplitude’’, at its end 
a(T) -aF( 1-25") A; 
the final expression is 
a= cosa 1-7 snor), (15) 


X'(È£) Coordinate 
x-coordinate of X' is computed as result of integration 





x(t) = [V dt = x, ~Feosafi Zp" cos? or), (16) 


the integration constant 


Xo -Z (1+ 28") 


is chosen to satisfy the following initial conditions 


Quantization in Astrophysics ... 448 


x(0)=x(T)=0, x(T/4)=x,, x(T/2)=2x,, 


meaning, that at the initial and final moments of period the two 
frames are not only relatively immobile but too are found at the 
same point in space. 


Thus the &’()-cinematic problem is solved in approximation 
B <<1; the result is given in Eqs.10, 14, 15, 16. 


CASE B. X IS OBSERVED FROM 2’ 
Rotational equation for this case 
Tan (17) 
has the same parameter 
y(t) = BsinQ't' 
describing harmonic oscillations of X’. The first row of Eq.17 rep- 
resent space-time vector “interval” 
idtq, =idt'q, —dx'q, (18) 
where dx' is space displacement of = and dt' is respective time 


interval, both measured by non-inertially moving ~’-observer. 
Calculated from Eq.18 proper Q-vector acceleration of = is natu- 
rally zero 


d 
a= A =0, 
idt 
so study of this case considers cinematic magnitudes only as they 
are seen from genuinely accelerated frame 2’. 


x (')-time ratio 
Following from Eq.18 standard relativistic expression 
dt' = dt cosh y(t’) 


leads to integral determining ¢(¢’) functional dependence 
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dt # yt 1 
mjm ACA . (19) 


This integration also can be performed exactly due to existence of 
development 

E, 
(2n)! 





sechu =1+ Zep” 


n=1 


u”, lu|<z/2 (20) 


and table integral already used in the Case A and given by Eq.9. 
Series in Eq.20 includes Euler numbers 


7 gente (2n)! 00 ely 


E 
n geen! = (2k = he > 





and its convergence condition 
lul = |8 sin Q't'| <mi2, 
is always satisfied since 
B= /c<l1, sin Q't' <1. 
Resulting formula of integration in Eq.20 has the form 


op DEB" | 1 (20), D Spa (20) sinen- 2a 
IR Ga! a(n) Sry i o) (2n—2k)Q! | G 








Eq.21 permits to X’-observer to measure real period of T’ and cy- 
cle frequency Q’ and also to calculate similar characteristics T, Q 
theoretically attributed to the frame È and to find respective corre- 


lations 
eZ =)” E, B” 2n 
rer pee | )}. (22) 


n=1 n 


_ of & CD" EB (2n 
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of course different from analogous Eqs.11, 12 of the Case A due to 
different inertiality properties of the observers. But computing fre- 
quency ratio in Eq.23 up to first approximation in 8? 


sqi -E g? o) 
2-2! (1 


where 





1 1 1 1 
5-3 ree aot gs DE 


gives result similar to Case A analog Eq.13a 


zoli- 
areal |; (24) 





i.e. &'-frequency, normally for relativity, is smaller than that of £ 
from the viewpoint of X’-observer. 


All cinematic functions in the Case B are to depend on time t’, 
hence there is no need to inverse variables in Eq.21, giving relation 
of time-lines length: proper one, ¢’, and “observed” one, t. None- 
theless it seems useful to put down several first terms of the devel- 
opment 


2 
= Afr : 
4 








i 


4 

smor) Zi [r Osima ásin) |+- (21a) 
16-4! Q 

Comparing Eq.2la with its analogue Eq.10a one notes symmetry 


of time-functions in the least 2° -approximation for Cases A and 
B; this is too an expected relativistic result of exchanging observa- 
tion bases. 


In the Case B whole of cinematic problem has exact solution. 


x(x’) Velocit 
V'(t')=ctanh (sin 9'r’). (24) 
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For practical purposes it is useful to consider approximation up to 
small B* =(V,/c)’ 


2 
Vict’) =V, sin a — F sin’ arr) ; 


Minimal value velocity V (T^) =0 acquires at the beginning and the 


end of each oscillation, at these moments the two frames are im- 
mobile to each other. Maximal value (V-amplitude) velocity has at 
quarter of period 


P'(T'14)= ctanh t. 
Cc 


= (x’) Acceleration 
_dV(t') VQ’ cos Q't' 


= : 25 
dt’ —_cosh*(BsinQ'’) (25) 


a(t’) 





. 2 . . . 
its B -approximation 1s 


a(t’) at: QF cos Qh — B? sin? a'r’). 
t 


Minimal and maximal values respectively are 
a'(T'/4)=0, aT’ =V,0": 
= (x') Coordinate 
x(t) = f V'(t)dt' = Í c tanh (8 sin Q't')dt' 





This function too can be integrated exactly due to (1) existence of 
divergent series 
<m/2, 


o 2n 2n = 
enhu = En lu] =|2 sin Qe’ 





whose coefficients are Bernoulli numbers tied by recurrent formula 


B,(2n)(2n —1)(2n — 2)...2n—k + 2) 
(2k)! 





Loire 
B =(-1)" H 1947 
e Jna LSe 
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so that B, =1/6, B, =-1/30, and (ii) existence of table integral 


C12 Sen? - ' cos (2n -1-2k)y 








n 2n-1 
sin dy = 
J YY = pH T k 2n-1-2k ’ 


here y = Q't'. Resulting coordinate function of time has the form 


c &2” 2” -DB, pma CD Gh, 20- cosa -1-20 
' t = f n n- 1 eS 26 
ONET nl BO as 2 Jo ES (26) 





n=l 


its 2” -approximation is 
teat ' Vi rat 1 2 1 2 ) 
x'(t') = x), -— cosQ't'| 1-— 1——cos* Qt }| . 
(=X Q' l 3° í 3 


Integration constant 


V, 
x 21-29") 


is chosen so that the following conditions are satisfied 
x(O=x(T)=0, x (T'/4A=x5, x (T'/2)=2x5 


meaning that at the beginning and the end of oscillation relatively 
immobile frames are found at the same space point. 


Thus the cinematic problem for X'-observer is shown to have 
exact solution, it is represented by Eqs.24, 25, 26, and their week- 
relativity approximations with £ <<1 are given. 


Clock paradox discussion 


Specific features of the discussed relativistic oscillator model 
make it an appropriate cinematic system for discussion of famous 
clock paradox formulated in Special Relativity (SR) a centaury 
ago. First, one of the two involved frames of the system is always 
immobile (inertial) while the other is accelerated hence obviously 
non-inertial. Second, at starting and final moments the initial 
points of the frames spatially coincide while the frames are recip- 
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rocally at rest. Third, oscillating frame itself can serve as a clock 
for both observers. And last but not least, the key formulae 
describing time correlations are exact solutions. 

Frequent explanation of the paradox relates clock delay to non- 
inertiality of motion (e.g. [7,8]). But if one considers two identical 
non-inertial frames moving in opposite directions the paradox 
seems to arise again: alleged non-inertial (“gravitational”) delay of 
the both clocks should be exactly the same, but accordingly to SR 
locally, at any moment, each observer detects his/her partner’s 
time slowing down. Conventional SR seems not to be able to cope 
with the problem. 

The clock paradox can be regarded as a result of “one-side” 
measurement procedure, when two cinematically different time 
intervals of the same observation are measured by a time-unit of 
one observer; in this case they obviously will have different 
“length”. But if each interval is measured by time-unit of its own 
observer the lengths should be equal similar to the case of distance 
measurement: indeed, moving ruler seems to immobile observer 
shorter but it has the same “number of centimeters” as an identical 
ruler at rest. 

Discussed above oscillating frame seems to be a successful il- 
lustration to the explanation of paradox given further in terms of 
space-traveling twins. Fig.l shows Minkowski diagram of the os- 
cillation process form the viewpoint of inertial (“immobile”) ÈX- 
twin. Let time-segments subject to measurement be periods T and 
T' “observed” from È, hence interconnected by Eq.11, while a “X- 
second” (X-time-unit) is 


t=T/4=7/20. 


Then the “length” of segment T is 4 sec. Period T' measured in È- 
twin time-units r appears obviously shorter, so that returning 
home twin-traveler is allegedly younger than his brother-observer. 
This “one-side” measurement gives incorrect result since for Ł- 
twin not only &’-time-segment contracts but X’-time-unit too, ade- 
quate change of “X’-seconds” (in this case all equal) extracted 
from Eq.11 
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Fig.1. Minkowski diagram for relativistic oscillator. 


af hE (7) 


using the units one finds the length of T ' also to be 4 seconds. If 
x’-twin on his way sends regular (at each his second) light signals 
then Ł-twin receives them irregularly, but during traveling period 
x-twin will count exactly four such signals. Exchange of the last 








Quantization in Astrophysics ... 455 


signal occurs at the very end of mission, at the same space point, at 
zero relative velocity, and the age of twins at the meeting point 
remains equal. 

Besides, Fig.1 shows that projections of equal in length but dif- 
ferent X’-time segments onto X-time (straight) line are also differ- 
ent, but they change steadily as smooth functions, and in three 
points of the twins relative immobility (0-0', 2-2’, 4-4") their units 
smoothly became equal. This means that this model is free of “lost 
time” or “unit gap” features sometimes present in discussions of 
non-inertial approach to the paradox from Special Relativity posi- 
tion. 


There are two final remarks. 

1. Found relativistic solution for oscillator system frequent in 
nature and in description of many physical processes remarkably 
incorporates to the set of non-inertial cinematic problems already 
solved in the framework of Q- relativity theory from the viewpoint 
of all involved observers: hyperbolic motion, circular motion and 
Thomas-like precession [9]. 

2. In the study an accent may be made on the method used to 
endow a frame with definite non-inertial character. The method 
can serve as an instructive example helpful for construction of any 
non-inertial frame provided the acceleration law is given; this al- 
lows easier formulation and solution of new relativistic problems 
involving non-inertially moving observers. 
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Quaternionic Relativity. II Non-Inertial Motions”. 
Alexander P. Yefremov“ 


Peoples’ Friendship University of Russia, Miklukho-Maklaya Str., 6, Moscow, 117198, 
Russia. 


In the framework of six-dimensional quaternionic theory of relativity (a short review is 
given) non-inertial frames are reasonably described: uniformly accelerated observer on 
rectilinear trajectory and arbitrary accelerated observer on circular orbit. The results are used 
to derive exact Thomas precession formula and calculate change of position of Jupiter’s 
satellite observed from Earth, an integral cinematic effect for frames with variable relative 
velocity. 


Section 1. Introduction. 

As is shown in previous paper [1] relative motion of particles and frames can be non- 
contradictorily described within framework of six-dimensional non-Abelian scheme based 
upon fundamental properties of quaternionic (Q) algebra. The key point of the scheme is Q- 
multiplication rule for one “real” unit, 1, and three “imaginary” units q, (k= 1,2,3) 

Iq, =41=q> 4q; = -841+ Enq, (1) 
where 6,, and €,,, are Kroneker and Levi-Civita symbols, summation rule is valid. The non- 
Abelian units q, geometrically can be treated as unit vectors of an orthonormal triad. Such a 
triad admits ordinary R-rotations with real parameters @, (e.g. the angles of subsequent 
rotations ®,=a, $, =p, ®,=yY): R(®,)¢ SO(3,R). In this case any real Q-vector 
a=a,q, isa SO(3,R)-invariant a,q, =4,o4, with qy = Ry (®-)q,- 

Parameters of transformation leaving the multiplication rule (1) intact can be complex, 
and in particular pure imaginary: P; — iP, . Then real rotations convert into hyperbolic ones 
R(®,) > H(¥;) while the respective invariance is sought for a vector biquaternion 

u = (a, + 1b, )q,- 
The latter can be rewritten as 

u=4,q, +5, P, 
where p, =/q, are three unit vectors obeying the Pauli-matrices multiplication rule. This new 
triad is rigidly attached to q,, but defines scales and directions in a three-space imaginary 


with respect to initial one. Necessary condition for the Q-vector u to be invariant under H- 
rotations is the orthogonality of its vector parts a,b, =0. All such biquaternions posses real 


norm (zero included). The orthogonality condition allows representing u in the simplest form 
u=aq,+bp,, 


* Gravitation & Cosmology, Vol. 2 (1996), No.4(8), p.p. 333-341. [Editorial note: this early paper on Q- 
relativity is included here to accompany more recent paper by the same author: “Relativistic Oscillator in 
Quaternion Relativity.” Section 5 in particular may yield new observation. ] 

*™ e-mail: a.yefremov@rudn.ru 
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where a, b are lengths of the respective vectors. The complete group of transformations 
preserving u invariant is SO(1,2) c SO(3,C), the latter being the most general group of the Q- 


multiplication rule (1) invariance. It means that provided one q, (e.g. q, or p,) is chosen to 
perform about it R-rotations, the other two (q,,q,) can only serve as axes of H-rotations. 


Q-relativity arises when u-like vector 
dz = dt, P, + dx,q, (2) 
is considered as specific space-time interval with dx, being displacement and dt, respective 
change-of-time (both vectors! dx,dt, =0) of a particle observed from a frame of reference 
“= {p,.q,}. Fundamental velocity is taken for a unity. SO(1,2)-invariance of the “interval” 
(2) under finite R- and H-rotations (transfer from one inertial frame to another) leads to 


cinematic relations all equivalent to those of the Einstein’s Special Relativity [1]. 
A most simple constant frame © is represented e.g. by Pauli-type matrices 


(0 1 (CO: a. @ 5 
=- ` =- 4 =-l F 
EE A E ee Oe Se o 


The triad may be realized by a platform with three gyroscopes immobile relatively to “distant 
stars”: the observer in £ ”feels” no acceleration. 
On the other hand the most general Q-frames may be functions of complex parameters 
Z: =; +Y;: 
Gy (Ze) = O(Z2) 4; (4) 
There is no evident obstacle for parameters of the transformation O(Z,)¢ SO(1,2) to be 


localized; natural is a frame’s dependence upon its proper time: 
LO) = PrlZ2O). acl ZI}. (5) 

Q-frames of the type (5) are non-inertial ones, some of them having very complicated 
behaviour. Before considering the situation in general it seems reasonable to analyze 
relativistic motion in simple non-inertial cases. 

In Section 2 rectilinear uniformly accelerated motion is investigated in detail. Section 3 is 
devoted to accelerated circular motion. In Section 3 classical example of Thomas precession 
is treated from quaternionic relativity viewpoint. Computation of an integral relativistic effect 
for two frames with variable relative velocity is suggested in Section 5. Discussion and 
perspectives are found in Section 6. 


Section 2. Uniformly accelerated rectilinear motion. 

This simplest case of accelerated observer is known as hyperbolic motion [2], [3]. The 
motion is usually treated from SR-positions but with the help of necessary additional 
assumptions (time-dependence of four-velocity, demand of Fermi-Walker transport of the 
observer’s tetrad) appropriate rather for GR. The Q-relativity approach allows treating the 
motion without loss of the theory’s logic. 

If X’ is a frame uniformly accelerated along its qy, then observer in ©’ must feel 
acceleration £= const as in Einstein’s elevator. This implies specific dependence of ©’ on its 
proper time t’; the dependence is found out of following considerations. 

Let X’ move relatively to inertial frame © (3) along its q,. If X’ is observed then the 
simplest form of interval (2) in this case is 

dz’ = dt'p, = dtp, + drq,, (6) 
what is equivalent to the H-rotation 
q =HYq, 
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or in explicit form 
qr coshy —isinhy OVYq, 


qy |=| isinhy coshy O0]q, |. (7) 
qy 0 0 Iq; 
with 
wr) aren (8) 
dt ` 


Analogously to what was done in [1] for Newtonian non-inertial motion one may compute 
cinematic Q-vectors of X’ : its proper Q-velocity: 


,_ dr 
y = — = , 9 
WP (9) 
naturally containing the only unit time-like component, and Q-acceleration: 
a= = Pr (10) 
dt dt 


Computation of Q-acceleration (10) involves notion of quaternionic connection [1, 4]. For 
a triad obtained from a constant one as in Eq.(4) the derivative of q, in the group space is 


expressed through coefficients of antisymmetric connection Og =—Qsyy: 











dqy 
= Ogy - (11) 
ékn in 
dZ; 
From Eqs.(11), (4) the connection components are found as 
dO; 
On = Z Oimn- 12 
ék'n dZ; nm ( ) 
If group parameters depend on observer’s time then the time derivative is defined 
dq , dZ 
FA >= = ok An’ = a a (13) 
with 
waaay, (14) 
kn E dt En’ 
Using Eqs.(12), (14) and (7) computation of the Q-acceleration (10) is straightforward 
,_ ,dqy _. s d 
a =i T =1DyyQy +1 OvyGy = Tar. (15) 


Eq.(15) states that the only component of a’ is the acceleration of X’ “felt” by its own 
observer, hence 
dy 
dt’ 





=€E z 
or 
waar’, (16) 
Wiz = 0. 
Now general cinematic problem (i.e. functions of time, coordinate, velocity and 
acceleration of the Q-frames) is easily solved. 


Case (a). Frame X’ is observed; interval dz’ has the form (6) therefore 
dt = dt’ cosh(eét’). 
After integration one obtains time-correlation equations (integration constant is assumed zero) 





t= Tna) 
E 
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or 


f= <arsinh(@)= “infer + y1+(@y" ]. (17) 


Velocity dependence on ¢ is found from v = tanh(é’) with ¢ substituted by ¢’ from (17) 
et 


, 18 
Vl+(a)’ 


Integration of (18) yields the X’ -motion law 


n)=—yi+ (ay -<, (19) 


(integration constant is —1/é€), while differentiation of (18) with respect to £ gives 
acceleration of ¥ seen from © 


TON 
Cinematic problem is solved; the results precisely repeat those of [2,3]. For small t t >t, 
a(t) > €=const, v(t) et and r(t)— &°/2 as it must be for non-relativistic uniformly 


v(t) = tanh[ar sinh(é)] = 


(20) 


: zal mee 
accelerated motion. If to then f¢’>—In(2e&)30, a>£°t° 30, vol and 
E 


r—t— œ as is natural from SR viewpoint. 


Case (b). Frame X is observed; the interval takes the form 
dz = dt'p, - dr'qy = dtp; (21) 
where — dr’ is apparent displacement of the origin of © in a time dt’ measured in X’. H- 
rotation parameter is given by Eq.(16), inertial £ -observer obviously feels no acceleration 


= Ge 0. 
dt 
The cinematic problem is solved analogously 
ee EN (22) 
cosh(&’) 
t(t’) = 1 a sctan[sinh(e’)] = d vosinftanh(@)] ; (23) 
E E 
v(t’) = tanh(er’) , (24) 
r(t)= 1 infeosh(a’)] , (25) 
E 
a P E 
a (t ) =————__.. 26 
©) cosh’ (€’) 26) 


Behaviour of the quantities in characteristic points of time-ray is the following. If t — 0 then 
tot’, a(t’)>€=const, v > a and r(t’) > &°/2 as is normal for non-relativistic 


* 50, vy 931, r >t 3 which 


agrees with notions of SR. Asymptotic behaviour of time is specific. Eq.(23) implies that 
observer in X’ finds the clock of £ more and more slow; at infinite time t > œ the È- 


uniformly accelerated motion. If t 00 then a’ > 2é€e~ 


clock tends to stop on the value a (c is the fundamental velocity). 
E 


An important feature of time measurement must be emphasized here. The matter is that 
Eqs.(17-20) and (23-26) give such values of cinematic quantities as if frames X’and X 
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exchange information instantly. Actually in vacuum the signal travels with velocityc =1, so 
the information about physical status of the object reaches distant observer at a later time. 
In the case (a) this time is 





t_=t+r(t). (27) 
Substitution of Eq.(19) into (27) allows to express ¢ as function of t, 
t= t.| 1+ : p (28) 
2 1+ 4, 


Now instant time ¢ can be replaced in Eqs. (17-20) by retarded time t, that the observer reads 
from his clock. Thus recalculated velocity of £’ is 


1 
a(t 
= (29) 


(fel) 


Closely to zero and asymptotically ¢ and ¢, are similar: if t — 0, then t, >t => 0; if t > œ, 
then t, > 2t ©. 
In the case (b) the retarded time is 








v&,)= 








ť =ť +r (C). (30) 
Time-recalculation formula follows from Eqs.(25) and (30) 
= noen =1). (31) 
2E 
Eq.(31) helps to introduce time ¢’ into Eqs.(23-26); e.g. “observed” velocity of © for X’ 
clock is 
V(t)= TE In(2e®" — D| ; (32) 


For t 0, t — œ behaviour of t and 7” is similar. 

The retarded time problem within framework of non-inertial relativity is much wider. It 
comprises experimental aspects: since position and velocity of an object are really measured 
in retarded time, there might be a need for knowledge of “instant” values. Establishing of 
mathematical ties between retarded quantities also will be helpful to see the whole picture on 
the base of available data. Detailed analysis of these aspects will be given in a separate paper. 


Section 3. Circular motion. 

The simplest curvilinear accelerated motion is circular motion. In the Q-relativity 
framework it needs at least two types of group parameters: a real (rotational) one and an 
imaginary (hyperbolic) one. 

Let the origin of © lie in the centre and vectorsq,,q, in the plane of circular orbit (with 
radius R) of the frame X’ (Fig.1). There are two steps in building cinematic relativistic model. 

The first step is non-relativistic construction of the object’s displacement. In the base £ 
the coordinates of X’ are 

x, =Reosa(t), x, =Rsina(t), x, =0. 
Make one of the triad vectors, say the third, be always parallel to the £’ velocity 


me ry 


this as a part of the simple R-rotation 





q, =—sinaq, + cosaq,; 
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Ean Oy 
or in explicate form 


q; 1 0 0 q; 
qz |=|0 cosæ sing | q, |. (33) 
q; 0 -sina@ cos& |q; 


From non-relativistic viewpoint interpretation of © is two-folded. On one hand it can be 
treated as a frame rotating in the orbit’s centre with angular velocity æ(t)=ġ&; its q; is 


constantly chasing the origin of the frame on orbit. On the other hand È represents a frame 
revolving on the orbit with speed v = @R its displacement being dr = @Rdt . 





The second step is to “switch” relativity, i.e. to “H-rotate” © at “angle” y = ar tanh(@R) 
about q;, so that change-of-time vector becomes aligned with q, =q; not involved into 


description of space cinematic quantities 


or 

qr coshy 0 —isinhy | q; 
qy|=| 0 1 0 q; l- (34) 
qy isinhy 0 coshy j(q; 


Altogether £’ is combination of two subsequent rotations (20) and (21) subject to SO(1,2) 





symmetry 
Dem HE REZ. (35) 
Q-acceleration felt by X’ -observer 
a =i dar = 1DyyQy +iOyqy 
dt 
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is found from (35) with the help of Eqs.(12, 14) 








, dQ. dy 
a =-— sinh yq; +~ qy. 

dt’ wq 2 dt’ q; 

Here are normal (centripetal) 
Aa T ie sinh y 

norm dt’ 

and tangent (angular) 
Dean = aw 
dt 


components of the acceleration. 
For simple cases the components are readily found. Uniform motion implies 
y =ar tanha@’R’ =const (œw, R’ are angular velocity, and the orbit’s radius for ©’ -observer), 


therefore a =” R'coshy = const . For uniformly accelerated motion 


=A, a, =" (t’)R’cosh(A’). These are 


=0, @=at,a 


tan 


y =artanha@’R’= At’ with A=const, then a 


norm 


tan norm 
quite expected results. 
Farther analysis of circular motion is made for general form of the hyperbolic parameter 


y=w(t’) that is assumed given. 


Case (aa). Frame ©” is observed. 
The interval expression is read from the first row of matrix Eq.(34) for rotating (non- 
inertial) base È , or from the first row of Eq.(35) for the inertial base © 








dz’ = idt’q, = idtq; + dtRaq, = idtq, + dtRa—sinaq, + cosaq,). (36) 
Procedure of solving the cinematic problem is analogous to that of Section 2. From 
Eq.(36) it follows 
dt = dt’coshy(t’), (37) 
t= f dt’ coshy(t’), (38) 
and the inverse function t’ = t’(t) is possibly found. The latter is used in expression for 
angular velocity 
O(t) = Z tanh y{t'()]. (39) 
Eq.(38) yields £ -time dependence of rotation angle 
at) = f o(tdt (40) 
and tangent acceleration 
OE OE 41) 


dt cosh’ y dt ` 


These are all quantities available for © -observer. Observer in E additionally makes 
conclusion about normal part of the acceleration 


annl) =x( #20) | (42) 
dt 


Eqs.(38-42) represent solution of the cinematic problem. 
An essential note must be made here. An arc segment collinear to relative velocity is 
relativistically contracted as in SR 
dl = dl’ coshy, 
while the orbit’s radius perpendicular to velocity and not involved into transformations 
remains the same for © and X’ 
R=R. (43) 
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Hence in the case (a) the angle measures are related as 
dg a" Bada N: (44) 
R R 
The last ratio together with Eqs.(43, 37) gives unique numerical value of the frames’ angular 
velocities for respective observers 


dæ AG. tapes 
(x) =— = =@(LX). 45 
(2) a ae (2) (45) 
This result agrees with the axiomatic fact that for £ and X’ value of relative velocity (or 
hyperbolic parameter) is the same 


v=tanhy=@R=@R’. 





Case (bb). Frame X is observed. 


The interval for £ (and È ) is equivalent to the first row of matrix equation 
£= R"H; X 





inverse to Eq.(35) 
dz = dtp, = dtp; = dt Py — R'wat'q, (46) 
with 
wR’ = @R = tanhy(t’). 
Q-acceleration of © vanish 
dz 
a=— = 
dt 
since È -observer is considered genuinely immobile. In this case 
dt’ = dtcoshy 


0 


o dt 
5 J coshy(t’) ` en 


X’ -observer is able to measure apparent cinematic quantities: velocity, angle and tangent 





acceleration 
v=tanhy(¢’), (48) 
„n  ptanhwit’)_, 
a(t) = | ————d , 49 
A ee (49) 
jee (50) 
cosh’ w dt 


Eqs.(47-50) give solution of cinematic problem in the case (bb). Reasonable behaviour of 
the quantities is readily verified for simple types of circular motion in non-relativistic and 
ultrarelativistic limits. 

In both cases (aa) and (bb) observers receive in fact retarded signals. But contrary to 
situation for rectilinear motion, here constant time delay does not influence noticeably values 
of cinematic quantities. 


Section 4. Thomas precession. 

Apparent rotation of genuinely constant “spin” vector of the top relativistically revolving 
about the origin of an inertial frame (Thomas precession) is regarded in SR either when 
circular trajectory is approximated by straight line segments [5] or when Fermi-Walker 
transport of vectors is postulated [3]. Quaternionic relativity suggests a shorter and more 
consistent way (from logical viewpoint) to describe the phenomenon. 

Let © be an immobile Q-frame (3) in the centre of the circular orbit of another Q-frame, 
x” uniformly revolving about ©. Respective observers find space vectors of their frames 
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constantly oriented. Notice that ©” can be obtained from X’ determined by Eq.(35) with the 
help of inverse R-rotation at appropriate angle —@’ 


X” = Ree Rey (51) 
or in explicit form 

qr 1 0 0 coshy 0 —isinhyy 1 0 0 yq 

qy |=|0 cos@ -sinæť | 0 1 0 0 cosa sing |q, |. (52) 


qy) \0 sin@ cosa@ j\isinhy 0 coshw \0 -sina cosa}\q, 
Suppose that angles of rotation are calculated in terms of laboratory time t: @=at, 
a’ =@'(x)t. For the base ©’ proper (real) period 7’(2’) of its retrograde (second) rotation 
measured in X’ due to Eq.(47) is related to apparent period T’(Z) measured in © as 
T’(©)=T’()coshy. 
Then proper cyclic frequency of the rotation (measured in X’) is 
o(Z) = M Stes 2m _ @(%) 
T(Œ) T(©)cohy coshy 





or, taking into account Eq.(45), 
wE) = @(L)coshy: (53) 
cyclic frequency of £X’ second rotation “seen” from © is coshy times bigger than that of 


first rotation of © measured in itself and needed to chase X’. 
Now compute change of the top’s spin direction seen from E while in X” being 
constantly pointed at a distant star, say, along q,-, space unit vector of ©”. From Eq.(52) 


vector q, in projections onto unit vectors of X is 
qy = —isinhysin aq, +(cosacosa@’ + coshysinasina@’)q, + 
+(sina@cos@’—coshycosa@sina@’)q,. (54) 
Projections of q, onto spatial directions of © allow us determining apparent precession, e.g. 
projection onto q, 


(qx), =sin(@-a@’)- Z (cosh y= l)sinasina’ , (55) 
or after some algebra 
(q y `, = sin{[@() — o (XJ — sinh? sin @()tsin a’ (X)t . (56) 


Angular velocity of the first rhs term in Eq.(56) @, =@-—@’ corresponds to “mostly 
noticeable” Thomas precession. Due to Eq. (53) it can be presented as 


@, = a@(|—coshy); (59) 
for small relative & -&” velocities it takes the known form 
O > 
ar (60) 


with v=@R. The second right-hand side term of Eq.(56) describes much “less noticeable” 


precession since its amplitude is v’/c? less than that of the first term. For small relative 
2 
8 a SAU os 
velocities the second term is — on 2a . 


It is worth to note that results given by Eqs.(55, 56) precisely coincide with those found in 
[3]. The only difference is that due to SO(1,2)-symmetry preserving choice of R- and H- 
rotation axes no time-like components of spin ever appear. 
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Section 5. Jupiter’s satellite. 
Presented relativistic treatment of circular motion suggests the following observational 
experiment aimed to control consistence of the theory. Consider a part of Solar system (Fig.2) 


where È is constant Q-frame with Sun as reference body, Ł’ is attached to Earth, and È 
belongs to Jupiter. In non-relativistic limit relative Jupiter-Earth velocity is 


V? =v} +v} — 2v,v, cos(a@— p) (61) 
with constant orbit velocities of the planets 
Vr =@;R,,V, =@,R, 
and respective radius angles measured from q, linearly depending on È time 
A=O,t , B=@,t. 

Picture of a satellite revolving about Jupiter and observed from Earth is similar of that 
regarded in Section 3. The only difference is that both object © and observer £’ are non- 
inertial, their relative speed variable, and this is the crucial point. If the Earth’s observer in a 
short period of time measures the satellite angular velocity w(X’) and neglects influence of 
relative Earth-Jupiter motion then in time t’ he computes the rotation angle as 

Prrcor = OLIVE 
In fact, according to Eq.(53), the apparent angular velocity is 
a(x’) =acoshy, 
where @() = @ is genuine constant quantity measured on Jupiter. Since velocity of relative 
motion is variable, @(X’) is variable too. Hence the rotation angle really observed from £’ is 
found as 
Oua f odt =a f coshy(t’)dt’. 
Difference between computed and observed values of the angle is 

AP = Pri ~ Prior = AcOshY(t,) — [cosh yar’). (63) 

Ratio V/c is small, so non-relativistic value of relative velocity (61) is sufficient 


nA 72 
coshy = je] . 
c 
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If at the moment of initial measurement to velocities of Earth and Jupiter are parallel 
¥,(t,) TT V(t), then computed value of apparent angular velocity is minimal and Eq.(63) 
takes the form 





Ag = ZEI f a) iz (64) 
c a-B 
The second term in brackets tends to zero with time so that final formula is 
QV,Vv,, 
AQ = — t . (65) 


For the closest Jupiter satellite (“Metes”) @=2.540"sec, v, =30.4km/sec, 
v, =31.lkm/sec in one Jupiter year t =12Earthyears =3.7X0*sec the angle difference 
AQ =4.1440“ rad =1.4’ might be observable. 


Section 6. Discussion. 

Examples given in paper [1] and above show that quaternionic approach to relativistic 
kinematics seems to provide consistent description of inertial and non-inertial frames of 
reference. In the framework of the theory all cinematic effects of Einstein’s Special Relativity 
are found as well as hyperbolic motion and Thomas precession, effects whose standard 
descriptions demand additional assumptions. The suggested relativistic scheme due to 
vectorial character of its space-time “interval” is obviously convenient to consider frames with 
curvilinear trajectories. In particular it permits to obtain plausible results of relativistic circular 
motion of general type and predict integral effects for frames with variable relative speed. 

Nevertheless several examples whatever successful they were represent only separate 
pieces of unique theory. Kinematics of quaternionic relativity is not completed until the most 
general types of frames trajectories are taken into account. This is the task of next paper. 
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Relativistic Doppler Effect and Thomas Precession on 
ArbitraryTrajectories 
(and comment on Pioneer anomaly) 


Alexander P. Yefremov™ 
** Institute of Gravitation and Cosmology , Peoples’ Friendship University of Russia, 
Miklukho-Maklaya Str., 6, Moscow, 117198, Russia. http://www.rudn.ru 


THEORY 


Formulation of question. 
There are two relatively (and arbitrary) moving bodies A and B. In some coordinate system 


coordinates of A and B are given as 7,(t), 7,(¢), tis A-observer’s time. Body B sends light 


signal (with given on B wave-vector k , kk = 0) towards body A. 
Question is: what k components A-observer detects? 


Solution. 

1. Vectors of relative A-B coordinates 7 and relative A-B velocity V are found in =: 

7 =F, -F V =dF/dt=7,—7,. 

2. A-observer sets a 3D Q-frame È = {q,,} with one vector (e.g. q, ) aligned with 7 , it pursuits 


body B. Another vector of £ (e.g. q,) lays in the instant plane formed by vectors 7 and 7, 
while vector q, remains always orthogonal to the plane. 


3. Before “switching on” relativity one needs first to spatially rotate £ +> È so that new vector 
q; becomes aligned with velocity V , the rotation is done on A in the instant plane about vector 


qı: = = 0%, angle of rotation is found from scalar product: cosa(t) = FY (rV). 


4. Now all is ready for relativity, and frame È is “transported” from A to B: È > X’ by 
hyperbolic rotation so that “time” and “velocity” axes are involved, intact remains vector q;: 


È' = OOF , imaginary “angle” of the rotation (velocity parameter) is tanhy(t)=V/c, 
c is fundamental velocity. 


5. On body B “velocity aligned” frame =’ may be spatially rotated =’ — >’ so that new vector 
q, becomes oriented (for technical convenience) oppositely to direction where the light signal is 


sent; the rotation is again done in the instant plane about vector q}: X' = O,?°S', angle of 
rotation f(t’) is determined in B-time t', tied with A-time ż by ratio ¢’ = [cosh y(t)dt. When 
B(t')= alt’), cosa(t') = RV (RV), i.e. signal is sent form B towards A, a'(t) = a(t’) + a(t). 


6. The chain of rotations results in one Rotational Equation (main tool of Q-relativity) 


X'=07} 0Y OE =02, (1) 


* 


* e-mail: a.yefremov@rudn.ru 
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with O e SO(,2) ; so any bi-quaternion vector is form-invariant under transformation (1), wave- 
vector included: kÈ = k'X'. From Eq. (1) one has © = O'D' hence invariance equation yields 


k£ =k'OO"'D', or k = k'O . Since all values are known (k,a,y, 2 ), all components of wave- 
vector sent from B and “seen” by A-observer are found. Problem is solved. 


Comment. 

Eq. (1) has exactly the same form as Rotational Equation for classical Thomas precession 
problem solved for circular motion of observed spin. Essentially new feature is that here we 
succeeded to exhibit construction of rotational equation for the most general case: for arbitrary 
trajectories of involved bodies. Thus relativistic Doppler effect and Thomas precession effect are 
sister-solutions of the same relativistic model. 

CALCULATIONS 


Determine components of wave-vector k in Ł, ifin X' it is given as k, =(ia'/c, —@'/c, 0), 
with œ' being signal’s frequency. Explicit form of Eq. k = k'O is 

1 0 0 coshy -—isinhycosa@ —isinhysina 
(ki k, kj) =(ky ky ky)|}0 cos@ -sinf |) isinhy cosh wy cosa cosh y sin a 


0 sinf cosg 0 —sinag cosa 


First (“time”) component 





k, =k, coshy +ik, coshysin 2 + ik, sinh ysin £, 
or 
æ = @'(coshy -sinh y cos £) = æ' cosh y(1 — tanh y cos 2) 


what is the Doppler effect formula 





meres TRA ) 2 
o TAT ERE (2) 


with completely determined functions V(t) and £ (t), hence the shift depends on time. 








Relativistic non-equality of angles 2 (t') and 2 (t) makes this formula slightly different from 
that of Special Relativity. 


Second (space) component 





k, =('/c)(sinhy cosa — cosh y cos p cosa -sin £ sina), 


or 





k, =(@'/c)coshy eosa cos(æ — p) + ( : Jpingsina | 
c coshy 


Third (space) component 


k, = (@'/ c) (sinh y sina — cosh y cos J sin æ + sin p cosa), 





or 
a’ 1 V. f 1 . 

k, = sina +sin(a 1 sin J cosa |. 

> e | a) | P | 
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The last component is a “relativistic aberration” of vector k , same as apparent (on A) 
component of constantly oriented (on B) spin in Thomas precession scheme. 


It is easily verified (e.g. by direct calculation) that 
ki +k? +k? =0. 


Remarks. 


1. Praising Q-relativity. Used rotational method offering straightforward computation of all 
components of any Q-vector in arbitrary moving frames helps to realize that some relativistic 
effects usually regarded different are in fact two solutions of unique problem. 


2. Concerning Pioneer anomaly. One can use Eq. (2) with particular trajectory data to try to 
explain experimentally detected anomalous frequency shift of signals sent by Pioneer 
spacecrafts. We’ll try to give examples. 


Consider simple case. 





In Sun’s frame Craft travels with speed V, (t) along straight line inclined to ecliptic plane at 


angle @. Light signal is sent from Craft into direction of Sun. 





Frequency-shift formula is in Eq. (2) 


o= g í Ceos) 
A-r c l 


where angle 2 between direction opposite Craft’s velocity and direction of signal is zero. Terms 
of order (V/c)* and higher will be neglected. Then 


ozo(1-1O) 
c 


Ao=a'-a=Vi(t)/c. (3) 





or 


Relative velocity modulus is determined straightforwardly 





V = ve +V;-2V.V,, cossin Qt . 


Substitution this to Eq. (3) gives 
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Ao = Č SVO +V -2V-(0V;, cosOsin Qt. (4) 
c 
Time derivative of Eq. (4) determines change of the shift compared to that of Special Relativity 
d Ok A-VA sin Qt + QV Vo (t)cos Qt] cosé 


A@ 
a E WO -2V (t) V; cos 0 sin Qt 








(5) 


Re; ai ; ; 
where €; = Ea is Craft’s kinetic energy per unit mass in Sun’s frame. 


Analyzing Eq.(5) we see that dependence of involved functions on time contributes to 
secular anomaly while harmonic functions cause annual “modulations”. 


More complicated case. If Craft’s trajectory is bending with time (like hyperbola tail with normal 
acceleration) but Craft insistently sends signal towards Sun or Earth, then the angle Z(t) # 0 and 
this will cause additional contribution to secular anomaly. 
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Less mundane explanation of Pioneer 
anomaly from Q-relativity* 


F. Smarandache! & V. Christianto” 
5 Department of Mathematics, University of New Mexico, NM 87301, USA, email: 
smarand@unm.edu 
?, http://www.sciprint.org, email: admin@sciprint.org 


There have been various explanations of Pioneer blueshift anomaly in the past few 
years; nonetheless no explanation has been offered from the viewpoint of Q-relativity 
physics. In the present paper it is argued that Pioneer anomalous blueshift may be 
caused by Pioneer spacecraft experiencing angular shift induced by similar Q- 
relativity effect which may also affect Jupiter satellites. By taking into consideration 
‘aether drift’ effect, the proposed method as described herein could explain Pioneer 
blueshift anomaly within ~0.26% error range, which speaks for itself. Another new 
proposition of redshift quantization is also proposed from gravitational Bohr-radius 
which is consistent with Bohr-Sommerfeld quantization. Further observation is of 
course recommended in order to refute or verify this proposition. 


Introduction 


In the past few years, it is becoming well-known that Pioneer spacecraft 
has exhibited an anomalous Doppler frequency blueshifting phenomenon 
which cannot be explained from conventional theories, including general 
relativity.[1][4] Despite the nature of such anomalous blueshift remains un- 
known, some people began to argue that a post-einsteinian gravitation theory 
may be in sight [1b], which may be considered as further generalisation of 
pseudo-Riemann metric of general relativity theory. 

Nonetheless, at this point one may ask: Why do we require a generaliza- 
tion of pseudo-Riemann tensor, instead of using ‘patch-work’ as usual to 
modify general relativity theory? A possible answer is: sometimes too much 
patch-work doesn’t add up. For instance, let us begin with a thought- 
experiment which forms the theoretical motivation behind general relativity, 
an elevator was put in free-falling motion.[8a] The passenger inside the ele- 
vator will not feel any gravitational pull, which then it is interpreted as for- 
mal analogue that ‘inertial acceleration equals to gravitational acceleration’ 
(Equivalence Principle). More recent experiments (after Eotvos) suggest, 
however, that this principle only holds at certain conditions. 

Further problem may arise if we ask: what if the elevator also experiences 
lateral rotation around its vertical axis? Does it mean that the inertial accel- 
eration will be slightly higher or lower than gravitational pull? Similarly we 
observe that a disc rotating at high speed will exert out-of-plane field resem- 
ble an acceleration field. All of this seems to indicate that the thought- 
experiment which forms the basis of general relativity is only applicable for 


dv 
some limited conditions, in particular the F = LE es (because general 
t 


relativity is strictly related to Newtonian potential), but it may not be able to 
represent the rotational aspects of gravitational phenomena. Einstein him- 
self apparently recognizes this limitation [8a, p.61]: 
“all bodies of reference K’ should be given preference in this sense, 
and they should be exactly equivalent to K for the formation of 
natural laws, provided that they are in a state of uniform rectilinear 


*To appear at Progress in Physics 3 Vol. 1 (Jan. 2007) www.ptep-online.com 
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and non-rotary motion with respect to K.” (Italic original by Ein- 
stein). 

Therefore, it shall be clear that the restriction of non-rotary motion re- 
mains a limitation for all considerations by relativity theory, albeit the uni- 
form rectilinear part has been relaxed by general relativity theory. 

After further thought, it becomes apparent that it is required to consider a 
new kind of metric which may be able to represent the rotational aspects of 
gravitation phenomena, and by doing so extends the domain of validity of 
general relativity theory. 

In this regard, the present paper will discuss the aforementioned Pioneer 
blueshift anomaly from the viewpoint of Q-relativity physics, which has 
been proposed by Yefremov [2] in order to bring into application the quater- 
nion number. Despite the use of quaternion number in physical theories is 
very scarce in recent years —apart of Pauli matrix-, it has been argued else- 
where that using quaternion number one could expect to unify all known 
equations in quantum mechanics into the same framework, in particular via 
the known isomorphism between Dirac equation and Maxwell equations. [5] 

Another problem that was often neglected in most treatises on Pioneer 
spacecraft anomaly is the plausible role of aether drift effect.[6] Here it can 
be shown that taking this effect into consideration along with the aforemen- 
tioned Q-relativity satellite’s apparent shift could yield numerical prediction 
of Pioneer blueshift within ~0.26% error range, which speaks for itself. 

We also suggest a new kind of Doppler frequency shift which can be pre- 
dicted using Nottale-type gravitational Bohr-radius, by taking into consid- 
eration varying G parameter as described by Moffat [7]. To our knowledge 
this proposition of new type of redshift corresponding to gravitational Bohr- 
radius has never been considered before elsewhere. 

Further observation is of course recommended in order to verify or refute 
the propositions outlined herein. 


Some novel aspects of Q-relativity physics. Pioneer blueshift anomaly 


In this section, first we will review some basic concepts of quaternion 
number and then discuss its implications to quaternion relativity (Q- 
relativity) physics [2]. Then we discuss Yefremov’s calculation of satellite 
time-shift which may be observed by precise measurement [3]. We however 
introduce a new interpretation here that such a satellite Q-timeshift is already 
observed in the form of Pioneer spacecraft blueshift anomaly. 

Quaternion number belongs to the group of “very good” algebras: of real, 
complex, quaternion, and octonion [2]. While Cayley also proposed new 
terms such as quantic, it is less known than the above group. Quaternion 
number can be viewed as an extension of Cauchy imaginary plane to be- 
come [2]: 

Q=a+bi+cj+dk. (1) 
Where a,b,c,d are real numbers, and i,j,k are imaginary quaternion units. 
These Q-units can be represented either via 2x2 matrices or 4x4 matrices [2]. 

It is interesting to note here that there is quaternionic multiplication rule 
which acquires compact form: 


Iq, =q;1= qx; 4 jk =O +E jinn (2) 
Where ô „and € jim Tepresents 3-dimensional symbols of Kronecker and 


Levi-Civita, respectively [2]. Therefore it could be expected that Q-algebra 
may have neat link with pseudo-Riemann metric used by general relativity. 
Interestingly, it has been argued in this regard that such Q-units can be gen- 
eralised to become Finsler geometry, in particular with Berwald-Moor met- 
ric. It also can be shown that Finsler-Berwald-Moor metric is equivalent 
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with pseudo-Riemann metric, and an expression of Newtonian potential can 
be found for this metric [2a]. And with regard to peculiar aspects of Ber- 
wald-Moor metric which uses fourth root of quartic differential, perhaps it is 
worth to quote here from Riemann himself [2b]: 
“in which line-element may be expressed as the fourth root of a 
quartic differential expression.” 

It may also be worth noting here that in 3D space Q-connectivity has 
clear geometrical and physical treatment as movable Q-basis with behaviour 
of Cartan 3-frame [2]. 

It is also possible to write the dynamics equations of classical mechanics 
for an inertial observer in constant Q-basis. SO(3,R)-invariance of two vec- 
tors allow to represent these dynamics equations in Q-vector form [2]: 

2 


d 
mr d= Fide: (3) 


Because of antisymmetry of the connection (generalised angular velocity) 
the dynamics equations can be written in vector components, by conven- 
tional vector notation [2]: 

m(G+20x¥+Ox7+Ox(Ax7) =F (4) 

Therefore, from equation (4) one recognizes known types of classical ac- 
celeration, i.e. linear, coriolis, angular, centripetal, respectively. Meanwhile 
it is known that the general relativity introduces Newton potential as rigid 
requirement [2a][6b]. In other words, we can expect -- using Q-relativity -- 
to predict new effects that cannot be explained with general relativity. 

From this viewpoint one may consider a generalisation of Minkowski 
metric into biquaternion form [2]: 


dz = (dx, + idt,)q,. (5) 


With some novel properties, i.e.: 
- temporal interval is defined by imaginary vector; 
- space-time of the model appears to have six dimensions (6D); 
- vector of the displacement of the particle and vector of correspond- 
ing time change must always be normal to each other, or: 
dxdt, =0. (6) 

It is perhaps quite interesting to note here that Einstein himself apparently 
once considered similar approach, by proposing tensors with Riemann met- 
ric with Hermitian symmetry [8]. Nonetheless, there is difference with Q- 
relativity described above, because in Einstein’s generalised Riemann metric 
it has 8-dimensions, rather than 3d-space and 3d-imaginary time. 

One particularly interesting feature of this new Q-relativity (or rotational 
relativity) is that there is universal character of motion of the bodies (includ- 
ing non-inertial motions), which can be described in unified manner (Heste- 
nes also considers classical mechanics from similar spinor language). For 
instance advanced perihelion of planets can be described in terms of such 
rotational precession. [2] 

Inspired by this new Q-relativity physics, it can be argued that there 
should be anomalous effect in planets’ satellite motion. In this regard, Ye- 
fremov argues that there should be a deviation of the planetary satellite posi- 
tion, due to discrepancy between calculated and observed from the Earth 
motion magnitudes characterizing cyclic processes on this planet or near it. 
He proposes [2]: 
oV V 
= (7) 

Cc 





AQ ® 
Or 
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VV, , 
Therefore, given a satellite orbit radius r, its position shift is found in 


units of length AJ = r A@. His calculation for satellites of Mars and Jupi- 


ter is given in Tablel. Nonetheless he gave no indication as to how to ob- 
serve this anomalous effect. 


Table 1. The following table gives values of the effect for five fast satellites of Mars 
and Jupiter. Orbital linear velocities are: of the Earth V; = 29.8 km/s, of Mars Vp = 


24.1 km/s, of Jupiter Vp = 13.1 km/s; value of light velocity is c = 299 793 km/s; 
observation period is chosen 100 years. (after A. Yefremov, 2006 [3]) 




















Satellites Cycle fre- Angular Linear shift Linear 
quency @: shift Ag: Al: size a: km 
Is /100 yrs km/100yrs 
Phobos (Mars) 0.00023 18.2 54 20 
Deimos (Mars) 0.00006 4.6 34 12 
Metis (Jupiter/J) 0.00025 10.6 431 40 
Adrastea (J) 0.00024 10.5 429 20 
Amalthea (J) 0.00015 6.3 361 189 























In this regard, we introduce here an alternative interpretation of the 
aforementioned Q-satellite time-shift effect by Yefremov, i.e. this effect 
actually has similar effect with Pioneer spacecraft blueshift anomaly. It is 
known that Pioneer spacecraft exhibits this anomalous Doppler frequency 
while entering Jupiter orbit [1][4], therefore one may argue that this effect is 
caused by Jupiter planetary gravitational effect, which also may cause simi- 
lar effect to its satellites. (Interestingly, we may also note that Pioneer 
spacecraft was intended to study more closely the various aspects of Jupiter). 

Despite the apparent contradiction with Yefremov’s own intention, one 
could find that the aforementioned Q-satellite time-shift could yield a natural 
explanation of Pioneer spacecraft blueshift anomaly. In this regard, Taylor 
[9] argues that there is possibility of a mundane explanation of anomalous 
blueshift of Pioneer anomaly (5.99 x 10° Hz/sec). The all-angle formula for 
relativistic Doppler shift is given by [9a, p.34]: 


(l- Pcos¢) 


J- 





(9) 


1 
V'= Vo 
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Where B =v/c. Or using the relativistic term y =1/./1— 8°? , one gets 
the standard expression: 


v'= voy (1 — 8 cosg). (9a) 
The derivative with respect to @ is: 

dy' : 

—=vyB sing, (10) 


dø 
' 
Where Fr =5.99x10° Hz/sec, i.e. the observed Pioneer anomaly. Introduc- 


ing this value into equation (10), one gets requirement of an effect to explain 
Pioneer anomaly: 


dø = arcsin(5.99x10° Hz)(v, vB) '=1.4x10" degree/sec. (11) 


Therefore, we can conclude that to explain 5.99x10° Hz/sec blueshift 
anomaly, it is required to find a shift of emission angle at the order 1.4x10"” 
degree/sec only (or around 15.894” per 100 years). 

Interestingly this angular shift can be explained with the same order of 
magnitude from the viewpoint of Q-satellite angular shift (see Table 1), in 
particular for Jupiter’s Adrastea (10.5” per 100 years). There is however, a 
large discrepancy at the order of 50% from the expected angular shift. 

It is proposed here that such discrepancy between Q-satellite angular shift 
and expected angular shift required to explain Pioneer anomaly can be re- 
duced if we take into consideration the ‘aether drift’ effect [6]. Interestingly 
we can use experimental result of Thorndike [6, p.9], saying that the aether 
drift effect implies a residual apparent Earth velocity is v.,,=15+4 km/sec. 
Therefore the effective V. in equation (8) becomes: 


Vee = Vos + Ve = 44.8km/sec. (12) 


Using this improved value for Earth velocity in equation (8), one will get 
larger values than Table 1, which for Adrastea satellite yields: 





NV, V, V. 
Apos = = Pt= d Ag =15.935"/100yrs.. (13) 


Using this improved prediction, the discrepancy with required angular 
shift only (15.894” per 100 years) becomes ~ 0.26%, which speaks for itself. 
Therefore one may conclude that this less mundane explanation of Pioneer 
blueshift anomaly with Q-relativity may deserve further consideration. 


A new type of redshift from gravitational Bohr radius. Possible observa- 
tion in solar system. 


In preceding paper [10][11] we argued in favour of an alternative inter- 
pretation of Tifft redshift quantization from the viewpoint of quantized dis- 
tance between galaxies. A method can be proposed as further test of this 
proposition both at solar system scale or galaxies scale, by using the known 
quantized Tifft redshift [14][15][16]: 


(6 
Or x — OZ (14) 
A 
In this regards, we use gravitational Bohr radius equation [10][11]: 
GM 
r, Zn Pa (15) 
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Inserting equation (15) into (14), then one gets quantized redshift ex- 
pected from gravitational Bohr radius: 
H ,GM 
n Z—n a (16) 
Cc Vo 
Which can be observed either in solar system scale or galaxies scale. To our 
present knowledge, this effect has never been described elsewhere before. 
Therefore, it is recommended to observe such an accelerated Doppler- 
freequency shift, which for big jovian planets this effect may be detected. It 
is also worth noting here that according to equation (16), this new Doppler 
shift is quantized. 
At this point one may also take into consideration a proposition by Mof- 
fat, regarding modification of Newtonian acceleration law to become [7]: 
G, M exp(-u,r) 
a(r) = -—— + K A + r) (17) 
r r 
Where 


M 
G, =G tSr (17a) 


Therefore equation (16) may be rewritten to become: 


Z 














ue, GM 1 M, 2 GM (18) 
Z 3% } zy. 
” ec v? M 4 c v? 
where n is integer (1,2,3...) and: 
0 
H= 1+ (18a) 


M 


To use the above equations, one may start by using Bell’s suggestion that 
there is fundamental redshift z=0.62 which is typical for various galaxies 
and quasars [14]. Assuming we can use equation (16), then by setting n=1, 
we can expect to predict the mass of quasar centre or galaxy centre. Then the 
result can be used to compute back how time-variation parameter affects 
redshift pattern in equation (18). In solar system scale, time-varying radius 
may be observed in the form of changing Astronomical Unit [4]. 

This proposition, however, deserves further theoretical considerations. 
Further observation is also recommended in order to verify and explore fur- 
ther this proposition. 


Concluding remarks 


In the present paper it is argued that Pioneer anomalous blueshift may be 
caused by Pioneer spacecraft experiencing angular shift induced by similar 
Q-relativity effect which may also affect Jupiter satellites. By taking into 
consideration aether drift effect, the proposed method as described herein 
could predict Pioneer blueshift within ~0.26% error range, which speaks for 
itself. Further observation is of course recommended in order to refute or 
verify this proposition. 

Another new proposition of redshift quantization is also proposed from 
gravitational Bohr-radius which is consistent with Bohr-Sommerfeld quanti- 
zation. It is recommended to conduct further observation in order to verify 
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and also to explore various implications of our propositions as described 
herein. 
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In the light of some recent hypotheses suggesting plausible unification of thermo- 
statistics where Fermi-Dirac, Bose-Einstein and Tsallis statistics become its special 
subsets, we consider further plausible extension to include non-integer Hausdorff 
dimension, which becomes realization of fractal entropy concept. 

In the subsequent section, we also discuss plausible extension of this unified sta- 
tistics to include anisotropic effect by using quaternion oscillator, which may be ob- 
served in the context of Cosmic Microwave Background Radiation. Further observa- 
tion is of course recommended in order to refute or verify this proposition. 


Introduction 


In recent years, there have been some hypotheses suggesting that the 
spectrum and statistics of Cosmic Microwave Background Radiation has a 
kind of scale invariant character [1], which may be related to non-integer 
Hausdorff dimension. Interestingly, in this regard there is also proposition 
sometime ago suggesting that Cantorian spacetime may have deep link with 
Bose condensate with non-integer Hausdorff dimension [2]. All of these 
seem to indicate that it is worth to investigate further the non-integer dimen- 
sion effect of Bose-Einstein statistics, which in turn may be related to Cos- 
mic Microwave Background Radiation spectrum. 

In the meantime, some authors also consider a plausible generalization of 
known statistics, i.e. Fermi-Dirac, Bose-Einstein, and Tsallis statistics, to 
become more unified statistics [3][4]. This attempt can be considered as one 
step forward from what is already known, i.e. to consider anyons as a gener- 
alization of bosons and fermions in two-dimensional systems.[5, p.2] Fur- 
thermore, it is known that superfluidity phenomena can also be observed in 
Fermi liquid [6]. 

First we will review the existing procedure to generalize Fermi-Dirac, 
Bose-Einstein, and Tsallis statistics, to become more unified statistics [3][4]. 
And then we explore its plausible generalization to include fractality of Tsal- 
lis’ non-extensive entropy parameter. 

In the subsequent section, we also discuss plausible extension of this pro- 
posed unified statistics to include anisotropic effect, which may be observed 
in the context of Cosmic Microwave Background Radiation. In particular we 
consider possibility to introduce quaternionic momentum. To our knowledge 
this proposition has never been considered before elsewhere. 

Further observation is of course recommended in order to verify or refute 
the propositions outlined herein. 
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Unified statistics including Fermi-Dirac, Bose-Einstein, and Tsallis sta- 
tistics. 


In this section we consider a different theoretical framework to generalize 
Fermi-Dirac and Bose-Einstein statistics, from conventional method using 
anyons, [5] in particular because this conventional method cannot be gener- 
alized further to include Tsallis statistics which has attracted some attention 
in recent years. 

First we write down the standard expression of Bose distribution [9, p.7]: 





= 1 
n(é,)= ; (1) 
exp(B(e,; -u))-1 
Where the harmonic energy levels are given by [9, p.7]: 
3 
e;= (n, +n, +n, + Pes. (2) 


When we assume that bosons and fermions are g-ons obeying fractional 
exclusion statistics, then we get a very different picture. In accordance with 
[3], we consider the spectrum of fractal dimension (also called generalized 
Renyi dimension [11]): 





(3) 


(therefore the spectrum of fractal dimension is equivalent with Hausdorff 
dimension of the set A [11]). 
Then the relation between the entropy and the spectrum of fractal dimen- 
sion is given by: [3] 
S, =—k,.lim, ,. 1n ôD, , (4) 
Where kg is the Boltzmann constant. The spectrum of fractal dimension may 
be expressed in terms of p: 


K 
T 
To a 
PoE a 
1 q-1 nô 
Then, substituting equation (5) into (4), we get the Tsallis non-extensive 
entropy [3]: 


D (5) 





SS EE 6) 
q-1 
After a few more assumptions, and using g-on notation [3], i.e. g=1 for 
generalized Fermi-Dirac statistics and g=0 for generalised Bose-Einstein 
statistics, then one gets the most probable distribution for g-ons [3]: 
= 1 
n,(€,,8,9) = I > (7) 


(l-(q-DA(e, —) "1 +2g-1 


Which gives standard Planck distribution for 44 =0, g=0 and q=1. [3][9] In 
other words, we could expect that g-ons gas statistics could yield more gen- 
eralized statistics than anyons’. 

To introduce further generality of this expression (7), one may consider 
the parameter q as function of another non-integer dimension, therefore: 
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2 1 
n,(€,,8,9,D) = l » (8) 


D 
(-(q° -DEE -)* 7 +2g-1 
Where D=1, then equation (8) reduces to be (7). 

Of course, the picture described above will be different if we introduce 
non-standard momentum [5, p.7]: 

2 d’ P A ©) 
j d? x? 

In the context of Neutrosophic logic as conceived by one of these writers 
[8], one may derive a proposition from the arguments presented herein, i.e. 
apart from common use of anyons as a plausible generalization of fermion 
and boson, perhaps an alternative method for generalization of fermion and 
boson can be described as follows: 

(a) If we denote fermion with (f) and boson with (b), then it follows 

that there could be a mixture composed of both (f) and (b) > (f) A 
(b), which may be called as ‘anyons’; 

(b) If we denote fermion with (f) and boson with (b), and because g=1 
for generalized Fermi-Dirac statistics and g=0 for generalised Bose- 
Einstein statistics, then it follows that the wholeness of both (f) and 
(b) > (£) U (b), which may be called as ‘g-on’; 

(c) Taking into consideration of possibility of ‘neitherness’, then if we 
denote non-fermion with (— f) and non-boson with (— b), then it 
follows that there shall be a mixture composed of both (~ f) and 
(~b) > (Af) A (~b), which may be called as ‘feynmion’ (af- 
ter physicist the late R. Feynman); 

(d) Taking into consideration of possibility of ‘neitherness’, then it fol- 
lows that the wholeness of both (~f) and (~b) > (~f) 
U (~b), which may be called as ‘anti-g-on’. 

Therefore, a conjecture which may follow from this proposition is that 

perhaps in the near future we can observe some new entities corresponding 
to g-on condensate or feynmion condensate. 








Further extension to include anisotropic effect. 


At this section we consider the anisotropic effect which may be useful for 
analyzing the anisotropy of CMBR spectrum, see Fig | [13]: 

















Fig. T: Lefi pasek companson of CMB power spectra m the modeli with adiabats and isocurvature ential perturbations frora 
Rel [50] Right patel: adichatic power epewtes in conpariqn: with aputra appearing in mislels wadal hy topological defects 


from Ref, [1], tn this pasel some older, pre-WMAP, dats are also shuyu 


Fig 1. Anisotropy of CMBR (After Tkachev [13]). 
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For anisotropic case, one cannot use again equation (2), but shall instead 
use [7, p2]: 








1 1 
€,=(n, 4 ae (n, + aie, +(n, 4 Oa (10) 


Where nx, ny, nz are integers and >0. Or by neglecting the % parts and as- 
suming a common frequency, one can re-write (10) as [7a, p1]: 








E= (nr +n, S +n thO, (11) 
Where r,s,t is multiplying coefficient for each frequency: 
o, a, Qo, 
r= „S= f= (12) 
MD Oo Oo 


This proposition will yield a different spectrum compared to isotropic 
spectrum by assuming isotropic harmonic oscillator (2). See Fig 2 [7a]. It is 
interesting to note here that the spectrum produced by anisotropic frequen- 
cies yields number of peaks more than 1 (multiple-peaks), albeit this is not 
near yet to CMBR spectrum depicted in Fig 1. Nonetheless, it seems clear 
here that one can expect to predict the anisotropy of CMBR spectrum by 
using of more anisotropic harmonic oscillators. 


40 


ao 
© 


Occupation Number 
= bo 
© © 





0 100 200 300 400 
Energy (Units: fw) 


Fig. 2 Spectrum for anisotropic harmonic oscillator potential. 
(After Ligare [7a]) 


In this regard, it is interesting to note that some authors considered half 
quantum vortices in p,+i.p, superconductors [14], which indicates that en- 
ergy of partition function may be generalized to include Cauchy plane, be- 
cause: 

E=pctipcrxhotiho , (13) 


or by generalizing this Cauchy plane to quaternion number [12], one gets 
instead of (13): 
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Ey, =hatiho+ jhot+kho, (14) 
Which is similar to standard definition of quaternion number: 
O=a+bi+cj+dk, (15) 


Therefore the partition function with anisotropic harmonic potential can 
be written in quaternion form. Therefore instead of (11), we get: 


e=(n,rtnys+nttin,r+ jn,s+knt)ha,, (16) 





Which can be written as: 
E= (1+ 9, (nr, )N@, (17) 

Where k=1,2,3 corresponding to index of quaternion number i,j,k. While we 
don’t obtain numerical result here, it can be expected that this generalisation 
to anisotropic quaternion harmonic potential could yield better prediction, 
which perhaps may yield to exact CMBR spectrum. Numerical solution of 
this problem may be presented in another paper. 

This proposition, however, deserves further considerations. Further 
observation is also recommended in order to verify and explore further this 
proposition. 


Concluding remarks 


In the present paper, we review an existing method to generalize Fermi- 
Dirac, Bose-Einstein, and Tsallis statistics, to become more unified statistics. 
And then we explore its plausible generalization to include fractality of 
Tsallis non-extensive entropy parameter . 

Therefore, a conjecture which may follow this proposition is that perhaps 
in the near future we can observe some new entities corresponding to g-on 
condensate or feynmion condensate. 

In the subsequent section, we also discuss plausible extension of this pro- 
posed unified statistics to include anisotropic effect, which may be observed 
in the context of Cosmic Microwave Background Radiation. In particular we 
consider possibility to introduce quaternionic momentum. To our knowledge 
this proposition has never been considered before elsewhere. 

It is recommended to conduct further observation in order to verify and 
also to explore various implications of our propositions as described herein. 
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gravitational Schrodinger equation* 


V. Christianto' , D.L. Rapoport” & F. Smarandache? 
1 http://www.sciprint.org, email: admin@sciprint.org 
>| Dept. of Sciences and Technology, Univ. Nac. de Quilmes, Bernal, Argentina 
2 Dept. of Mathematics, Univ. of New Mexico, Gallup 


In recent years, there are attempts to describe quantization of planetary distance 
based on time-independent gravitational Schrédinger equation, including Rubcic & 
Rubcic’s method and also Nottale’s Scale Relativity method. Nonetheless, there is no 
solution yet for time-dependent gravitational Schrédinger equation (TDGSE). In the 
present paper, a numerical solution of time-dependent gravitational Schrödinger 
equation is presented, apparently for the first time. This numerical solution leads to 
gravitational Bohr-radius, as expected. 

In the subsequent section, we also discuss plausible extension of this gravitational 
Schrödinger equation to include the effect of phion condensate via Gross-Pitaevskii 
equation, as described recently by Moffat. Alternatively one can consider this con- 
densate from the viewpoint of Bogoliubov-deGennes theory, which can be approxi- 
mated with coupled time-independent gravitational Schrédinger equation. Further 
observation is of course recommended in order to refute or verify this proposition. 


Introduction 


In the past few years, there have been some hypotheses suggesting that 
quantization of planetary distance can be derived from a gravitational- 
Schrédinger equation, such as Rubcic & Rubcic and also Nottale’s scale 
relativity method [1][3]. Interestingly, the gravitational Bohr radius derived 
from this gravitational Schrödinger equation yields prediction of new type of 
astronomical observation in recent years, i.e. extrasolar planets, with un- 
precedented precision [2]. 

Furthermore, as we discuss in preceding paper [4], using similar assump- 
tion based on gravitational Bohr radius, one could predict new planetoids in 
the outer orbits of Pluto which apparently in good agreement with recent 
observational finding. Therefore one could induce from this observation that 
the gravitational Schrödinger equation (and gravitational Bohr radius) de- 
serves further consideration. 

In the meantime, it is known that all present theories discussing gravita- 
tional Schrödinger equation only take its time-independent limit. Therefore 
it seems worth to find out the solution and implication of time-dependent 
gravitational Schrédinger equation (TDGSE). This is what we will discuss in 
the present paper. 

First we will find out numerical solution of time-independent gravita- 
tional Schrédinger equation which shall yield gravitational Bohr radius as 
expected [1][2][3]. Then we extend our discussion to the problem of time- 
dependent gravitational Schrödinger equation. 

In the subsequent section, we also discuss plausible extension of this 
gravitational Schrédinger equation to include the effect of phion condensate via 
Gross-Pitaevskii equation, as described recently by Moffat [5]. Alternatively 
one can consider this condensate from the viewpoint of Bogoliubov- 
deGennes theory, which can be approximated with coupled time- 
independent gravitational Schrédinger equation. To our knowledge this 
proposition of coupled time-independent gravitational Schrödinger equation 
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has never been considered before elsewhere. Further extension to time- 
dependent case is straightforward. 

Further observation is of course recommended in order to verify or refute 
the propositions outlined herein. 

All numerical computation was performed using Maple. Please note that 
in all conditions considered here, we use only gravitational Schrödinger 
equation as described in Rubcic & Rubcic [3], therefore we neglect the Scale 
relativistic effect for clarity. 


Numerical solution of time-independent gravitational Schrédinger 
equation and time-dependent gravitational Schrédinger equation. 


First we write down the time-independent gravitational Schrédinger radial 
wave equation in accordance with Rubcic & Rubcic [3]: 


d?R 2dR 8am7E , 242°GMm’ „_ I+) 
dr? rdr H’ r H’ r’ 

When H, V, E’ represents gravitational Planck constant, Newtonian poten- 

tial, and the energy per unit mass of the orbiting body, respectively, and [3]: 





R=0, (1) 





Mi 
H= H 20 Te ) : 2) 
GMm 
V(r) = -——., (3) 
r 
E 
Bat, (4) 
m 
By assuming that R takes the form: 
R = ew" (5) 


And substituting it into equation (1), and using simplified terms only of 
equation (1), one gets: 


2a.e°" 82GMm’?e*" 


y = ace *" > 
r rH 





(6) 


After factoring this equation (6) and solving it by equating the factor with 
zero, yields: 


2(42GMm? - H°a) 





RR = a =0. (7) 
Or 
RR =42GMm’ - H’?a=0. (7a) 
And solving for @ , one gets: 
47° GMm’ 
a= -p (8) 


Gravitational Bohr radius is defined as inverse of this solution of @ , then 
one finds (in accordance with Rubcic & Rubcic [3]): 


H? 


= ————_ 9 
4n*GMm? e 


n 
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And by substituting back equation (2) into (9), one gets [3]: 


2 
r -(#4) GM (10) 





aC 


Which is equivalent with Nottale’s result [1][2], especially when we intro- 
duce the quantization number: r,=ty.n° [3]. For complete Maple session of 
these steps, see Appendix A.1. 

Solution of time-dependent gravitational Schrödinger equation is more or 
less similar with the above steps, except that we shall take into consideration 
the right hand side of Schrödinger equation and also assuming time depend- 
ent form ofr: 


Rae, (11) 


Therefore the gravitational Schrédinger equation now reads (neglecting i 
number in both sides): 


dR 2dR = 8nm’E' 
2 H $ 2 
dr r dr H 





R+ 











: (12) 

2 2 

24r GMm p-CDR yR 

r H r dt 

Or by using Leibniz chain rule, we can rewrite equation (12) as: 
y IR drO PR 2dR 8mE' p 

dr(t) dt d? rdr BP a 
2 2 

24r GMm : (C+D po 

r A r 


The remaining steps are similar with the aforementioned procedures for 
time-independent case, except that now one gets an additional term for RR: 


RR'= Ha Crore —a’r(t)H* +82GMm’* -2H*a=0. (14) 
ee d . 
At this point one shall assign a value for ao term, because otherwise 


d 
the equation cannot be solved. We choose —r (t) = l for simplicity, then 
t 


one gets solution for (14): 
a2 := {a=a,7=1,m=m,h=h,G=G,M=M, 
t = RootOf(r(_Z) a h’ -r(_Z) a*h? +8 r GMm?-2ah’)}, 
{a=0,t=t,m=m,h=h,G=G,M=M,n=0}, 
{a=0,n=1,t=t,m=m,h=h,M=M,G=0}, 
{n= 0, 4=0,1=140=m,6C=6G,M=M,2=0}, 


























h? 
IMa 
{a=a,h=0,n=21,t=t,m=m,M=M, G=0}, 
{a=0,n=2,t=t,m=m,h=h,G=G,M=0}, 
{a=0,n=27,t=t,h=h,G=G,M=M,m=0}, 





gen t= m=m h =h M=M, =h; G= 
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{a=a,h=0,n=1,t=t,m=m,G=G,M=0}, 
ico=6,4=0,2=9,t=7,6=6,M=Mm=0} 
Therefore one can conclude that there is time-dependent modification fac- 


tor to conventional gravitational Bohr radius solution. For complete Maple 
session of these steps, see Appendix A.2 





Gross-Pitaevskii effect. Bogoliubov-deGennes approximation and cou- 
pled time-independent gravitational Schrédinger equation. 


At this point it seems worthwhile to take into consideration a proposition 
by Moffat, regarding modification of Newtonian acceleration law due to 
phion condensate medium, to include Yukawa type potential [5][6]: 

GM __, exp(-4,") 
a(r) = d z (1+ ur) (15) 
r r 


Therefore equation (1) can be rewritten to become: 





d?R 2dR 8mm’E' 
d? rd H? 
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Or by assuming “6 = 241, = “4,.r for the exponential term, equation (16) 
can be rewritten as: 
d’R 2dR | 8am’E' 
d? rdr H’ 
2 4r’ (GM — Ke" (1+ w,r))m? p_ lee) 


2 
r H?’ r 





Ae a7 
R=0 





Then instead of equation (7a), one gets: 
RR"=87GMm° —-2H°’& —-8r°m’ Ke" (1+ 4)=0. (18) 
Solving this equation will yield a modified gravitational Bohr radius 
which includes Yukawa effect: 


H? 
47° (GM — Ke”)? 


And the modification factor can be expressed as ratio between equation 
(19) and (9): 





(19) 


n 


GM 

(GM — Ke™) 

For complete Maple session of these steps, see Appendix A.3. 

A careful reader may note that this “Yukawa potential effect’ as shown in 
equation (20) could be used to explain the small discrepancy (around +8%) 
between the ‘observed distance’ and the computed distance based on gravi- 
tational Bohr radius [4][6a]. Nonetheless, in our opinion such an interpreta- 
tion remains an open question, therefore it may be worth to explore further. 

There is, however, an alternative way to consider phion condensate me- 
dium is by introducing coupled Schrödinger equation, which is known as 


X= (20) 
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Bogoliubov-deGennes theory [7]. This method can be interpreted also as 
generalisation of assumption by Rubcic-Rubcic [3] of subquantum structure 
composed of positive-negative Planck mass. Therefore, taking this proposi- 
tion seriously, then one comes to hypothesis that there shall be coupled 
Newtonian potential, instead of only equation (3). 

To simplify Bogoliubov-deGennes equation, we neglect the time- 
dependent case, therefore the wave equation can be written in matrix form 
[7, p.4]: 

[4]¥]=0 (21) 


Where [A] is 2x2 matrix and [wv] is 2x1 matrix, respectively, which can be 
represented as follows: 








(ar -ar) 
8n°>GMme e 2 (ar) see” 
y a'e ace a 
P 
Ar = (-ar) (-a r) 
> (ar) 2ae Sr’ GMm e 
x < 3 
r rh (22) 
And 


Kr) 
Br := 
r ee (23) 


Numerical solution of this matrix differential equation is shown in Ap- 
pendix A.4. It is clear here that Bogoliubov-deGennes approximation of 
gravitational Schrödinger equation, taking into consideration phion conden- 
sate medium will yield nonlinear effect. This perhaps may explain compli- 
cated structure beyond Jovian Planets, such as Kuiper Belt, inner and outer 
Oort Cloud etc. which of course these structure cannot be predicted by sim- 
ple gravitational Schrödinger equation [1][2][3]. In turn from the solution od 
(21) one could expect that there are multitude of celestial objects not found 
yet in the Oort Cloud. 

This proposition, however, deserves further considerations. Further 
observation is also recommended in order to verify and explore further this 
proposition. 


Concluding remarks 


In the present paper, a numerical solution of time-dependent gravitational 
Schrédinger equation is presented, apparently for the first time. This nu- 
merical solution leads to gravitational Bohr-radius, as expected. 

In the subsequent section, we also discuss plausible extension of this 
gravitational Schrödinger equation to include the effect of phion condensate 
via Gross-Pitaevskii equation, as described recently by Moffat. Alternatively 
one can consider this condensate from the viewpoint of Bogoliubov- 
deGennes theory, which can be approximated with coupled time- 
independent gravitational Schrödinger equation. 

It is recommended to conduct further observation in order to verify and 
also to explore various implications of our propositions as described herein. 
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Appendix A.1. Time-independent gravitational Schrédinger equation 


>restart; 
>with (linalg); 


>R:=exp (-(alpha*r)); 
(=&7) 
R:=e 
>DIR:=diff(R,r); D2R:=diff(D1R,r); 
(-a r) 
e 


DIR := —a 


D2R =a? p~ "i 


> 


SCHEQ1:=D2R+D1R*2/r+8*pi*2*m*E*R/h*2+8*pir*2*G*M*m*2*R/ (r 


h*2) -1* (141) *R/r*2=0; 


SCHEOQ1 := 
(=ar) 2 (-o r) 


-a 


r) 





z ter) 20e 8 1 
ae + ; 3 
r h rh 


>XX1:=factor (SCHEQ1); 


mEe „8v GMm e 

















e™ (a?r? h?-2arh?+8n?mEr?+87n? GMmr-Ih?-1h?) 
XXI := NF 
r-h 
>KK:=solve (XX1,G*M); AA:=solve(XX1, alpha) ; 
KK = 
h+Jh?+P he +1? -8 mEr -8n GMm r 
AA := ; 
hr 
h- h?+ Ph? +lh? -8r mEr -8r GMm'r 
hr 


>#Using simplified terms only from equation (A*8) 


> SCHEQ2 :=D2R+D1R*2/r+8*pi^2*G*M*m^2*R/ (r*h^2)=0; 





(-a r) (-a r) 


2ae „8 GMm e 


F rh 





SCHEQ2 = 02 e°*” 
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=0 


> XX2:=factor (SCHEQ2) ; 


(-a r) 


xx == 





(a? rh? -2h?a+8n’?>GMm’) 
rh? iii 


>RR:=solve (XX2,r); 


2(4n°GMm’*-h’a) 


RR := 
a? h? 





>#Then solving for RR=0, yields: 


> SCHEQ3 :=4*pi^2*G*M*m^2-h^2*alpha=0; 





SCHEQ3 :=4 n° GMm?-h? a=0 
>a:=solve (SCHEQ3, alpha) ; 


2 2 
4n GMm 
O 

h 
>#Gravitational Bohr radius is defined as inverse of al- 
pha: 
> gravBohrradius:=1/a; 
2 
h 


ravBohrradius := ———————~ 
e 4° GMM 
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Appendix A.2. Time-dependent gravitational Schrédinger equation 


>#Solution of gravitational Schrodinger equation (Rub- 
cic, Fizika 1998); 

> restart; 

>#with time evolution (Hagendorn's paper); 


>S:=r(t); R:=exp(-(alpha*S)); Rl:=exp(-(alpha*r)); 


> D4R:=diff(S,t); DIR:= -alpha*exp(-(alpha*S)); D2R:= - 
alpha*2*exp(-(alpha*S)); D5R:=D1R*D4R; 
d 
D4R :=— r(t 
a!) 
(-a r(t)) 
DIR =-ae 


DIR =a" . “se 


ay d 
DSR :=-ae (z0) 


>#Using simplified terms only from equation (A*8) 


> SCHEQ3 :=-h*D5R+D2R+D1R*2/S+8*pi^2*G*M*m^2*R/ (S*h*2) ; 





—a r(t)) ae r(t)) 


2ae' 82> GMm 





Ca 1(t)) (d > Cant) 
SCHEO3 :=hae —r(t)|-a‘e + 
e (z i >) 1(t) r(t) h? 


> XX2:=factor (SCHEQ3); 


ies (r a F o) (t)- 02 (t) h?-2ah +87? GM mè) 
XX2 := 





r(t) h? 
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>#From standard solution of gravitational Schrodinger 
equation, we know (Rubcic, Fizika 1998): 
> SCHEO4 :=4*pi*2*G*M*m*2-h*2*alpha; 

SCHEQ4 :=4 n? GM m-a h’ 


>a:=solve (SCHEQ4, alpha) ; 





4r GMm 
a= — n 
h 
>#Gravitational Bohr radius is defined as inverse of al- 
pha: 
> gravBohrradius:=1/a; 
h? 
gravBohrradius := _,—__ 
4n°>GMm 
>#Therefore time-dependent solution of Schrodinger equa- 
tion may introduce new term to this gravitational Bohr 


radius. 


> SCHEQ5 :=(XX2* (S*h*2) / (exp (- (alpha*S) ) ))-2*SCHEQ4; 
3 d 2 2 
SCHEQS =h a | 7 x(t) |t) -a° Ct) h 


>#Then we shall assume for simplicity by assigning value 
to d[r(t)]/dt: 
>D4R:=1; 
D4R:= 1 
>Then we can solve again SCHEQ5 similar to solution of 
SCHEQ4 
>a2:=solve( (h*3*alpha* (D4R) *S-alpha*2*S*h%*2) +2*SCHEQ4) ; 
a2 :={a=a,1t=1,m=m,h=h,G=G,M=M, 
t= RootOf(r(_Z) a A? —1(_Z) 07h? +82? GMm’-20ah’)}, 
{a=0,t=t,m=m,h=h, G=G,M=M,7=0}, 


{a=0,n=2,t=t,m=m,h=h,M=M,G=0}, 
id=G,4=0,f=tim=m, G=G,M=M,n=0}, 
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h? 
4x? Mm? 
{a=a,h=0,r=7,t=t,m=m, M=M,G=0}, 
ta=0, r=m t= m=m hsh; G=G;M=0}, 
{a=0,r=7,t=t,h=h, G=G, M=M,m=0}, 
ined, 4=0,n=n,f=1,97=0,6=6,4=0}, 
{a=a,h=0,n=7,t=t, G=G,M=M,m=0} 





{r=1,t=t,m=m,h=h,M=M,a=h,G= 1 

















> gravBohrradius1:=1/ (a2); 





gravBohrradius] := uf to =0,0=1,m=mh=h, G=G,M=M, 


t= RootOf(r(_Z) ah? —1(_Z) 07h? +82? GMm’-2ah’)}, 
{a=Qf=t_memrhah, G=6,M=M,2=0}, 
{a=0,n=2,t=t,m=m,h=h,M=M,G=0}, 
ig=ad, 4=0,t=im=m,G=6,M=s,n=0}, 
ho 
4 n> Mm? 
{a=¢,h=0,7=1,f=1,m=m, = M,G=0}, 
ig=0,n=1,f=1m=m,h=h,G=G,M=0}, 
{a=0,nt=1,t=t,h=h,G=G,M=M,m=0}, 
ign=¢, h=0,n=1,f=4e=m, G=G, M=0}, 














{r=1,t=t,m=m,h=h,M=M,a=h,G= r 

















(aza, h=0. =m t= G=G,M=M,m=0) | 


>#Comparing our gravitational Bohr radius to the stan- 
dard grav Bohr radius yield modification factor, called 
here chi-factor: 


> chi:=gravBohrradius* (1+gravBohrradiusl/gravBohrradius) ; 


i 
peg (1+4 Gant /{[{aza, n= x mam, hh, G=6,M=M, 





t = RootOf(r(_Z) ah? —1(_Z) ah? +8 20° GMm -2a h?’)}, 
ig=OQt=t mam, beak, G=6,¢M=M,20=0}, 
{a=0,n=2,t=t,m=m,h=h,M=M,G=0}, 
ina, h=0,f=1m=m, G=b,M=M, 71 =0}, 

h? 
4 r?° Mm? 
{a=a,h=0,r=7,t=t,m=m, M=M,G=0}, 














{n=n,t=tm=m,h=h,M=M,a=h, G= y 
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ig=0,n=0,f=1m=mh=ah,G=G,W=0}, 
{a=0,nt=1,t=t,h=h,G=G,M=M,m=0}, 
id=¢,4=0,0=91,f=tim=m,G=G,M=0}, 











(a=0,h=0,n=1,(=1,G=G,M=M,m=0} |W]] / (è Mm) 


>#Therefore one could expect that there is time- 


dependent change of gravitational Bohr radius. 
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Appendix A.3. Time-independent gravitational Schrédinger equation 
with Yukawa potential [5] 





>#Extension of gravitational Schrodinger equation (Rub- 
cic, Fizika 1998); 

> restart; 

>#departure from newton potential; 


>R:=exp (-(alpha*r)); 


(-a r) 
kee 
>D1IR:=diff(R,r); D2R:=diff(D1R,r); 


DIR :=-a p 3 


D2R =a? ps n 


> 
> SCHEQ2 :=D2R+D1R*2/r+8*pi^2* (G*M-K* exp (- 
2*mu) * (1+mu*r))*m^2*R/ (r*h^2)=0; 


(a r) 


can 2ae ” 8n2(GM—-Ke (14 ur)) me” 











SCHEQ? =a’ e =i 
r rh? 

> XX2:=factor (SCHEQ2) ; 
XX2 :=— 

E 2p) 2p) 

e “(arh +2ah -8r m GM+8r mKe "+8 mKe ur) 

rh? 

a0 

>RR:=solve (XX2,r); 
(-2 u) 


_2(-ah?+4n’ m GM-4r° m Ke 


(-2 p) 
-x hk +80? m?Ke ” u 


RR: ) 





>#from standard gravitational Schrodinger equation we 
know: 


> SCHEQ3 :=4*pi^2*G*M*m^2-h^2*alpha=0; 
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SCHEQ3 :=4 r? GM m?-h? a=0 





>a:=solve (SCHEQ3, alpha) ; 


4r GMm 
rr 
h 
>#Gravitational Bohr radius is defined as inverse of al- 
pha: 
> gravBohrradius:=1/a; 
h? 
gravBohrradius =-=; 77 
4n GMm 
>#Therefore we conclude that the new terms of RR shall 
yield new terms (YY) into this gravitational Bohr radius: 
> PI:=(RR* (alpha^2*h^2)-(-8*pi^2*G*M*m^2+2*h^2*alpha)); 
(-2 ») 
_2(-ah? +4? m GM-4r°mKe Jah’ 


(-2 u) 
a? h? +8 m Ke " u 





Tl: +87’ m GM-2ah 


>#This new term induced by pion condensation via Gross- 
Pitaevskii equation may be observed in the form of long- 
range potential effect. (see Moffat, J., arXiv:astro- 
ph/0602607, 2006; also F. Smarandache & V. Christianto, 
Progress in Physics, Vol. 2 no. 2, 2006, & Vol. 3 no. 1, 
2007, www.ptep-online.com) 


>#We can also solve directly 





> SCHEQ5 :=RR* (alpha*2*h*2) /2; 


(0? 4+40 m GM-4r? m Ke” 


(-2 u) 
a? h +892 mKe " 


2 E2 
SCHEOS := oi 





>al:=solve (SCHEQ5, alpha); 





4n?m?(GM-Ke 


h? 


) 





al := 0,0, 
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>#Then one finds modified gravitational Bohr radius in 


the form: 











>modifgravBohrradius:=1/ (4*pi*2* (G*M- 
K*exp (-2*mu) ) *m*2/h*2 


r 


) 
1 h’ 
4 m (GM-Ke 





modifgravBohrradius := 

(-2 p) 
) 
>#This modification can be expressed in 
chi-factor: 
> chi:=modifgravBohrradius/gravBohrradius; 
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Appendix A.4. Coupled time-independent gravitational Schrédinger 
equation (Bogoliubov-deGennes) 


>#Solution of gravitational Schrodinger equation (Rub- 
cic, Fizika 1998); 

> restart; 

>with(DEtools): 

>#without time evolution, Bogoliubov-deGennes method 
(version3) ; 

>R:=exp(-(alpha*r)); 


(-a r) 


R= 
>DIR:=diff(R,r); D2R:=diff(D1R,r); 


(a r) 


DIR :=—qa e 


D2R = 0? . k 


>#Using simplified terms only from equation (A*8), time- 
independent Schrodinger equation with BOgoliubov deGennes 


method (TISE) 


> ODESCHEQ2 : =D2R+D1R*2/r+8*pi^2*G*M*m^2*R/ (r*h^2); 














(-a r) 2 z (ar) 
(ar) 2ae 8n GMm e 
ODESCHEQ? := a.” e + 3 
r rh 
>Ar := ma- 
trix (2,2, [8*pi*2*G*M*m*2*R/ (r*h*2) , D2R+D1R*2/r,+D2R+D1R*2 
/r,-8*pi^2*G*M*m^2*R/ (r*h*2) J); 
i (~a r) (-a r) 
8n°>GMme ~” 2 (ar) 2ae = 
(> — 
rh? r 
Ar = (ary (ar) 
> (ar) 2ae Sr’ GMm e 
ave 5 
r rh 
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>Br := matrix(2,1,[f(r),g(r)]); 


>solr := matrixDE 


solr := 
 pesof {= 


d 


(-2 a r) 


-8e 


-128e 
_ 6 ore 


(-2ar) 


-2e rh rje te O Pe 





Y(r) n? GMm ae“ rh?4 64e 
Y(r) nf @ M mt +e 
Y(r)ath*tr?+12e 


(Ar,Br,r); 


2 2 


2 2 


(£ 374 a 274 d 4 
f xo) h arafa yo)» h r(g o)ra 


= 3 Yo») Phata F 4 r h'a 


29 Vr) nt GM miar 


Y(rnowhtr 
Y(r) a ht r-8 es 


29) 9 Ah Gr) ae 


(-2ar) 


en Y(r)a? ht 


( (ar) 


(ar) 4 4 d lar (ar) 3 å d (ar) 
+e rh Gtr) ae 26 Fk [atte 


+80 PW? GMm f(r) a-16e rh? n GM m f(r) 


(ar) 
+e r? 


hta’ g(r)-4 Ato ar) +4 ef Pht oa a) / 0 i 


(ar—2))}, Lx) 


2 2 


2 


(5 n GMm? DES {- {2% | rhia+2 o wo] rr 
dr dr 


+2 (FXO) r= (a0) r? hfa? +2 aa) rhia 


dr 


(-2a r) 


-8e 


-128e 
_ 6 gue 


(-2ar) 


-26™ rh frye 


Yor) GMm ae” rh?+64e" 
Y(r) nt Č M m'+e 
Y(r)ath*r’?+12e 


D Ver) nt GM ms ar 


_Y(r) a> hír? 
_Y(r)athtr-8e 


79 Pat rae” 


(2ar) 
E E 
i D vr) a2 hd 
(ar) 


(a a 


e™ n P h fr) oe” 


pen pp t) ae 36" 7H! f fr) i 


+8e™ Pn n GEM m f(r) 0-16 


Ped, 


rh? n? GMm f(r) 


te Patag(r)—4e Pht g(r) +4e rag) h“ 
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2 
(ar=2))}, LYO) ere" (gps i- $2 -%O a 


Z 
+2 (axo) Pr ss aa) rh’ = (am) r? h'a? 


p3 = Yo») rPhia-8e*”? Yr) GMmae rh? 


+646" Y(r) ni @ M? mtar-128 et Yr) nt GM? m’ 

te” Y(r)a hir -6e Y(r)athtr? +126" Yra hir 

= e a a D 3 h fr) 02” 
= ar =F d ar 

26" PR rae +e! Wo aA i 


a fir) Je ge 2 2? GM mM r)a 


— 16 e™ O nh? n? GM m? f(r) +e 913 hta? g(r)-4 “all "72d a? g(r) 


Hat) / or (ar—2))}, Lx )) #)/a (ar—2) | 


0 re f(r) 
ear 2) 


>#Note that this result is very different from standard 
solution of gravitation Schrodinger equation described by 


Nottale or Rubcicé&éRubcic (1998): 


_4n°GMm 
— 
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Quantization in Astrophysics, Brownian Motion, and Supersymmetry 


The present book discusses, among other things, various quantization phenomena found in 
Astrophysics and some related issues including Brownian Motion. With recent discoveries of 
exoplanets in our galaxy and beyond, this Astrophysics quantization issue has attracted 
numerous discussions in the past few years. 

Most chapters in this book come from published papers in various peer-reviewed journals, 
and they cover different methods to describe quantization, including Weyl geometry, 
Supersymmetry, generalized Schrödinger, and Cartan torsion method. In some chapters 
Navier-Stokes equations are also discussed, because it is likely that this theory will remain 
relevant in Astrophysics and Cosmology 

While much of the arguments presented in this book are theoretical, nonetheless we 
recommend further observation in order to verify or refute the propositions described herein. 
It is of our hope that this volume could open a new chapter in our knowledge on the 
formation and structure of Astrophysical systems. 

The present book is also intended for young physics and math fellows who perhaps will find 
the arguments described here are at least worth pondering. 
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